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SUMMARY

In this paper, we present a new pipe elbow element based on a previous simplified model proposed by Bathe
and Almeida [1, 2] and modified by Militello and Huespe [3]. It is really a beam-type element but it
describes the ovalization, warping, radial expansion and non-symmetric deformation of cross-section of
curved pipe with Fourier series. Therefore, it could model precisely enough a real pipe elbow structure but
remains simple. The extensive loading cases are effectively implemented by the proposed numerical
techniques and displacement model. The developed element is used in this paper in plastic limit analysis of
pipe elbow structures. This is realized by means of a direct mathematical programming technique. Various
elastic and plastic limit state analyses of straight pipes and elbow structures are presented, which illustrates
the efficiency of the element and the numerical method. Copyright © 1999 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The structural integrity of pipelines is of major concern in the nuclear, oil and other industries.
Due to the complexity of geometry and loading of pipe elbow, even a usual linear analysis with
tri-dimensional or general shell elements is expensive. The data preparation is usually time-
consuming. The non-linear plastic analysis is certainly more difficult. Hence, some simplified
finite elements were proposed, among which the elbow element proposed by Bathe and Almeida
[1, 2] was most interesting due to its simplicity and effectiveness. It is a beam model and the
ovalization of curved pipe is described by finite Fourier series following von Karman’s pioneering
work. This element was modified later by Militello and Huespe [3] in order to include the
warping deformation and to improve the inter-element continuity. However, it has been noticed
that some important drawbacks and limitations remain with this element. In some situations, it
leads to important deviations in computation from real behaviour of pipe structure. Furthermore
some loading cases could not be correctly dealt with.

In this paper, we try to improve and develop this pipe elbow element in order to make it useful
in all possible loading cases and to ensure a satisfactory precision for elastic analysis and also for
non-linear plastic limit analysis via a mathematical programming technique. The plastic limit
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load of structures is found by a minimization procedure when the structure is discretized by finite
elements. This is a direct method based on Markov’s variational principle; cf. [4]. The numerical
results show that this enhanced pipe elbow element provides an effective tool to carry out
accurately elastic and plastic limit analysis of pipe structures under complex loading at low
computing costs.

2. IMPROVEMENT OF DISPLACEMENT MODEL OF ELBOW ELEMENT
2.1. Representation of elbow geometry [1]

The element geometry is described through an interpolation of node co-ordinate X* = (X, Y,
Z) along the pipe axis and a unit direction vector (°V¥, °V% °V¥) which defines the pipe axis
X0 =(r,s,t) at node k (k = 1, 4). It obeys the following relation:

4 4 4
X(r, s, t) = Z Li(nX* + ¢ Z a Li(r) °Vi + s Z apLy(r) °V§ (1)
k=1 k=1 k=1
where r, s, t are the isoparametric co-ordinates, L, the Lagrange’s interpolation functions [1] and
a the radius of the pipe section at node k (see Figure 1).

2.2. Approximation of the displacement field

The displacement field u of the elbow surface is composed of two displacement fields:
u=u" +uf )

The beam displacement field u® = (u,, u,, u.) verifies Bernoulli’s hypothesis by using the
relation

4 4 4
ub = z Lk(r)Uk +t Z akLk(r)V{( + S Z akLk(r)Vf (33)
k=1 k=1 k

=1

Figure 1. Elbow geometry and axis systems (1 element with 4 nodes)
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where U* = (Uy, Uy, Uy) is the displacement of the pipe axis at node k;
VE= @ x OV VE = @F x OVF (3b)
with ®F = (@, ®,, ©,), the vector representing the rotation of the cross-section.
The complementary displacement field u® = (u°, v°, w°) representing ovalization, distortion

(warping) and non-symmetric radial deformation of the cross-section, is developed in hoop
direction ¢ by a Fourier series:

4 Ny N,
u'=Y [ Y () Ly(r)cos ng + Y (up) Ly (r)sin n(p} 4)

k =2 n=2
2

v= ) [ Z [ Hi(r) + (0. )l (r)] sin ng + Z [nheHi(r) + (0n, o) hi(r)] coan):| )

k=1 =1
where n = 2m and v, = dv°/dr,
C
. ov

W :_%+wg+wfcosq)+wisin<p (62)

with

2 . dWC
= X [0 + 0, =g (6b)
i=0, 1 for j =s (in symmetric case) and i = 1 for j = a (in antisymmetric case). H;, h, are the
third-order Hermite interpolation functions introduced by Militello and Huespe [3];
uy, vy, W, us, 05, wh, are the symmetric (s) and anti-symmetric (a) displacement components
corresponding to the harmonic n.
In (4)-(6), the Fourier series for ovalization and warping begins with harmonics n = 2 since the
terms O and 1 have been taken into account by the beam displacements assuming that the
cross-section remains plane. In fact, we show in Figure 2 the following.

Warping terms:

C

n=0, u

4
Y Ly(r)ug corresponds to U,

k=1
4

n=1, u*= ) L(r)[(u)  cosep + (u})*sinp] corresponds to @, ®,
k=1

U n=0to — Ur u’ n=1 to) o Oy

v n=0 to C Dy vnstto ( Ug U

Figure 2. Beam displacement model
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Ovalization terms:
2

n=0, v°= Y [voHy(r)+ vy, h(r)] corresponds to @,

k=1
2

n=10"= Y {[(t)'He(r) + (0},,)h(r)]sin g

+ [(@))*Hi(r) + (v, ) h(r)] cos @}  corresponds to Uy, U,

The above displacement mode (6) presents an important improvement concerning the radial
displacement of pipe in comparison with the work of Bathe and Almeida [1, 2] and Militello and
Huespe [3]. Instead of (6), they adopted a hypothesis of inextensibility of the mid-surface of pipe
by using following relation

W= (7

Consequently, there exist two drawbacks in using their elements:

1. Firstly, they cannot take into account the extension of mid-surface of pipe due to thermal
loading, internal pressure. These kinds of loading are frequent in practical engineering.
Being inspired by the work of Almeida [5], Jospin [6] proposed a radial expansion term by
using harmonic n =0 in (6). The inextensibility condition is excluded. Therefore, the
calculation of internal pressure, circular loading and thermal load becomes possible.

2. Secondly, they cannot take into account the non-symmetric deformation of the cross-section
of the pipe due to non-axisymmetric loading or due to the geometrical effect of a curved
pipe. The geometrical effect of a curved pipe will be illustrated in Section 3.3. The non-
axisymmetric loading may be a transverse load or a bending moment. An example is shown
in Figure 3 (where the rotation of the section is not represented).

We can illustrate physically that the non-symmetrical deformation of the cross-section is due to
Poisson’s effect: axial strain ¢, will result in circumferential strain ¢; = ve,, where v is Poisson’s
ratio. By consequence, the non-axisymmetric axial strain of bending leads to non-axisymmetric
circumferential strain as shown in Figure 3. A numerical example for it will be presented in
Section 5.1. Bathe-Almeida’s elemental model does not permit this type of deformation. So their
displacement model is too rigid and leads to non-negligible numerical error if non-axisymmetric
loading exists. It should be pointed out that the non-symmetric deformation field in Figure 3 is
different from the displacement field (U, U,) shown in Figure 2, and it cannot be described by
using harmonic term of n = 1 for ovalization v. This fact could be seen from the used strain
equations (14) and (15). We will show that with the present new displacement model (6), the above
two drawbacks of the element are overcome.

injtial section
AR lh B [ € 42
 —— f / $
—/ ———————————————————————— —+»X - >y
/]
- N\
/ 1

deformed section

Figure 3. Non-axisymmetric deformation of pipe under bending
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2.3. Field of infinitesimal strain

Based on the hypothesis of infinitesimal strain, the strain vector € may be considered as the
superposition of the strains due to the displacement fields u® and u®. The relation of displacement
and strain is presented in the following matrix form:

8’1'1

. b
e=| " =Bq=[B"B°J[qC] ®)
Vng q

e

The beam strain matrix B® has been given in the work of Bathe and Almeida [1]. The matrix
B° can be obtained through the infinitesimal strain relation of the Kirchhoff-Love shell. By
separating strains into the components of membrane and of flexion according to Novozhilov [7]
and Washizu [4], one can deduce the following expressions for a thin-walled pipe elbow (h/a < 1).

&y = Ettvn + CE§ 9)

ene = Eqt + (Eye (11)
1 ou®

Em = C Q1 — we 12

" (R—acos<p)<69+v sin ¢ wcosq)) (12)

S S (PN
1T T (R—acosgp\ a0 " T a2

+ (R —siznc(gs Q)a <UC B %) )
gl (g_”(p " w°> (14)
E,;‘;::lgbg—kR_alcos(p<?g—usin<p> (16)

1 ¢ 1
Eff=  — — - -
" (R—acos ¢)? (ucos ?* 0 > + (R—acos @)a
ou® ot *we
N _ 17
X( 20 <% 20 a<pae> a7

By introducing the displacement field defined in (4)-(6) into (9)-(17), we can deduce the
components of matrix B¢ corresponding to v°, u® and w®, respectively as (18), the detail of which is
presented in [8]:

B, =[B; B; B, B, B, B, B, B} B, B, (18)
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If we take three terms of Fourier series as examples, equation (18) corresponds to the following
generalized shell displacement variables.

(a) if k = 1,2 (end nodes):

s .8 .8 ..a.a.,a S S S s,,a,a,a

q; = [05 05050503V (0,5 (v,)5 (V)6 (0,)5 (0, 3 (U, g S us ugu u ug wo wh Wi(W,r)so(W,r)i(W,r)i]{
(19a)
(b) if k = 3,4 (mid-nodes)
q, = [u5 ui uy usul ui],f (19b)

As we see, there are at least six degrees of freedom (d.o.f) for each node corresponding to the beam
model (3), but this number may increase to the maximum of 30 for end nodes (or 12 for
mid-nodes) if necessary. Besides, it may be necessary to use also odd terms of harmonic of
ovalization for a highly curved elbow. The reasonable selection of d.o.f was discussed in [1, 8].

3. EFFECTS OF INTERNAL PRESSURE ON A CURVED PIPE

In this section we discuss particularly the effect of internal pressure on a curved pipe. It is known
that internal pressure will cause radial expansion of pipes and a non-uniform stress distribution in
the cross-section due to geometric effects of the elbow. This leads to a reduction of the bearing-
load capacity of the elbow. However, the pressure has in the mean time another effect of restitution.
Namely, it can increase the stiffness of thin-walled elbow and decrease the ovalization caused by
other loads to increase to some extent the bearing-load limit of the elbow. These effects, not yet
included in the above element formulation, will be considered in the following development.

3.1. Virtual work principle for a pipe elbow under internal pressure

Consider a curved pipe subjected to external loading (t, f). The virtual work principle repres-
ents an equality between the variations of internal virtual strain energy and external virtual work:

J ¢'oedV = J t'éudl + J ffoudv (20)
v T, v
where ¢ and € are, respectively, the stress and strain tensors, u is the displacement vector and t, f

are respectively surface and volume loads. By the discretization of structure in finite elements, the
virtual elastic strain energy takes the following form:

Wi = 0q"Kq (21)
and the external virtual work is
W =0q"g (22)
with
K= Z L)'K.L,, K, = J B'DBdV (23)
e V.
L.q=gq. (24)
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where q and q, are respectively the global and elemental displacement vector, g is the general
loading vector, L, is the mapping matrix from global to elemental d.o.f., D is the inverse of the
elastic matrix, and K and K, are, respectively, the global and elemental stiffness matrix.

Now let us consider a curved pipe subjected to internal pressure p. Two effects of the pressure
will be taken into account: (a) the uniform extension of cross-section represented by radial
displacement field in terms of w® in (6); and (b) the restitution of the ovalized and distorted
cross-section. The first effect contributes to weaken the structure and corresponds to the linear
part of the pressure work. On the contrary, the second effect may stiffen the elbow system and
corresponds to the non-linear part of the pressure work. We represent the virtual work of the
pressure in the following equation:

SW,, = J pn’Sut dS (25)
S

where one defines S as the deformed elbow surface on which the pressure is applied and n is its
normal vector. The product ndS depends on the deformation field of the elbow surface.
Considering a transformation from the integration on the deformed configuration S to that on the
initial one S,, we can write (25) in the following form [9]:

5‘%17 = J‘ p{—E315u — E32517 + (1 + Ell + E22)6W} dS() (26)
S(\
Substituting the components E;; of the deformation tensor defined in [4, 7], we can separate the
virtual work of the pressure into two parts:
OW,, = W), + W2 (27)

where W, is the linear part of virtual work of the pressure:

5Welp=J powdS, or Mp=f powdS, (28)
SO

So

and 6W,) is the non-linear part of virtual work of the pressure:

S = J p[<i _ 1 a—w>5u + <i _ L a—w>50
S, Ry Ay 0oy R, A, 0a,
+<Ail%+ﬁg—$+%>5w+<Ai2%+ﬁ%+%>aw}dso (29)
with the following definitions for a general thin-walled pipe:
dS, = 4,4, doy do,
Ay =R —acosp, A,=a
a0 =0, 0, =0

1 1 1
e - _Z (30)
Ry R —acos¢p R, a
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Finally, (29) may be written as follows:
p au ow ow R —2acos¢ |,
W =—| — | —(2— 2 ——v|—-— dS, (31

r LQa[R—acosq;( 59+MCOS¢>+U< e U> R —acosg o (31a)

with
dSo = a(R — acos @) dp dl (31b)

Using the displacement model (4)-(6), we can represent the linear part of the pressure work (28) as

Wl = f pwdS, =gq (32)

where g, is the nodal loading vector due to the pressure and is defined by the relation

g = Z ijlgep (33)

gep=J p[H; Hycosp 0 h; hecosp 0]4dS,, k=12 (34)
S.

Lq=q, (35)

Q. = [Wo)e WDk W [w)ode [wW)ilk [w,)ildi, k=12 (36)

where only the related components of g,, and q, are presented.
For the non-linear part of the pressure work (31), we define the following relations:

0
Nig == | Ngqe=2fw+ucosq)
R —acoso 00
0
N;rqezva N4qu:2—w—1]
0g
R —2acos ¢

N-Srqe =W, Ngqe = - (37)

w
R —acoseo

where N, is the coefficient vector of the generalized nodal displacement components [8].
Therefore, the non-linear component of the pressure work can be presented as follows:

n P
Wy = =3 | 2 LaINNIq + aINNg + NN 85, 3
e JS

e

We define a stiffness matrix K, as

with

K, - L P ININT + NiNT + N;N{T dS (40)
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K, corresponds to the effect of restitution of internal pressure. So (38) becomes
Wy = —324'K,q (41)

However, it should be pointed out that K., defined in (40) (and also K, in (39)) is a non-
symmetric matrix. In order to use standard finite element method, we proceed a matrix decompo-
sition that produces two separated matrices:

K, =K + K} (42)

Supposing that k;; is the components of matrix K,, we define

klll kllz R klln
K, = kl:“ klfz o klz (43)
Ko Ko o K
where
l =s (symmetric) k§; =% (kij + kj), kij =k (44)
| = a (anti-symmetric) k% = 3(ki; — k), k3 = — k; (45)

So we obtain a symmetric matrix K}, and an anti-symmetric matrix K. By the following relations,

QAKq=3Y Y qqki=Y Y 3qiq;(kij+ k) =0 (46a)
i=1j=1 i=1j=1

qTK;q =) > aqiki=7Y ) %qiqj(k?j + k) =‘lTKp‘l (46b)
i=1j=1 i=1j=1

we have verified that Kj, obtained by (43) and (44), which is symmetric and will be used in (41), is
equivalent to K,,.

On the other hand, Almeida [5] has also proposed a formulation for pipe element to consider
the stiffening effect of internal pressure although the used displacement model (7) does not allow
him to consider the extension effect of pressure. By means of pressure-work mapping, he arrived
at the following result:

| —p +1 p2n ) dZU 2
we :TJ_IJO [v _<d_¢2> :|(R—acosq))9d<pdr 47)

By a similar procedure as above, he obtained the complementary stiffness matrix:

+1 pr2n
K,=h [ [ 1001 - QIR ~ acospn g ar as)
-1J0O
where the definition below is used:
d%v
quf =7, quZ = dTPZ (49)
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The formulation of Almeida [5] is still applicable for the present enhanced elbow element by
supposing that the restitution effect of pressure concerns only the ovalization v° and this effect is
only related to the inextensible part of the hoop strain. The numerical comparison will be
presented in Section 5.2.

Now let us suppose that the pipe elbow is subjected to internal pressure p and other general
loading. The virtual work principle is written as

Wi = (Wey + W, + W2 (50)

where W, is the internal virtual strain energy, W,, and W,} represent respectively the linear and
non-linear parts of virtual work of the pressure and W,, is the external virtual work of other
loading. Using (21), (22), (32) and (41), we obtain the equilibrium equation of the structure:

[K+KJg=g+g, (51)

where the matrix K, defined in (39), represents the restitution effect of the internal pressure.
3.2. Axial force effect of internal pressure in an end-closed elbow

As stated before, the developed pipe elbow element is a beam model enhanced by Fourier series
to describe the shell behaviour. The geometry of the element is represented by the curved axis of
the elbow. As a consequence, the area difference between the intrados and extrados parts of
a curved pipe, which will lead to non-uniform hoop stress, is not yet considered. On the other
hand, for an end-closed curved pipe, the self-equilibrium relation between internal pressure and
axial force due to the pressure is not represented by the element formulation. These two
shortcomings will be overcome by simple numerical techniques.

Considering a part of a curved pipe subjected to uniform internal pressure, the area difference
between the intrados and extrados parts will cause a radial load component p*, which could be
supposed to apply on the axis line of curved pipe, see Figure 4.

Take an infinitesimal surface on pipe at circular angle ¢:

dS =a(R —acosp)dedo (52)

Its mean value corresponding to ¢ = 90° is

dS =aR dpdb (53)
[ M?
[ TE
S
| S T~
| ST
bos// ,
\ } \(E‘?/ /'/\A ///
- e .
- ~ NN 7/
/&\KT /‘)\ F=nd’o '// }(P\ a 5\90/ \4 p*,~
= P «— ‘,/:‘ - \’ \4 ///
N 3 ! l l -
\’/\1/\‘/ \\L/,4/’/ e‘fs\o

Figure 4. Equilibrium between internal pressure and axial force for an end-closed curved pipe
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The relative difference between (52) and (53) can be represented by the following formula:
A(dS
g __Z Cos @ (54)
ds R

So a fictitious centrifugal force (along the direction from intrados to extrados) due to (54) can be
calculated for a unit of axial length of the curved pipe (d0 = 1/R):

/2 a2 ClzTC
* =4 —cos’pdp = — 55
p L PR edp=—1-p (55)
This force may be considered to apply on the axis line of the curved pipe for the present pipe
elements. For an end-closed curved pipe, the axial force due to internal pressure is

Fo = ma’p (56)

From Figure 4, we can calculate the bending moment at any section due to internal pressure and
its corresponding end force as

M} = Fo(1 — cos O)R — 2p*R?sin*(0/2)
= na’pR(1 — cos ) — 2na’*pR sin*(0/2) = 0

We note that although the internal bending moment is null at any cross-section the rotation at
any section may be not zero. In fact, the internal pressure has a small effect of opening the curved
pipe. In order to consider the effect of axial force due to the internal pressure, we employ an
approximate method. We apply the fictitious pressure p* by (55) on axis line of curved pipe, which
is transmitted into corresponding beam d.o.f. of pipe element. The additional loading vector due
to this effect can be calculated as

g = Z Lejlgbp (57a)

2
g, = L %{0 Lycos0 — Lysin0 0 0 0/7dl, k=1,4 (57b)

where I, is the element length (axis line of curved pipe) and L, is k-node interpolation function.
The integral of (57b) can be dealt with analytically or numerically.

3.3. The weakening effect due to non-uniformity of hoop stress of curved pipe under internal pressure

It is well known that for a straight pipe under internal pressure, stresses and strains are
axisymmetric. However, for a curved pipe, as it is discussed above, the area difference between the
intrados and extrados parts of curved pipe will result in non-axisymmetry of stresses. This
situation decreases the capacity of bearing pressure of a curved pipe.

Figure 5(a) illustrates the force by (55) due to internal pressure (in direction from intrados to
extrados, denoted here as —z direction) should be in equilibrium with the z-component of axial
force F:

A0
2F, sin <2> = p*RAO (58)

Copyright © 1999 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng. 46, 409-431 (1999)
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F,=F,Ab¢/n
(S(Ph \\\ p "/ G(P h

intrados

extrados

(b) (a)

Figure 5. Static equilibrium of curved pipe under internal pressure

By taking A0 as small enough and by using (55), we obtain again F, = na*p as (56). Now we take
out one part of pipe shell as Figure 5(c) and consider the static equilibrium in the z direction:

@
o ,MAO(R — a cos @)sinp = Fo Af % + J PAO(R — a cos ¢)cos pa do (59)

0

we obtain finally

_pa 2R —acosg

~h 2(R—acosg) 10, (60)

Oy

where

2R —acos ¢ _ _pa

Ci=—-——"—
' 2(R—acosg) %=

(61)
C, is a stress index representing the ratio of the hoop stress at point ¢ of curved pipe section and
the mean stress of a straight pipe. In another way, we can represent the hoop stress by two
components, one is the mean corresponding to a straight pipe and the other its difference along
the circumference (¢):

c,=0,+Ag, (62)
pa  acos¢
Ao, =— 63
% = 2(R — acos @) (63)
The maximum of Ag, and o, is attained at the intrados of the curved pipe:
a’p
A = 64
G‘Pmux Zh(R _ a) ( )
2R —
_ pa a 65)

Tomn = 3 2R —a)
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From (65), we may easily deduce the analytical solution for the plastic collapse limit load for
a thin-walled curved pipe under internal pressure (without the effect of axial stress):

1 —a/R o,h

"1-a2R a (66)

Di
where o, is yield limit of the material. This solution identifies to that of Goodall [10], who
obtained it by resolving the differential equations of thin shell. When a/R — 0, we get the limit
pressure solution of a thin-walled straight pipe:

ayh
pi =2 (67
a
The non-uniformity of hoop stress stated as above may be simulated by the present elbow
element owing to the development in Section 2, where we have introduced new terms into the
radial displacement model to describe the non-symmetric deformation. For a slightly curved pipe,
equation (63) may be approximated as

pa
Ao, — W f(a/R)cos ¢ (68)
This could be described by the in-plane non-symmetric term wj cos ¢ in (6). However for a highly
curved pipe with a/R — 1, some harmonic terms of higher order such as Yw;, cosme,
m=1,3,5..., are needed to describe accurately the theoretical stress field. It is not difficult to
insert these terms but it will increase the computing cost. In this paper, two simple and effective

approaches are proposed for using only the model wjcos¢ to simulate real hoop stress
distribution (62), (63).

Model 1: Maximum stress model. The hoop stress at the intrados of curved pipe is defined as
same to that given by (65), because this stress determines mainly the plastic collapse limit of
internal pressure. The variation of the hoop stress is represented as (69). The additional nodal
load vector relative to (34) can be calculated by (70)

pa a/R

A _—— 9
G"’_)hZ(l—a/R)COS(p (69)
1 a/R T
oy = | —————p[0 H, 0 0 h, 0], dS,, k=1,2 70
g(wp J\S? 2(1 _ a/R) p[ k k ]k 0 ( )

This model is compared with the analytic stress field in Figure 6. We see that the stress in the
intrados part of curved pipe is well simulated, but it increases the stress variation between the
intrados and the extrados.

Model 2: Modified maximum stress model. As model 1, the maximum hoop stress at intrados is
simulated, but the maximum variation of hoop stress is also simulated by (71). This is realized by
using (72) to calculate the additional nodal loading vector relative to (34):

pa a/R

Aawﬁ?mcos@ (71)

1 a/R a a T
ow=| =55 P|=Hy H. 0 =l h 0| dS,, k=1,2 72
Lepw Le 2(1 — aZ/RZ) P|:R Kk g R M :|k 0 (72)
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Figure 6. Hoop stress distribution by model I
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Figure 7. Hoop stress distribution by model 2
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We see in Figure 7 that the hoop stress is well simulated at the parts of intrados and extrados but
overestimated a little at the flank of the curved pipe.

Numerical comparison of plastic limit analysis by above two computing models with analytical
solutions will be presented in Section 5.3.
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4. KINEMATIC FORMULATION OF PLASTIC LIMIT ANALYSIS

One of the principal objectives of developing pipe elbow element in this paper is to find the plastic
limit load of pipe structures by kinematic mathematical programming method. Due to the fact
that plastic analysis of a pipe elbow structure is much more complicated and expensive than
a usual elastic analysis, the use of simple but effective pipe elements is very interesting. We
formulate here only some principal points for the present application neglecting the theoretical
details [8]. Starting from Markov variational principle, cf. [4], one can deduce a so-called
kinematic (upper bound) theorem stated as following:

For a structure consisting of an ideal plastic material, the actual limit load multiplier o of the
structure is the smallest one of the set of multipliers o™ corresponding to any kinematically admissible
and incompressible velocity field i

o« =mina*, o =W, (73a)
s.t. W,=1 (73b)

W; and W, are, respectively, the internal dissipated and external loading power defined as below:

2
W, = J D) dV = J —=0,JY*(E) dV (74)
y v /3
W8=Jf§adV+J tlads >0 (75)
14 S
&=V (76)

where g, is the yield limit of the material, J, is the second invariant of the strain rate that will be
defined later.

It is defined in (73a) that « = P,;/P,, where P, = (f, t) and P, = (f;, t,) are respectively the
plastic limit load and the chosen reference load. Here we have supposed that all loads are applied
in a monotonic and proportional way. Therefore, the calculation of limit load becomes a minimiz-
ation procedure. To resolve it, the method of the reduced-gradient algorithm in conjunction with
a quasi-Newton algorithm is used [11].

In the present work concerning the pipe structures, the kinematically admissible field required
by the programming formulation of (73)-(76) is provided by using the enhanced elbow elements
presented in Sections 2 and 3. Using the hypotheses of Kirchhoff-Love, the stress normal to the
surface of a thin pipe is neglected. As a consequence, we could write relation (77) for a rigid-
perfectly plastic material [8]. We note that this material model gives a limit load solution same as
an elastic-perfectly plastic material:

b= — (& + &) (77)

It means that the condition of incompressibility could be satisfied. The second invariant of strain
rate deviator becomes

L, . . 2.2 e Vn
zfeijsijza,f—ksg—i—s,fag—k@—i—ﬁ (78)

J2=3 4 4
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or in matrix form
Ja(&) =¢"D,é = 4. B'D,Bq, (79a)
with
1 0o 0 12
_ 0 14 0 O
b, 0 (/) /4 0
12 0 0 1

(79b)

Therefore, (74) and (75) can be written in the following matrix form by assembling over all
elements of the structure:

_y % f [(B4,)"D,Bq.]'" (80)
-y U (Ng,)" T, dV + f (Ng.)"t, ds} =g'q (81)
qe = Leq’ g= Z Lege (82)

where q and g are respectively the global node-displacement rate vector and the corresponding
load vector and L, is the matrix of localization.

It is necessary to point out that by using a general (solid) displacement finite element the
incompressibility condition may not be satisfied. In this case, a so-called modified Markov
variational principle proposed in [8] may be used. Further limit analysis of cracked structures
has be presented in [12], and shakedown analysis with varying loads including thermal loading
in [13].

5. APPLICATION

The improved elbow element has been implemented in the computing program ELSA (Elbow
and structure — Limit and Shakedown Analysis) developed in our laboratory. In this paper, we
present two elastic sample analyses and some applications in plastic limit analysis.

5.1. Displacement modelling of cylindrical shell under bending

For the sake of numerical examination, we study the deformation of a straight pipe (one end of
the pipe is fixed and the other is under bending) with the following computing data (cf. Figure 3):
L=15m,7r,=5m, h=005m, E =21x10°> MPa, v =03, M = 2985 x 10> kNm.

The results are obtained respectively by SAMCEF (a commercial finite element software) using
576 shell elements with 2021 nodes, and by ELSA using four enhanced pipe elements with 13
nodes. We compare at first the displacement along line AB (of Figure 3) in the x-direction (1) and
z-direction (w) in Figure 8, where a simplified analytic solution of Xue [14] is also marked for
comparison.
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w-SAMCEF
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— — — w-Xue (1897)
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Figure 8. Comparison of deformation of pipe along line AB of Figure 3

initial circular section

after deformation, by ELSA
after deformation, by SAMCEF

Figure 9. Deformation prediction of loading section by ELSA and SAMCEF

It is clearly shown that the results of axial displacement (1) by the three methods are identical.
For z-direction, displacement (w), the present solutions (ELSA) with a new displacement model
considering non-symmetrical deformation are in excellent agreement with that of SAMCEF. This
justifies the proposed displacement model. On the other hand, it is interesting to notice that if we
do not consider the non-symmetric deformation W7, the solution of ELSA coincides with that of
Xue [14]. This means that the analytic solution of Xue is only an approximation to the real
solution. Now we consider the deformation of section B (cf. Figure 3), it is clearly seen in Figure 9
that the prediction by the present pipe element agrees well with that of SAMCEF although the
numbers of used elements and the computing cost are so different.
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5.2. The effect of internal pressure on flexibility factor of curved pipe

A 90° elbow connected to two straight pipes at the two ends of the elbow is subjected to
in-plane traversal loading. It is well known that a curved pipe under bending is more flexible than
that would be predicted by the elementary beam theory due to ovalization and warping of the
pipe section. This characteristic of curved pipe is recognized in the pipe flexibility calculation by
use of “flexibility factor’ k; that is simply the ratio of the actual flexibility to that predicted by the
elementary beam theory. According to von Karman’s theoretical solution, the flexibility factor
k¢ is given by the formula

1-65
kf = 7 > 1 (83)
where
Rh
A=— (84)
a

However as discussed in Section 3.1, internal pressure has the effect to increase the stiffness of
curved pipes so it will decrease the flexibility factor k; for a thin curved pipe. The geometry and
loading are shown in Figure 10, where one-half of the structure is discretized by five enhanced
pipe elements with 16 nodes. The obtained results, in Figure 11, are compared with the
experimental results of Rodabaugh and Geoge [15] and the numerical ones of Almeida [5]. It is
shown that the flexibility factor k; indeed decreases with the increase of internal pressure.

5.3. Plastic limit of cylindrical pipe under bending (cf. Figure 3)

Now we calculate the plastic limit of structures by using the enhanced pipe elbow element and
the direct programming method. Here we consider at first a straight pipe without the end effect,

lp

A =Rh/a’ =0.104

Figure 10. Curved pipe to bending and internal pressure
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Figure 11. Effect of internal pressure on flexibility factor

Table I. Limit factor of bending moment «, of straight pipe, o, = M/M,

Property of Num. Integration
Method solution of elem. points’ o Used elements
Analytic Exact — — 1-000 —
solution
3 3x14x4 1.002 Enhanced elbow
ELSA Upper bound element
software 3 3x14x4 1-158 Bathe-Militello

elbow element

T Numerical integration order [ x m x n. [: axial, m: circular, n: radial (thickness)

because its analytic solution of plastic limit may be obtained by the elementary beam theory:

h2
M, = 4ayh<r2 ; E) (85)

We see in Table I for the limit bending moment that there is an error of 15-8 per cent in using
the Bathe-Militello element, while an excellent solution is obtained with the present enhanced
element. It is useful to explain this important improvement. It has been pointed out in Section 2.2
that the Bathe-Militello element has no parameter representing the non-symmetric deformation
shown in Figure 3. This leads to such a consequence that the hoop membranous strain must
vanish. According to plastic normality rule,

0
oo

where / is a plastic multiplier and f is von Mises’ yield function
f=\/o2+ 062 —0,0, —06,=0. — 0, (87)
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we have
(88)

Since &) must vanish with the displacement model of the Bathe-Militello element, one has
o, =0y/2

Substituting this result into (87), we obtain o, = 2/\/§o—y. Taking M, (or o, ) as reference, the limit
factor becomes

o = 0y/o, = 1-1547

This explains the difference of the results (about 15-5 per cent) obtained by using the present
element and the Bathe-Militello element in the case of non-symmetric loading. On the other
hand, with our improvement, the non-symmetric deformation may be well modelled and excellent
results may be obtained in both elastic and plastic calculation.

5.4. Plastic limit of 90° elbow under internal pressure

We consider a curved pipe as a torus under internal pressure to verify the numerical models
proposed in Section 3.3 for the simulation of the non-uniformity of hoop stress. Two elements
with seven nodes are used. The results of limit pressure are shown in Table II, where both analytic
and numerical solutions do not include the effect of axial forces. It appears that the proposed
models 1 and 2 are nearly equivalent and give good predictions in comparison with analytic
solutions. However, for a highly curved pipe, the present results may be a lower bound due to the
approximation of the proposed models.

5.5. Plastic limit of 90° elbow subjected to in-plane bending

A curved pipe (elbow) is subjected to bending moment M; in its symmetric plane. The end effect
is not included because the analytic solution is known in this case. Calladine [16] proposed
a so-called lower bound solution (89a) for a highly curved pipe. This solution was supported by
much theoretical and experimental work in literature and was considered as a good approxima-
tion of the exact solution. For a slightly curved pipe (4 > 0-7), equation (89b) is proposed by Yan
in [8, 17]. Hence, equation (89) constructs a complete solution of in-plane elbow of all geometry

Table I1. Plastic limit pressure of curved pipe of = p,/p?, p?: (67)

Numerical solution Analytical solution
A
a/R (84) Model 1(70)  Model 2 (72) (66)
0-221 0-903 0-881 0-881 0-875
0-4 0-5 0-749 0-751 0-750
0-551 0-363 0-600 0-609 0-620

Note: Mean radius a = 300 mm and thickness & = 60 mm.
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Figure 12. Limit factor of in-plane bending moment of elbow: o = M;/M;

with free end condition (torus):

% = 0934622 for 1 < 07 (89a)
- ") for =07 (89b)
oo = COS 6,’{ or =

where A is defined by (84) and we define
ao = M;/M; (89¢)

with M, being the in-plane limit moment of the curved pipe and M the straight pipe solution (85)
as reference. From Figure 12, we obtain excellent agreement between analytic and numerical
solutions for all 4 values.

5.6. Pipe elbow structure under complex loading (in-plane and out-of-plane bending, internal
pressure and axial force)

As the last example, we consider plastic limit solution of a pipe elbow structure under complex
loading as shown in Figure 13. Different combinations of loading are dealt with. The in-plane
bending moment is in the direction of closing the elbow. It will be very expensive to solve this
problem by a traditional elastic-plastic calculation using three-dimensional or shell elements.
However, as shown in Figure 14, using the present direct programming method with a few
enhanced elbow elements, satisfactory solutions are obtained. Typically, only nine enhanced
elbow elements are used for whole structure (five for elbow and two for each straight pipe), or five
elements for one-half of structure if out-of-plane bending moment My is absent. We note that in
Figure 14, M and M, are respectively the plastic limit moment with and without internal pressure
p (and F); p, is given by (66). The details of the numerical calculation and the deduction of analytic
solution are presented in [8, 17].
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Figure 13. Elbow with prolongation under combined loading (in-plane and out-of-plane bending, pressure, and axial
force)

11+

1€

0,9 -

08 +

07 +  — — — Solution of Goodall(1978)[10]

Proposed solution, Yan et al [17]

06 + O  MI-P-F (in-plane bending)
¢  MII-P-F (out-plane bending)
05 A MI-MlI-P-F (mixed bending MI/MII=0.6)
04 t t t t i
0 0,2 0,4 0,6 08 1

p/p

Figure 14. Interaction solution of general bending and internal pressure of close-ended pipe elbow (4 = 0-5) (M;: in plane
bending moment; Mj;: out-of-plane bending moment; P: internal pressure; F: axial force due to the pressure)
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6. CONCLUSION

In this paper, we have presented a new development of the enhanced elbow element formulation
on the basis of the previous work of Bathe and Almeida [1] and Militello and Huespe [3]. Some
important improvements are reached with a new displacement model and a new numerical
method. It extends largely the computing capacity of the element. It is shown in this paper that
with a few improved elements, a complex three-dimensional pipe elbow structure under complex
loading could be efficiently modelled with a quite low computing cost. This advantage is very
important for plastic limit analysis by the direct mathematical programming procedure and also
for a general non-linear analysis.

Since the original element formulation does not consider the area difference between the
intrados and the extrados of elbow, the non-uniformity of hoop stress due to internal pressure on
a curved pipe must be simulated with aid of the fictitious force applying on the non-symmetric
radial displacement W7. This has been verified to be a simple and effective method, although the
simulation remains an approximation of accurate solution. The numerical examination shows
that for general engineering application the present enhanced elbow element and direct program-
ming method seem to have enough precision. Especially, the data preparation is very simple and
computing cost is low in comparison with three-dimensional or special shell elements.
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