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1.1 S V/Ú OS �ê�

(1.1.1) � S ´��V/§ X ´�� S V/§ f : X → S ´(���"·�
�� (0, 4.2.4)§^� f∗OX ´�� OS �ê�§P� A (X)£��Ø¬E¤Ø)¤¶
e U ´ S ���m8§Kk

A (f−1(U)) = A (X)|U "

Ó��§é?¿ OX �� F£�A�§ OX �ê� B¤§·�^ A (F )£�A�§
A (B)¤5IP^� f∗F£�A�§f∗B¤§§Ø=´�� S ��£�A�§S �ê
�¤§
�´�� A (X) ��£�A�§A (X) �ê�¤"

(1.1.2) � Y ´,�� S V/§g : Y → S ´(���§h : X → Y ´�� S �
�¶Kk��ãL

(1.1.2.1)

X

f ¾¾
77

77
7

h // Y

g
££¦¦

¦¦
¦

S "

�â½Â§·�k h = (ψ, θ) §Ù¥ θ : OY → h∗OX = ψ∗OX ´����Ó�¶
dd�±�Ñ (0, 4.2.2) �� OS �ê�Ó� g∗(θ) : g∗OY → g∗h∗OX = f∗OX §�é
{`§�� OS �ê�Ó� A (Y ) → A (X) §·�r§P� A (h) "e h′ : Y → Z ´
,�� S ��§K´� A (h′ ◦ h) = A (h) ◦ A (h′) "l
·�½Â
��l S V/�
Æ� OS �ê��Æ��C¼f A (X) "

y3� F ´�� OX ��§G ´�� OY ��§u : G → F ´ h ��§�Ò
´` (0, 4.4.1)§u ´�� OY ���Ó� G → h∗F "u´ g∗(u) : g∗G → g∗h∗F =

f∗F ´�� OS ���Ó� A (G ) → A (F ) §P� A (u) ¶?
§��| (A (h),A (u))

�¤ A (Y ) �� A (G ) � A (X) �� A (F ) ���V­Ó�"

(1.1.3) �½.V/ S §�Ä��| (X, F ) §Ù¥ X ´�� S V/§ F ´�
� OX ��§ù����|�¤���Æ§Ù¥��� (X, F ) → (Y, G ) �½Â�
����| (h, u) §Ù¥ h : X → Y ´�� S ��§u : G → F ´�� h ��"u´
�±`��| (A (X),A (F )) ´��½Â3þã�Æþ��C¼f§��3e¡ù
��Æ¥µé�´d�� OS �ê�Ú§�����¤�¤���|§��´V­Ó
�"

1.2 3V/þ���V/

½Â (1.2.1) — � X ´�� S V/§f : X → S ´(���"¤¢ X 3 S þ´



§1. ���� · 3 ·

���§́ ��±é� S �����mCX (Sα)§¦� X �mfV/ f−1(Sα) Ñ´
���"

~f (1.2.2) — S �4fV/Ñ´3 S þ���V/ (I, 4.2.3 Ú 4.2.4)"

5) (1.2.3) — ��3 S þ���V/ X �7´��V/§'X X = S (1.2.2)"
,��¡§e��V/ X ´�� S V/§K X 3 S þ�7´���£ë� (1.3.3)¤"
,
§e S ´©lV/§K?Û�� S V/ 1©3 S þÑ´��� (I, 5.5.10)"

·K (1.2.4) — 3 S þ���V/7,3 S þÑ´©l�"

ù�d (I, 5.5.5) Ú (I, 5.5.8) á�"

·K (1.2.5) — � X ´��3 S þ���V/§f : X → S ´(���"Ké
?¿m8 U ⊂ S §f−1(U) 3 U þÑ´���"

�ì½Â (1.2.1)§�±8(� S = Spec A, X = Spec B ��/§d� f = (aϕ, ϕ̃) §
Ù¥ ϕ : A → B ´��Ó�"duÃ D(g) (g ∈ A) �¤ S ���ÿÀÄ§l
q�±
�u�Ä U = D(g) ��/¶,
d�·��� f−1(U) = D(ϕ(g)) (I, 1.2.2.2)§��
·K"

·K (1.2.6) — � X ´��3 S þ���V/§f : X → S ´(���"Ké
?¿[và OX �� F §f∗F Ñ´[và OS ��"

k�u (1.2.4) §ù�g (I, 9.2.2, a))"

AO�§OS �ê� A (X) = f∗OX ´[và�"

·K (1.2.7) — � X ´��3 S þ���V/"Ké?¿ S V/ Y §N� h 7→
A (h) Ñ´l8Ü HomS(Y,X) �8Ü Hom(A (X),A (Y )) (1.1.2) þ���N�"

� f : X → S, g : Y → S ´(���"Äkb� S = Spec A Ú X = Spec B Ñ
´���¶·�I�y²§é?¿ OS �ê�Ó� ω : f∗OX → g∗OY §þk���
� S �� h : Y → X §¦� A (h) = ω "�â½Â§é?¿m8 U ⊂ S §ω Ñ½Â
�
� Γ(U,OS) �ê�Ó� ωU = Γ(U, ω) : Γ(f−1(U),OX) → Γ(g−1(U),OY ) "AO�§é
u U = S §ù�Ñ�� Γ(S, OS) �ê�Ó� Γ(X, OX) → Γ(Y, OY ) §TÓ�éA��
���(½� S �� h : Y → X §Ï� X ´��� (I, 2.2.4)"��2y² A (h) = ω §
�é{`§éu S �,�ÿÀÄ¥�?¿m8 U §ωU Ñ� ϕU ­Ü§ùp� ϕU ´�
ù����êÓ�§§� h ��� g−1(U) þ¤��� S �� g−1(U) → f−1(U) �é
A"�±�u�Ä U = D(λ) (λ ∈ S) ��/¶d�e f = (aρ, ρ̃) §Ù¥ ρ : A → B ´
���Ó�§Kk f−1(U) = D(µ) §Ù¥ µ = ρ(λ) §¿� Γ(f−1(U),OX)Ò´©ª

1©È5µ/�� S V/0́ �Q´��V/q´ S V/"
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� Bµ ¶,K§ãL

B
ϕ

//

²²

Γ(Y, OY )

²²

Bµ ϕU

// Γ(g−1(U),OY )

´���§¿�r ϕU �¤ ωU ��ãL�´���¶l
�ª ϕU = ωU �g©ª�
�Ê·5� (0, 1.2.4)"

£����/§� (Sα) ´ S �����mCX§¿b�Ã f−1(Sα) Ñ´���"
K?Û OS �ê�Ó� ω : A (X) → A (Y ) ÏL���Ñ�±�Ñ�x OSα �ê�Ó
�

ωα : A (f−1(Sα)) −→ A (g−1(Sα)) §

l
�Ñ�x Sα �� hα : g−1(Sα) → f−1(Sα)£�âþ¡¤ã¤"¯K�Ñ8(�
y²µéu Sα ∩ Sβ �,�ÿÀÄ¥�?¿��m8 U §hα Ú hβ 3 g−1(U) þ��
�Ñ´­Ü�§�ù´w,�§Ï��ìþ¡¤ã§ùü���ÑéAu ω 3 U þ
���Ó� A (X)|U → A (Y )|U "

íØ (1.2.8) — � X,Y ´ü�3 S þ���V/"K�
¦�� S �� h : Y →
X ´Ó�§7L��I A (h) : A (X) → A (Y ) ´Ó�"

ù�d (1.2.7) Ú A (X) �¼f5�á�"

1.3 OS �ê�¤�Ñ�3 S þ���V/

·K (1.3.1) — � S ´��V/"Ké?¿[và OS �ê� B§ þk��
3 S þ���V/ X §¦� A (X) = B§V/ X 3������ S Ó��¿Âe
´��(½�"

��5�g (1.2.8)¶e¡y² X ��35"é?¿��m8 U ⊂ S §� XU ´
V/ Spec Γ(U,B) ¶du Γ(U,B) ´�� Γ(U,OS) �ê§�� XU ´�� U V/ (I,

1.6.1)"?
§du B ´[và�§�� OU �ê� A (XU ) �±;��Óu B|U (I,

1.3.7, 1.3.13 Ú 1.6.3)"� V ´ S �,����m8§¿� XU,V ´ XU �mfV/
f−1

U (U ∩ V ) §Ù¥ fU ´�(��� XU → U ¶y3 XU,V Ú XV,U 3 (U ∩ V ) þÑ´
��� (1.2.5)§¿��â½Â§A (XU,V ) Ú A (XV,U ) Ñ�±;��Óu B|(U∩V ) "
l
 (1.2.8) k��;� S Ó� θU,V : XV,U → XU,V ¶?
§e W ´ S ¥�1n��
�m8§¿� θ′U,V , θ′V,W , θ′U,W ©O´ θU,V , θV,W , θU,W 3 U∩V ∩W á3 XV , XW Ú
XW ¥�_�£/Ï(���¤þ���§Kk θ′U,V ◦ θ′V,W = θ′U,W "Ï
�±é�
ù���V/ X §§���x��m8 (TU ) ¤CX§¿�éz� U §þk��Ó
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� ϕU : XU → TU §TÓ�r f−1
U (U ∩V ) N� TU ∩TV þ§¿�÷v θU,V = ϕ−1

U ◦ϕV

(I, 2.3.1)"�� gU = fU ◦ ϕ−1
U ¦ TU ¤��� S V/§¿� gU Ú gV 3 TU ∩ TV þ

´­Ü�§l
 X ´�� S V/"?
d X �½Â´�§§3 S þ´���§¿
� A (TU ) = B|U §l
 A (X) = B "

·�rþã S V/ X ¡� OS �ê� B �N�V/§½ö¡� B �Ì§¿P
� Spec B "

íØ (1.3.2) — � X ´��3 S þ���V/§f : X → S ´(���"Ké?
¿��m8 U ⊂ S §X �mfV/ f−1(U) Ñ´���§¿�§��´ Γ(U,A (X)) "

�ì (1.2.6) Ú (1.3.1)§·��±b� X ´,� OS �ê��N�V/§u´d
(1.3.1) ¥¤£±��E X ��{Ò�±íÑ(Ø"

~f (1.3.3) — � S ´� K þ���²¡§¿�: 0 �V­z
 (I, 5.5.11)¶K
3 (I, 5.5.11) �PÒe§S ´ü���m8 Y1, Y2 �¿8¶e f ´mE\ Y1 → S §
K f−1(Y2) = Y1 ∩ Y2 Ø´ Y1 ¥���m8£cÚ¤§l
·��������Ø´
3 S þ���V/�~f"

íØ (1.3.4) — � S ´����V/¶K�
¦�� S V/ X 3 S þ´���§
7L��I X ´����V/"

íØ (1.3.5) — � X ´��3 S þ���V/§Y ´�� X V/"K�
¦ Y

3 S þ´���§7L��I Y 3 X þ´���"

¯Ká�8(� S ´��V/��/§d� X �´��V/ (1.3.4)¶¿�þã
ü�^�Ñ��u` Y ´����V/ (1.3.4)"

(1.3.6) � X ´��3 S þ���V/"�ì (1.3.5) §�
½Â��3 X þ�
��V/ Y §�I�Ñ��3 S þ���V/ Y Ú�� S �� g : Y → X ¶�
�«`{Ò´ (1.3.1 Ú 1.2.7)§�I�Ñ��[vàOS �ê� B Ú�� OS �ê�
Ó� A (X) → B£ù���u3 B þ½Â�� A (X) �ê��(�¤"d�e f :

X → S ´(���§Kk B = f∗g∗OY "

íØ (1.3.7) — � X ´��3 S þ���V/¶K�
¦ X 3 S þ´k�.�§
7L��I[và OX �ê� A (X) ´k�.� (I, 9.6.2)"

�â½Â (I, 9.6.2)§¯K�±8(� S ´��V/��/¶u´ X ´���
�V/ (1.3.4)§¿�e S = Spec A, X = Spec B §K A (X)Ò´ OS �ê� B̃ ¶d
u Γ(U, B̃) = B §l
ù�íØ�g (I, 9.6.2) Ú (I, 6.3.3)"

íØ (1.3.8) — � X ´��3 S þ���V/¶K�
¦ X ´Q��§7L�
�I[và OX �ê� A (X) ´Q�� (0, 4.1.4)"
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¯¢þ§̄ K3 S þw,´ÛÜ5�¶�ì (1.3.2)§ù�íØ�g (I, 5.1.1) Ú (I,

5.1.4)"

1.4 3 S þ���V/þ�[và�

·K (1.4.1) — � X ´��3 S þ���V/§ Y ´�� S V/§ F£�A
�§G ¤́ ��[và OX ��£�A�§OY ��¤"KN� (h, u) 7→ (A (h),A (u))

´��l�� (Y, G ) → (X, F ) �8Ü�V­Ó� (A (X),A (F )) → (A (Y ),A (G ))

(1.1.2 Ú 1.1.3) �8Üþ���N�"

y²�{Ú (1.2.7) ��´��@´§Ó�|^ (I, 2.2.5) Ú (I, 2.2.4)§[!3�
Öö"

íØ (1.4.2) — 3 (1.4.1) �cJ^�e§?
b� Y 3 S þ´���§K�

¦ (h, u) ´��Ó�§7L��I (A (h),A (u)) ´��V­Ó�"

·K (1.4.3) — é?¿��| (B,M )§Ù¥ B ´��[và OS �ê�§M

´��[và B ��£ù�` M ´[vàOS ��´�£¯ (I, 9.6.1)¤§þk��
��| (X, F )§Ù¥ X ´��3 S þ���V/§ F ´��[và OX ��§¦
� A (X) = B Ú A (F ) = M ¶?
ù���|3������Ó��¿Âe´�
�(½�"

��5�g (1.4.1) Ú (1.4.2)¶�35�y²� (1.3.1) �Ó§[!E,3�Öö"
·�r OX �� F P� M̃ §¿�¡��[vàB �� M �N��¶é?¿��m
8 U ⊂ S §M̃ |p−1(U)£Ù¥ p ´(��� X → S¤Ñ�±;�Ó�u (Γ(U,M )) ˜ "

íØ (1.4.4) — 3[và B ����Æþ§¼f M̃£'u M ¤́ ���C\
5�Ü¼f§¿��8B4�Ú�Ú���"

¯¢þ§¯Ká�8(� S ´��V/��/§l
ù�íØ�g (I, 1.3.5,

1.3.9 Ú 1.3.11)"

íØ (1.4.5) — 3 (1.4.3) �cJ^�e§�
¦ M̃ ´k�. OX ��§7L�
�I M ´k�. B ��"

¯Ká�8(� S = Spec A ´��V/��/"d� B = B̃ §Ù¥ B ´�
�k�. A �ê (I, 9.6.2)§¿� M = M̃ §Ù¥ M ´�� B � (I, 1.3.13)¶3V
/ X þ§OXÒ´� B �N��§¿� M̃ Ò´ B � M �N��¶l
�
¦ M̃ ´
k�.�§7L��I M ´k�.� (I, 1.3.13)§��·���ó"

·K (1.4.6) — � Y ´��3 S þ���V/§X, X ′ ´ü�3 Y þ���V
/£l
3 S þ�´��� (1.3.5)¤"� B = A (Y ), A = A (X), A ′ = A (X ′) "
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K X ×Y X ′ 3 Y þ´���£l
3 S þ�´���¤¿� A (X ×Y X ′) �±;�
�Óu A ⊗B A ′ "

¯¢þ (I, 9.6.1) A ⊗B A ′ ´��[vàB �ê�§l
�´[vàOS �ê
� (I, 9.6.1)¶� Z ´ A ⊗B A ′ �Ì (1.3.1)";� B Ó� A → A ⊗B A ′ Ú A ′ →
A ⊗B A ′ ©OéA (1.2.7) u Y �� p : Z → X Ú p′ : Z → X ′ "�
y²n�
| (Z, p, p′) ´n�È X ×Y X ′ §�±�u�Ä S ´��V/��/ (I, 3.2.6.4)§�§
��´ C "d� Y, X, X ′ Ñ´��V/ (1.3.4)§§��� B,A,A′ Ñ´ C �ê§�÷
v B = B̃, A = Ã, A ′ = Ã′ "·��� (I, 1.3.13)§A ⊗B A ′ �±;��Óu OS �
ê� (A ⊗B A′) ˜ §l
� A(Z) �±�Óu A ⊗B A′ §¿��� p, p′ ©OéAu;
�Ó� A → A ⊗B A′, A′ → A ⊗B A′ "u´·K�g (I, 3.2.2)"

íØ (1.4.7) — � F£�A�§F ′¤́ ��[và OX ��£�A�§OX′ �
�¤¶K A (F ⊗Y F ′) �±;��Óu A (F ) ⊗A (Y ) A (F ′) "

·��� F ⊗Y F ′ 3 X ×Y X ′ þ´[và� (I, 9.1.2)"� g : Y → S, f : X →
Y, f ′ : X ′ → Y ´(���§u´(��� h : Z → S Q�u g◦f ◦p q�u g◦f ′◦p′ "
·�½Â��;�Ó�

A (F ) ⊗A (Y ) A (F ′) −→ A (F ⊗Y F ′)

Xeµé?¿m8 U ⊂ S §þk;�Ó� Γ(f−1(g−1(U)),F ) → Γ(h−1(U), p∗F ) Ú
;�Ó� Γ(f ′−1(g′−1(U)),F ′) → Γ(h−1(U), p′∗F ′) (0, 4.4.3)§dd�Ñ��;�Ó
�

Γ(f−1(g−1(U)),F ) ⊗Γ(g−1(U),OY ) Γ(f ′−1(g′−1(U)),F ′) −→

Γ(h−1(U), p∗F ) ⊗Γ(h−1(U),OZ) Γ(h−1(U), p′∗F ′) "

�
y²ù´�� A (S) ���Ó�§�±�u�Äe¡��/µS ´��V/£l

 X,X ′, Y Ú X ×Y X ′ Ñ´��V/¤§¿�£3 (1.4.6) �PÒe¤F = M̃, F ′ =

M̃ ′ §Ù¥ M£�A�§M ′¤́ �� A �£�A�§A′ �¤"d� F ⊗Y F ′ �±�
Óu (A⊗BA′) � M⊗BM ′ 3 X×Y X ′ þ�N�� (I, 9.1.3)§u´ù�íØ�g OS �
� (M ⊗B M ′) ˜ � M̃ ⊗

eB M̃ ′ �m�;��Ó£r M, M ′ Ú B Ñw�´ C �¤
(I, 1.3.13 Ú 1.6.3)"

AO�§er (1.4.7) A^� X = Y � F ′ = OX′ ��/§K·�w� A ′ �
� A (f ′∗F ) �±�Óu A (F ) ⊗B A ′ "

(1.4.8) AO�§XJ X = X ′ = Y£Ù¥ X 3 S þ´���¤§·�w�
e F ,G ´ü�[vàOX ��§Kk

(1.4.8.1) A (F ⊗OX
G ) = A (F ) ⊗A (X) A (G ) §
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����¼f5�;�Ó�"?
e F ´k�¥«�§Kd (I, 1.6.3 Ú 1.3.12) �

(1.4.8.2) A (HomX(F ,G )) = HomA (X)(A (F ),A (G )) §

����;�Ó�"

5) (1.4.9) — e X, X ′ ´ü�3 S þ���V/§K§��Ú X
∐

X ′ 3 S

þ�´���§Ï�ü���V/�Ú�´��V/"

·K (1.4.10) — � S ´��V/§B ´��[và OS �ê�§X = Spec B "
Kéu B �?¿[vàn�� J §J̃ Ñ´ OX �[vàn��§¿� X þd J̃ ¤
½Â�4fV/ Y �±;�Ó�u Spec(B/J ) "

¯¢þ§d (I, 4.2.3) á�§ Y 3 S þ´���¶l
�ì (1.3.1)§¯K8(
� S ´��V/��/§d�·K�d (I, 4.1.2) á�"

·���±ù�5�ã (1.4.10) �(Jµe h : B → B′ ´[vàOS �ê��
��÷Ó�§K A (h) : Spec B′ → Spec B ´��4E\"

·K (1.4.11) — � S ´��V/§B ´��[và OS �ê�§X = Spec B "
éu OS �?¿[vàn�� K §£r(��� X → S P� f¤þk (f∗K )OX =

(K B) ˜ §����;�Ó�"

¯K3 S þ´ÛÜ5�§��±8(� S = Spec A ´��V/��/§d�·
K� (I, 1.6.9) ÃÉ"

1.5 ÄV/C�

·K (1.5.1) — � X ´��3 S þ���V/"KéuÄV/�?¿*Ü g :

S′ → S §X ′ = X(S′) = X ×S S′ Ñ´3 S′ þ���V/"

� f ′ ´ÝK X ′ → S′ §�Iy²éu S′ �?¿��m8 U ′ §�� g(U ′) �±�
¹3 S �����m8 U �¥§K f ′−1(U ′) �´����m8 (1.2.1)¶l
�±�
u�Ä S Ú S′ Ñ´��V/��/§¿��Iy² X ′ ´����V/ (1.3.4)",

d� X ´����V/ (1.3.4)§¿�e- A,A′ Ú B ©O´ S, S′ Ú X ��§K·�
�� X ′Ò´� A′ ⊗A B ¤éA���V/ (I, 3.2.2)"

íØ (1.5.2) — 3 (1.5.1) �cJ^�e§� f : X → S ´(���§f ′ : X ′ →
S′, g′ : X ′ → X ´ÝK§¿¦�ãL

X
g′

//

f
²²

X ′

f ′

²²

S g
// S′
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´���"Ké?¿[và OX �� F §þk�� OS ���;�Ó�

(1.5.2.1) u : g∗f∗F
∼−→ f ′

∗g
′∗F "

AO�§�3��l A (X ′) � g∗A (X) �;�Ó�"

�
½Â u §�I½Â��Ó�

v : f∗F −→ g∗f
′
∗g

′∗F = f∗g
′
∗g

′∗F §

2� u = v] =� (0, 4.4.3)"·�- v = f∗(ρ) §Ù¥ ρ ´;�Ó� F → g′∗g
′∗F

(0, 4.4.3)"�
y² u ´��Ó�§�±�u�Ä S Ú S′ Ñ´��V/��/§l

 X Ú X ′ �Ñ´��V/¶3 (1.5.1) �PÒe§·�k F = M̃ §Ù¥ M ´�
� B �"ddá� g∗f∗F Ú f ′

∗g
′∗F Ñ�u A′ � A′ ⊗A M£r M w� A �¤�N�

OS′ ��§¿� uÒ´N�uðÓN��@�Ó� (I, 1.6.3, 1.6.5 Ú 1.6.7)"

5) (1.5.3) — XJ3 (1.5.2) ¥Øb� X 3 S þ´���§K(ØØ2¤á§=
¦ S′ = Spec k(s) (s ∈ S) ¿� S′ → S ´;��� (I, 2.4.5)£d� X ′ �n� f−1(s)

ÃÉ (I, 3.6.2)¤§ù�:Ö7�%"��«`{Ò´§XJ X 3 S þØ´���§
K/é[và��^�0�$��/�n�0�$�´ØU���",
·�ò3
1 III Ù (III, 4.2.4) �Ñ��(J§§L²þã·K3/ìC0�¿Âeéu X þ�
và�´¤á�§��b� f ´;Ü� (5.4) ¿� S ´ Noether �"

íØ (1.5.4) — é?¿3 S þ���V/ X Ú?¿ s ∈ S §n� f−1(s)£Ù
¥ f L«(��� X → S¤Ñ´��V/"

�Ir (1.5.1) A^� S′ = Spec k(s) þ§¿�¦^ (1.3.4)"

íØ (1.5.5) — � X ´�� S V/§ S′ ´��3 S þ���V/¶K X ′ =

X(S′) ´��3 X þ���V/"?
§e f : X → S ´(���§Kk�� OX �
ê��;�Ó� A (X) ∼−→ f∗A (S′)§¿�é?¿[và A (S′) �� M §þk��
;��V­Ó� f∗M

∼−→ A (f ′∗M̃ )§ùp f ′ = f(S′) ´�(��� X ′ → S′ "

�I3 (1.5.1) Ú (1.5.2) ¥r X Ú S′ � �p�=�"

(1.5.6) y3� S, S′ ´ü�V/§q : S′ → S ´����§B£�A�§B′¤́
��[vàOS �ê�£�A�§OS′ �ê�¤§u : B → B′ ´�� q ��£�Ò´
`§́ �� OS �ê�Ó� B → q∗B′¤"u´e X = Spec B, X ′ = Spec B′ §K�
±;�/�Ñ����

v = Spec(u) : X ′ −→ X §
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¦�ãL

(1.5.6.1)

X ′ v //

²²

X

²²

S′
q

// S

´���£ç��ÞÑ´(���¤"̄ ¢þ§�Ñ u ��Ñ��[vàOS′ �ê�
�Ó� u] : q∗B → B′ ´�d� (0, 4.4.3)¶l
§�±;�/½ÂÑ�� S′ ��

w : Spec B′ −→ Spec q∗B §

�¦� A (w) = u] (1.2.7)",��¡§d (1.5.2) �§Spec q∗B �±;��Óu X ×S

S′ ¶�� vÒ´ w Ú1��ÝK�Ü¤ X ′ w−→ X ×S S′ p1−→ X §¿� (1.5.6.1) ���
5�g½Â"� U£�A�§U ′¤́ S£�A�§S′¤�����m8§÷v q(U ′) ⊂
U §� A = Γ(U,OS), A′ = Γ(U ′,OS′) ´§���§B = Γ(U,B), B′ = Γ(U ′,B′) ¶
K u ���§���� (q|U ′) ��µ B|U → B′|U ′ §éAu�êm���V­Ó
� B → B′ ¶e V, V ′ ©O´ U, U ′ 3 X, X ′ ¥�_�£'u(���¤§K v ���
�� V ′ → V ÒéAX (I, 1.7.3) þ¡ù�V­Ó�"

(1.5.7) 3� (1.5.6) �Ó�b�e§� M ´��[vàB ��¶Kk��;�
� OX′ ��Ó�

(1.5.7.1) v∗M̃
∼−→ ((q∗M ) ⊗q∗B B′) ˜ "

¯¢þ§;�Ó� (1.5.2.1) ®²r p∗1M̃ ;�Ó�u q∗B �� q∗M �N��£3
Spec q∗B þ¤§�I2A^ (1.4.7) =�"

1.6 ����

(1.6.1) ¤¢��V/�� f : X → Y ´���§´�§r X ½Â¤��3 Y

þ���V/"u´cA!�¤`�5��±�È¤e¡�/ªµ

·K (1.6.2) — (i) 4E\o´���"
(ii) ü������Ü¤�´���"
(iii) e f : X → Y ´����� S ��§Ké?¿Ä*Ü S′ → S § f(S′) :

X(S′) → Y(S′) Ñ´���"
(iv) e f : X → Y Ú f ′ : X ′ → Y ′ ´ü���� S ��§K

f ×S f ′ : X ×S X ′ −→ Y ×S Y ′



§1. ���� · 11 ·

�´���"
(v) e f : X → Y Ú g : Y → Z ´ü���§¿� g ◦ f ´���§Ó� g ´©l

�§K f ´���"
(vi) e f ´���§K fred �´Xd"

�ì (I, 5.5.12)§�Iy² (i), (ii) Ú (iii)",K (i) �~f (1.2.2) ÃÉ§(ii) �
(1.3.5) ÃÉ¶�� (iii) �d (1.5.1) �Ñ§Ï� X(S′) �±�Óun�È X ×Y Y(S′) (I,

3.3.11)"

íØ (1.6.3) — e X ´����V/§Y ´��©lV/§K?Û�� X →
Y Ñ´���"

·K (1.6.4) — � Y ´��ÛÜ Noether V/§f : X → Y ´��k�.��"
K�
¦ f ´���§7L��I fred ´Xd"

�â (1.6.2, (vi))§·��Iy²^��¿©5"�d�Iy²e Y ´ Noether �
���§K X ´���¶,d� Yred ´���§l
 Xred �´Xd§ù´�âcJ
^�",K X �´ Noether �§l
d (I, 6.1.7)Ò�±íÑ(Ø"

1.7 ���N��þm

(1.7.1) � A ´���§E ´�� A �"�P� E þ�é¡�ê (algèbre symétri-

-que) ´�Üþ�ê T(E) Ø±§�d¤k/X x⊗y−y⊗x£x, y �H E¤���¤)
¤�V>n���û�ê§·�P�� S(E)£½ SA(E)¤"�ê S(E) ��±^e¡
�Ê·5�5£ãµe σ ´;�N� E → S(E)£= E → T(E) Ú;�N� T(E) →
S(E) �Ü¤¤§K?Û A �5N� E → B£Ù¥ B ´���� A �ê¤Ñ�±��
/©)� E

σ−→ S(E)
g−→ B §Ù¥ g ´�� A �ê�Ó�"dù���£ãá�§

éuü� A � E,F §·�k

S(E ⊕ F ) = S(E) ⊗ S(F ) §

����;�Ó�¶?
 S(E)£'u E¤́ ��l A ��Æ� A���ê�Æ��
C¼f¶��§þã��£ã�L²§e E = lim−→Eλ §Kk S(E) = lim−→S(Eλ) §�
���;�Ó�"�
{üå�§Ï~r¦È σ(x1)σ(x2) . . . σ(xn)£Ù¥ xi ∈ E¤P
� x1x2 . . . xn §��Ø¬E¤Ø)"�ê S(E) ´©g�§Ù¥ Sn(E) ´d E ¥� n �
�� (n > 0) ¦È��5|Ü¤|¤�¶�ê S(A) ;�Ó�u��õ�ª�ê A[T ] §

�ê S(An) K;�Ó�u n �õ�ª�ê A[T1, . . . , Tn] "

(1.7.2) � ϕ ´���Ó� A → B "e F ´�� B �§K;�N� F → S(F ) �
Ñ��;�N� F[ϕ] → S(F )[ϕ] §l
§q�±©)� F[ϕ] → S(F[ϕ]) → S(F )[ϕ] ¶
Ù¥�;�Ó� S(F[ϕ]) → S(F )[ϕ] ´÷�§��7´���"e E ´�� A �§K
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?ÛV­Ó� E → F£�Ò´`§?Û A Ó� E → F[ϕ]¤Ñ�±;�/½ÂÑ�
� A �ê�Ó� S(E) → S(F[ϕ]) → S(F )[ϕ] §�Ò´`§½ÂÑ�ê�m���V­
Ó� S(E) → S(F ) "

3Ó��PÒe§é?¿ A � E §S(E⊗AB) Ñ�±;��Óu�ê S(E)⊗AB ¶
ù�d S(E) �Ê·5� (1.7.1) á�"

(1.7.3) � R ´� A ���¦5f8¶r (1.7.2) A^�� B = R−1A þ§¿��
Ú R−1E = E⊗A R−1A §·�w� S(R−1E) = R−1S(E) §����;�Ó�"?
§
e R′ ⊇ R ´ A �,��¦5f8§KãL

R−1E //

²²

R′−1
E

²²

S(R−1E) // S(R′−1
E)

´���"

(1.7.4) y3� (S, A ) ´���È�m§¿� E ´ S þ��� A ��"erz
�m8 U ⊂ S ÑéA� Γ(U,A ) � S(Γ(U,E )) þ§K·�½Â
���êý�£�
âS(E) �¼f5� (1.7.2)¤¶·�rù�ý��N��¡� A �� E � A é¡�
ê�§¿P� S(E ) ½ SA (E ) "d (1.7.1) á�§S(E ) ´e¡ù�Ê·¯K�)µ?
Û A ��Ó� E → B£Ù¥ B ´�� A �ê�¤Ñ�±��/©)� E → S(E ) →
B §Ù¥1���Þ´�� A �êÓ�"l
3 A ���Ó� E → B � A �ê�
�Ó� S(E ) → B �mk����éA"AO�§?Û A ��Ó� u : E → F Ñ½
Â
�� A �ê�Ó� S(u) : S(E ) → S(F ) §l
 S(E ) ´ E ����C¼f"

�ì (1.7.2) Ú S �8B4����5§é?¿: s ∈ S §þk (S(E ))s = S(Es) "
e E ,F ´ü� A ��§K S(E ⊕ F ) �±;��Óu S(E ) ⊗A S(F ) §Ï��'�
ý�äkù�5�"

��±5¿� S(E ) ´��©g A �ê�§§´Ã A �� Sn(E ) ��Ú§Ù¥
Sn(E ) ´ý� U 7→ Sn(Γ(U,E )) �N��"AO�§e� E = A §K·�w� SA (A )

�±�Óu A [T ] = A ⊗Z Z[Z]£T ´�½�§Z ´~��¤"

(1.7.5) � (T, B) ´,���È�m§f ´���� (S, A ) → (T, B) "e F ´
�� B ��§K S(f∗F ) �±;��Óu f∗S(F ) ¶̄ ¢þ§e f = (ψ, θ) §K�â½
Â (0, 4.3.1)§·�k

S(f∗F ) = S((ψ∗F ) ⊗ψ∗B A ) = S(ψ∗F ) ⊗ψ∗B A

(1.7.2)¶éu S �?¿m8 U Ú S(ψ∗F ) 3 U þ�?¿�¡ h §3z�: s ∈ U ?Ñ



§1. ���� · 13 ·

k���� V §¦� h 3§þ¡� S(Γ(V, ψ∗F )) ¥�,���­Ü¶�ì ψ∗F �½
Â (0, 3.7.1)§¿�k�u£é��� E 5`¤S(E) ¥�?Û��Ñ´ E ¥k���
��¦È��5|Ü§·��±é� ψ(s) 3 T ¥����� W Ú S(F ) 3 W þ�
���¡ h′ §±9 s ����� V ′ ⊂ V ∩ψ−1(W ) §¦� h 3 V ′ þ� t 7→ h′(ψ(t)) ­
Ü¶��·���ó"

·K (1.7.6) — � A ´���§S = Spec A ´§��Ì§E = M̃ ´�� A � M

�N��¶K OS �ê� S(E ) ´ A �ê S(M) �N��"

¯¢þ§é?¿ f ∈ A §þk S(Mf ) = (S(M))f (1.7.3)§l
·K�g½Â (I,

1.3.4)"

íØ (1.7.7) — e S ´��V/§E ´��[và OS ��§K OS �ê� S(E )

´[và�"?
e E ´k�.�§Kz� OS �� Sn(E ) Ñ´k�.�"

1���ó�d (1.7.6) Ú (I, 1.4.1) á�¶1��K�ge¡�¯¢µe E ´�
�k�. A �§K Sn(E) �´k�. A �¶d�·�A^ (I, 1.3.13)"

½Â (1.7.8) — � E ´��[và OS ��"·�r[và OS �ê� S(E ) �
Ì (1.3.1) ¡� E 3 S þ¤½Â��þm (fibré vectoriel)§¿P� V(E ) " * (J\III,

14) — XJ E = On
S §K·��r V(E ) �¤ Vn

S ¶?
e S = Spec A ´���§K
�r Vn

S �¤ Vn
A ¶·�k Vn

A = Spec A[T1, . . . , Tn]§Ù¥ Ti Ñ´�½�"*

�ì (1.2.7)§é?¿ S V/ X §3 S �� X → V(E ) � OS �ê�Ó� S(E ) →
A (X) �mÑk����éA§l
ù
 S ���� OS ��Ó� E → A (X) =

f∗OX£f ´(��� X → S¤́ ��éA�"AO�µ

(1.7.9) � X ´ S 3,�m8 U ⊂ S þ¤p��mfV/"K�� S �� U →
V(E ) � V(E ) 3m8 p−1(U)£p ´(��� V(E ) → S¤þ¤p�� U V/���
U�¡ÃÉ (I, 2.5.5)"u´�âþ¡¤ã§ù
 U�¡� OS ��Ó� E → j∗(OS |U )

£j ´;�¹\ U → S¤́ ��éA�§ù���u` (0, 4.4.3)§§�� OS |U Ó
� j∗E = E |U → OS |U ´��éA�"?
§́ ��� S ��3��m8 U ′ ⊂ U þ
���TÐéAuÓ� E |U → OS |U 3 U ′ þ���"dd��§V(E ) � S �¡Þ�
�±;��Óu E �éó Ě "

AO�§e� X = U = S §K"Ó� E → OS éAu V(E ) ���;� S�¡§
¡� S "�¡£ë� (8.3.3)¤"

(1.7.10) y3� X ´� K �Ì {ξ}¶l
(��� f : X → S éAu��i
\ k(s) → K §Ù¥ s = f(ξ) (I, 2.4.6)¶l
�� S �� {ξ} → V(E ) ��� V(E ) �
��3 k(s) �*Ü K ¥�:ÃÉ (I, 3.4.5)§ù
:Ñ u p−1(s) �:�þ"·��
�±rù
:¤|¤�8Ü¡� V(E ) 3: s þ� K knn�§�â (1.7.8)§ù�8
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Ü�±�Óu OS ��Ó� E → f∗OX �8Ü§ù���u` (0, 4.4.3)§§�±�Ó
u OS ��Ó� f∗E → OX = K �8Ü",
�â½Â (0, 4.3.1)§f∗E = Es⊗Os K =

E s ⊗k(s) K §ùp·�- E s = Es/msEs ¶l
 V(E ) 3: s þ� K knn��±�Ó
u K �þ�m E s ⊗k(s) K �éó¶e E s ½ö K 3 k(s) þ´k���§Kù�éó
��±�Óu (E s)̌ ⊗k(s) K §ùp·�^ (E s)̌ 5P k(s) �þ�m E s �éó"

·K (1.7.11) — (i) V(E ) ´���C¼f£'u E ¤§l[và OS ���Æ
�3 S þ���V/�Æ"

(ii) e E ´��k�. OS ��§K V(E ) 3 S þ´k�.�"
(iii) e E Ú F ´ü�[và OS ��§K V(E ⊕ F ) �±;��Óu V(E ) ×S

V(F ) "
(iv) � g : S′ → S ´����¶Ké?¿[và OS �� E §V(g∗E ) Ñ�±;

��Óu V(E )(S′) = V(E ) ×S S′ "
(v) [và OS �����÷Ó� E → F éAu��4E\ V(F ) → V(E ) "

(i) �d (1.2.7) á�§k�u?Û OS ��Ó� E → F Ñ;�/½Â
�� OS

�ê�Ó� S(E ) → S(F ) �¯¢"(ii) �d½Â (I, 6.3.1) Úe¡�¯¢á�µe E ´
��k�. A �§K S(E) ´��k�. A �ê"�
y² (iii)§�I�Ä;�Ó
� S(E⊕F ) ∼−→ S(E )⊗OS

S(F ) (1.7.4) ¿|^ (1.4.6) =�"Ó��§�
y² (iv)§�
I�Ä;�Ó� S(g∗E ) ∼−→ g∗S(E ) (1.7.5) ¿|^ (1.5.2) =�"��§�
y² (v)§
�I5¿�eÓ� E → F ´÷�§K��éA� OS �ê�Ó� S(E ) → S(F ) �
´÷�"l
d (1.4.10)Ò�±íÑ(Ø"

(1.7.12) AO�§� E = OS ¶KV/ V(OS) ´��3 S þ���V/§§
´ OS �ê� S(OS) �Ì§¿� S(OS) �±�Óu OS �ê� OS [T ] = OS ⊗Z Z[T ]£T

´�½�¤¶éu S = Spec Z ù´w,�£�ì (1.7.6)¤§3���/§�Ä(��
� S → Spec Z ¿|^ (1.7.11, (iv)) =�"duù���§·��¦^PÒ V(OS) =

S[T ] §l
kúª

(1.7.12.1) S[T ] = S ⊗Z Z[T ] "

u´·��±r S[T ] � S�¡Þ�� OS �m��Ó (I, 3.3.15) w�´ (1.7.9) ¥
����(J���AÏ�/"

* (J\III, 16) — ·��¦^PÒµ

V(On
S ) = Vn

S = S[T1, . . . , Tn] "*

(1.7.13) ·�3 (1.7.8) ¥®²w�§é?¿ S V/ X §HomS(X,S[T ]) Ñ�±
;��Óu HomOS

(OS ,A (X)) §�öq;�Ó�u Γ(S.A (X)) §l
äk���
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(�¶?
§?Û S �� h : X → Y ÑéAX���Ó� Γ(A (h)) : Γ(X, A (Y )) →
Γ(S, A (X)) (1.1.2)"XJ·�� HomS(X,S[T ]) D�þã�(�§K�±r HomS(X,

S[T ]) w�´��l S V/�Æ���Æ��C¼f£'u X¤",��¡§HomS(X,

V(E )) �±�Óu HomOS
(E ,A (X))£ùpr A (X) w�´�� OS ��¤¶l
;

�/�k��½Â3� HomS(X,S[T ]) þ��(�§¿�dþ¡¤ã�±w�§�
�| (

HomS(X,S[T ]) , HomS(X,V(E ))
)

´ X ����C¼f§��3�N��| (A,M) ¤|¤��Æ�¥§Ù¥ A ´��
�§M ´�� A �§¿���Ò´V­Ó�"

·�rù�¯¢)º�µS[T ] ´�� S �V/§V(E ) ´ S �V/ S[T ] þ��
� S �V/£ë�1"Ù § 8¤"

(1.7.14) ·�e¡5`²§d½Â3 V(E ) þ� S �V/(��±�L5�E
Ñ OS �� E£�������Ó�¤µ�d·�Äky²§|^ù�(��±½ÂÑ
��l E � S(E ) = A (V(E )) �,� OS f��þ�;�Ó�"̄ ¢þ (1.7.4)§OS �
ê�Ó��8Ü HomOS

(S(E ),A (X)) �±;��Óu OS ��Ó��8Ü HomOS
(E ,

A (X)) µe h, h′ ´��8Ü¥�ü���§si (1 6 i 6 n) ´ E 3��m8 U ⊂ S þ
��
�¡§t ´ A (X) 3 U þ����¡§K�â½Â§·�k

(h + h′)(s1s2 . . . sn) =
n∏

i=1

(h(si) + h′(si))

Ú

(t.h)(s1s2 . . . sn) = tn
n∏

i=1

h(si) "

âd§e z ´ S(E ) 3 U þ����¡§K h 7→ h(z) ´��l HomS(X,V(E )) =

HomOS
(S(E ),A (X)) � Γ(U,A (X)) �N�"·�e¡y²§E �±�Óu S(E ) �

ù���f��µé?¿m8 U ⊂ S Úù� OS f��3 U þ�?¿�¡ z ±9
?¿ S V/ X §N� h 7→ h(z) Ñ´ HomOS |U (S(E )|U ,A (X)|U ) � Γ(U,A (X)) ��
� Γ(U,A (X)) �Ó�"

¯¢þ§´� E äkù�5�¶�
y²_·K¤á§�±�uy²µ� S =

Spec A,E = M̃ �§S(E ) 3 S þ����¡ z ��÷vþã5�£éu U = S¤Ò
7,´ E ����¡¶d�·�k z =

∞∑
n=0

zn §Ù¥ zn ∈ Sn(M) §
¯K8(�y

²� n 6= 1 �ok zn = 0 "- B = S(M) §¿� X ´V/ Spec B[T ] §Ù¥ T ´�
��½�"K8Ü HomOS

(S(E ),A (X)) �±�Óu�Ó� h : B → B[T ] �8Ü (I,

1.3.13)§¿��âc¡¤ã§·�k (T.h)(z) =
∞∑

n=0
Tnh(zn) µz þ�cJ^�%º
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Xé?¿Ó� hþk
∞∑

n=0
Tnh(zn) = T.

∞∑
n=0

h(zn) "AO�§e� h ´;�¹\§K·

���
∞∑

n=0
Tnzn = T.

∞∑
n=0

zn §ùÒv±`²� n 6= 1 �ok zn = 0 "

·K (1.7.15) — � Y ´��äk Noether .�m�V/½[;©lV/"K
?Û3 Y þ���k�.�V/ X Ñ�± Y Ó�u,�/X V(E ) � Y V/��
� Y 4fV/§Ù¥ E ´��k�.[và OY ��"1©

¯¢þ§[vàOY �ê� A (X) ´k�.� (1.3.7)"cJ^�`² A (X) �
d§���k�.[vàOY f�� E ¤)¤ (I, 9.6.5)¶�â½Â§ùqL²d¹
\ E → A (X) ;�òÿ
¤�;�Ó� S(E ) → A (X) ´÷�¶u´d (1.4.10)Ò�
±íÑ(Ø"

§2. àg�Ì

2.1 ©g�Ú©g����¯¢

PÒ (2.1.1) — �
��äk�gê�©g� S£È5µ±e{¡�©g�§U
ì{©S.§0 � /́�0�§ë� Bourbaki5�êÆ6, 1 I Ù, § 2, n◦ 5¤§·�^ Sn 5
IPd S ¥��N n g� (n > 0) ¤|¤�8Ü§¿�^ S+ 5IP�N Sn (n >

0) �£�¤Ú¶·�k 1 ∈ S0 §S0 ´ S ���f�§S+ ´ S ���©gn�§¿
� S ´ S0 Ú S+ ��Ú"e M ´ S þ���©g�£�±äk�½K�gê¤§K
·��^ Mn 5IPd M ¥��N n g� (n ∈ Z) ¤|¤� S0 �"

é?¿�ê d > 0 §·�rÃ Snd ��ÚIP� S(d) ¶u´er Snd ¥���½
Â� n gàg�§K S(d)äk��©g��(�"

éu��÷v 0 6 k 6 d − 1 ��ê k §·�rÃ Mnd+k (n ∈ Z) ��ÚI
P� M (d,k) ¶§´��©g S(d) �§=·�r Mnd+k ¥���w�´ n gàg�"
M (d,0) ��P� M (d) "

3Ó��PÒe§é?¿�ê n£�½K¤§·��±½Â��©g S � M(n) §
=é¤k k ∈ Z §- (M(n))k = Mn+k "AO�§S(n) ´��©g S �§÷v (S(n))k =

Sn+k£éu n < 0 §·�- Sn = 0¤"¤¢��©g S � M ´gd�§́ �§��©
g�Ó�u�x/X S(n) ����Ú¶du S(n) ´��ü� S �£dgê�−n �
�� 1 ∈ S ¤)¤¤§�` M ´gd�=��u`§3 S þäk��dàg��¤
|¤�Ä."

1©È5µ31 IV Ù� (1.7.10) ¥§d·Kò��U?"
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¤¢��©g S � M ´k�¥«�§´��±é����ÜS� P → Q →
M → 0 §Ù¥ P, Q Ñ´�
/X S(n) ���k��Ú§¿�TS�¥�Ó�Ñ
´ 0 g�£ë� (2.1.2)¤"

(2.1.2) � M,N ´ü�©g S �¶K3 M ⊗S N þ�±½Â��©g S ��
(�§�{XeµÄk§3ÜþÈ M ⊗Z N þ�±½Â��©g Z ��(�£Z þ
�©g(�´µ Z0 = Z §¿�éu n 6= 0þk Zn = 0¤§=- (M ⊗Z N)q =⊕
m+n=q

Mm ⊗Z Nn£du M Ú N ©O´Ã Mm ÚÃ Nn ��Ú§�� M ⊗Z N �±

;��ÓuÃ Mm ⊗Z Nn ��Ú¤"Od§·�k M ⊗S N = (M ⊗Z N)/P §Ù
¥ P ´d¤k/X (xs) ⊗ y − x ⊗ (sy) (x ∈ M, y ∈ N, s ∈ S) ���3 M ⊗Z N ¥
¤)¤� Z f�¶´� P ´ M ⊗Z N ���©g Z f�§ddá�§�û�þ�±
3 M ⊗S N þ����©g S ��(�"

éuü�©g S � M,N §�P�¤¢�� S Ó� u : M → N ´ k g�§´�
é?¿ j ∈ Z §þk u(Mj) ⊂ Nj+k "e± Hn 5IP M � N ��N n gÓ�¤|¤
�8Ü§¿�- H ´ M � N ��N S �Ó��8Ü§K·�^ HomS(M,N) 5IP
Ã Hn (n ∈ Z) 3 S � H ¥�£�¤Ú¶��5`§HomS(M,N) � H ¿Ø��",

e M ´k�.�§Kk H = HomS(M,N) ¶̄ ¢þ§d��±b� M ´dk��à
g� xi (1 6 i 6 n) ¤)¤�§�?ÛÓ� u ∈ H Ñ�±��/�¤

∑
k∈Z

uk �/ª§

Ù¥éz� k §uk(xi)Ò´ u(xi) � k + deg(xi) gàg©þ (1 6 i 6 n) §ù¿�XØ

k���I�	ok uk = 0 ¶d½Â� uk ∈ Hk §��(Ø"

·�r HomS(M,N) ¥�"g�¡�©g S ��Ó�"́ � SmHn ⊂ Hm+n §l

Ã Hn 3 HomS(M,N) þ½Â
��©g S �(�"

dþã½Âá�§éuü�©g S � M,N §·�k

(2.1.2.1) M(m) ⊗S N(n) = (M ⊗S N)(m + n) §

(2.1.2.2) HomS(M(m), N(n)) = (HomS(M,N))(n − m) "

� S, S′ ´ü�©g�¶��©g��Ó� ϕ : S → S′ ´�ù����Ó�§é
?¿ n ∈ Z §þk ϕ(Sn) ⊂ S′

n£�é{`§ϕ ´©g Z ���� 0 gÓ�¤"ù��
�Ó�3 S′ þ½Â
��©g S ��(�¶u´ S′ Ó�äkù�©g�(�Ú�
�©g�(�§·�¡ S′ ´��©g S �ê"

y3e M ´��©g S �§K©g S ��ÜþÈ M ⊗S S′ g,/�k��©
g S′ ��(�§ù�©gÒ´þ¡¤½Â�"

Ún (2.1.3) — � S ´���©g�§E ´ S+ ���dàg�¤|¤�f8§
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K�
¦ E U
)¤�� S �� S+ §7L��I E U
)¤�� S0 �ê� S "

^�w,´¿©�¶e¡y²§�´7��"� En£�A�§En¤́ E ¥�
�Ngê�u n£�A�§6 n¤���|¤�8Ü¶u´�Iy² Sn (n > 0) �
� S0 �´d En ¥���ogê� n �¦È¤)¤�"é n?18B§�ìcJ^

�§n = 1 ��/´w,�¶?
�±`² Sn =
n−1∑
p=0

SpEn−p §�d8B{á�(Ø"

íØ (2.1.4) — �
¦ S+ ´k�.n�§7L��I S ´k�. S0 �ê"

¯¢þ§��rz�)¤�Ñ�¤§�àg©þ§·�o�±b� S0 �ê S£�
A�§S n� S+¤�)¤�|´dk��àg�¤|¤�"

íØ (2.1.5) — �
¦ S ´ Noether �§7L��I S0 ´ Noether �¿� S ´k
�. S0 �ê"

^�w,´¿©�¶§�´7��§Ï� S0 Ó�u S/S+ §¿� S+ ´��k�
.n� (2.1.4)"

Ún (2.1.6) — � S ´���©g�§¿�´k�. S0 �ê§M ´��k�.
©g S �"Kµ

(i) Ã Mn Ñ´k�. S0 �§¿��±é����ê n0 §¦�� n 6 n0 �§o
k Mn = 0 "

(ii) �±é����ê n1 Ú���ê h > 0§¦�� n > n1 �§ok Mn+h =

ShMn "
(iii) é?¿�|÷v d > 0, 0 6 k 6 d − 1 ��ê (d, k)§ M (d,k) Ñ´k�.

� S(d) �"
(iv) é?¿�ê d > 0§S(d) Ñ´k�. S0 �ê"
(v) �±é����ê h > 0§¦�� m > 0 �§ok Smh = (Sh)m "
(vi) é?¿�ê n > 0§þ�é����ê m0 §¦�� m > m0 �§ok Sm ⊂

Sn
+ "

�±b� S£�� S0 �ê¤́ d�|gê� hi �àg� fi (1 6 i 6 r) ¤)¤
�§¿� M£�� S0 �¤́ d�|gê� kj �àg� xj (1 6 j 6 s) ¤)¤�"u
´´� Mn ´dù��
�� fα1

1 . . . fαr
r xj � S0 Xê�5|Ü¤|¤�§Ù¥ αi Ñ

´ > 0 ��ê§¿�÷v kj +
∑
i

αihi = n ¶éz� j §�kk�| (αi) ÷vþã�

§§Ï� hi > 0 §�� (i) �1���ó¶1���ó´w,�",��¡§� h ´
Ã hi ���ú�ê§¿�- gi = f

h/hi

i (1 6 i 6 r) §Kù
 gi Ñ´ h g�¶� zµ ´
ù��
�� fα1

1 . . . fαr
r xj §Ù¥ 0 6 αi < h/hi (1 6 i 6 r) §¶§��kk�

�§� n1 ´Ù�pgê"K´�� n > n1 �§Mn+k ¥���Ñ´ù
 zµ ��5
|Ü§¿�ÙXê´ gi ��
gê > 0 �ü�ª§l
·�k Mn+h = ShMn §ù
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Òy²
 (ii)"¦^Ó���{§·�w�§£é?¿ d > 0¤M (d,k) ���Ñ´�

 gdfα1

1 . . . fαr
r xj � S0 Xê�5|Ü§Ù¥ 0 6 αi < d §¿� g ´ S �àg�¶�

� (iii)¶� M = S+ §K (iv) �g (iii) ÚÚn (2.1.3)§Ï� (S+)(d) = (S(d))+ "� M =

S §K (v) �d (ii) íÑ"��§éu�½� n §�kk�� (αi) ÷v αi > 0 Ú
∑

αi <

n §l
e m0 ´ÃÚª
∑
i

nihi ¥���ö§K� m > m0 �ok Sm ⊂ Sn
+ §ùÒy

²
 (vi)"

íØ (2.1.7) — e S ´ Noether �§Ké?¿�ê d > 0§S(d) Ñ´Xd"

ù�g (2.1.5) Ú (2.1.6, (iv))"

(2.1.8) � p ´©g� S ���©g�n�¶K p ´Ãf+ pn = p ∩ Sn ´�Ú"
b� p Ø�¹ S+ "u´e f ∈ S+ Øáu p §K'Xª fnx ∈ p �du x ∈ p ¶AO
�§e f ∈ Sd (d > 0) §Ké?¿ x ∈ Sm−nd §'Xª fnx ∈ pm Ñ�du x ∈ pm−nd "

·K (2.1.9) — � n0 ´�� > 0 ��ê¶éz�� n > n0 §� pn ´ Sn ���f
+"�
Ué� S ���Ø�¹ S+ �©g�n� p ¦�é?¿ n > n0 þk p∩Sn =

pn §7L��I±eÃ^�Ñ´¤á�µ
1◦ é?¿ m > 0 Ú?¿ n > n0 §þk Smpn ⊂ pm+n "
2◦ é m > n0, n > n0, f ∈ Sm, g ∈ Sn §'Xª fg ∈ pm+n o%º f ∈ pm ½ g ∈

pn "
3◦ ���3�� n > n0 ¦� pn 6= Sn "

?
§©g�n� p ´���"

^� 1◦ Ú 2◦ w,´7��"?
§e p 6⊇ S+ §K��k�� k > 0 ¦� p∩Sk 6=
Sk ¶e f ∈ Sk Øáu p §K�â (2.1.8)§p ∩ Sn = Sn %º p ∩ Sn−mk = Sn−mk ¶l

eé¿©�� nþk p ∩ Sn = Sn §K7k p ⊇ S+ §ù�cJ^�gñ§ùÒ
y²
 3◦ ´7��"�L5§b�^� 1◦, 2◦, 3◦ Ñ��÷v"Äk5¿e¡�¯
¢µb��±é����ê d > n0 Ú��Øáu pd � f ∈ Sd §u´e p �3§K
� m < n0 �§pm = p ∩ Sm 7,�uù��
 x ∈ Sm �8Ü§=Ø
k�� r �
	§ok frx ∈ pm+rd "ùÒv±`²§�� p �3§§Ò´���"��2y² p =
∞∑

n=0
pnÒ´���n�§Ù¥� m < n0 � pmÒ´^þã^�5½Â�"Äk5¿

�§�ì 2◦ §éu m > n0 §pm Ó��±�£ã�ù��
 x ∈ Sm �8Ü§=Ø

k�� r �	§ok frx ∈ pm+rd "âd§e g ∈ Sm, x ∈ pn §KØ
k�� r �	§
ok frgx ∈ pm+n+rd §l
 gx ∈ pm+n §ùy²
 p ´ S ���n�"�
y²§´
���n�§�é{`§�
y²©g� S/p£Ù©g´df+ Sn/pn ¤½Â�¤́
����§�Iy²£�Ä S/p ¥�ü�����pg©þ¤e x ∈ Sm, y ∈ Sn ÷
v x /∈ pm, y /∈ pn §K7k xy /∈ pm+n "bXù�¯Ø¤á§@o� r ¿©��§o
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k f2rxy ∈ pm+n+2rd ¶,
é¤k� r > 0 §�k fry /∈ pn+rd ¶u´d^� 2◦�§Ø

k�� r �	§ok frx ∈ pm+rd §ddÒ�±íÑ x ∈ pm §ù�cJ^�gñ"

(2.1.10) XJ S+ �f8 J ´ S ���n�§K·��¡§´ S+ �n�§X
J J ´ S �,�Ø�¹ S+ �©g�n�� S+ ��8§K·��¡§´ S+ �©g
�n�£�â (2.1.9)§S �ù�©g�n�´��(½�¤"e J ´ S+ ���n�§
K J 3 S+ ¥��´� S+ ¥�ù��
��¤|¤�8Ü§=§�,���á3 J ¥§
�é{`§ùÒ´8Ü r+(J) = r(J)∩S+ ¶AO�§0 3 S+ ¥����¡� S+ �Å
"�§¿P� N+ µl
§Ò´d S+ ��N�"�¤|¤�8Ü"e J ´ S+ ��
�©gn�§K§�� r+(J) �´��©gn�"̄ ¢þ§�û� S/J �±r¯K8
(� J = 0 ��/§d��Iy²e x = xh + xh−1 + · · · + xk ´���"�§Kz
�� xi ∈ Si (1 6 h 6 i 6 k) Ñ´�"�¶·��±b� xk 6= 0 §K xn ��pg©
þÒ´ xn

k §l
 xk ´�"�§2é k?18B=�"¤¢��©g� S ´��Q�
�§́ � N+ = 0 §�é{`§S+ Ø¹�"��"�"

(2.1.11) 5¿�3��©g� S ¥§e�� x ´��"Ïf§K§��pg©
þ�´��"Ïf"¤¢��©g� S ´����§´�� S+£vkü �¤Ø
�¹"Ïf¿� 6= 0 ¶ù�I�y� S+ ¥��"àg�ÑØ´"Ïf=�"´�
e p ´ S+ ���©g�n�§K S/p ´����"

� S ´������©g�§¿� x0 ∈ S0 ¶u´e3 S+ ¥�±é���à
g� f 6= 0 §¦� x0f = 0 §Kk x0S+ = 0 §Ï�é?¿ g ∈ S+ §þk (x0g)f =

(x0f)g = 0 §l
dcJ^�� x0g = 0 "�
¦ S ´��§7L��I S0 ´��¿
� S+ 3 S0 ¥�"zf�u 0 "

2.2 ©g��©ª�

(2.2.1) � S ´���©g�§f ´ S ¥���àg�§gê� d > 0 ¶u´
©ª� S′ = Sf ´©g�§Ù¥� S′

n ´dù��
 x/fk ¤|¤�8Ü§Ù¥ x ∈
Sn+kd � k > 0£5¿ùp� n �±�K�¤¶·�r S′ ¥gê� 0 ���|¤�f
� S′

0 = (Sf )0 P� S(f) "

e f ∈ Sd §K Sf ¥�ü�ªx (f/1)h£h �±��½K�¤�¤� S(f) þ��
��5Ã'| (système libre)§¿�d§���5|Ü¤|¤�8Ü�� (S(d))f Ã
É§l
Ó�u S(f)[T, T−1] = S(f) ⊗Z Z[T, T−1]£Ù¥ T ´���½�¤"¯¢þ§

ek��'Xª
b∑

h=−a

zh(f/1)h = 0 §Ù¥ zh = xh/fm §¿�¤k xh Ñáu Smd §K

�â½Â§ù�'Xª�du�3�� k > −a ¦�
b∑

h=−1

fh+kxh = 0 §du3��

�'Xª¥���gêÑØ�Ó§��é¤k h Ñk fh+kxh = 0 §l
 zh = 0 "
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e M ´��©g S �§K M ′ = Mf ´��©g S′ �§Ù¥ M ′
n ´dù��


 z/fk ¤|¤�8Ü§Ù¥ z ∈ Mn+kd � k > 0 ¶·�^ M(f) 5IPd M ′ ¥��
Ngê� 0 ���¤|¤�8Ü¶K´� M(f) ´�� S(f) �§¿�·�k (M (d))f =

M(f) ⊗S(f) (S(d))f "

Ún (2.2.2) — � d, e ´ü� > 0 ��ê§f ∈ Sd, g ∈ Se "Kk��;���
Ó�

S(fg)
∼−→ (S(f))gd/fe "

e·�rùü���Ó§K�k��;���Ó�

M(fg)
∼−→ (M(f))gd/fe "

¯¢þ§fg �Ø fegd §�öq�Ø (fg)de §l
©g� S(fg) Ú Sfegd �±;�
�Ó¶,��¡§Sfegd ��±�Óu (Sfe)gd/1 (0, 1.4.6)§¿�du fe/1 3 Sfe ¥´
�_�§�� Sfegd ��±�Óu (Sfe)gd/fe "y3�� gd/fe 3 Sfe ¥´ 0 g�¶d
dá�§(Sfe)gd/fe ¥�"g�f�Ò´ (S(fe))gd/fe §¿�duw,k S(fe) = S(f) §
ùÒy²
·K�1�Ü©§1�Ü©Ón�y"

(2.2.3) 3 (2.2.2) �cJ^�e§́ �;�Ó� Sf → Sfg (0, 1.4.1)£§r x/fk

N� gkx/(fg)k¤́ 0 g�§l
§����Ñ
��;�Ó� S(f) → S(fg) §¿¦
�ãL

S(f)

~~~~
~~

~~

##HHH
HHH

H

S(fg)
∼ // (S(f))gd/fe

´���"Ón�±½Â��;�Ó� M(f) → M(fg) "

Ún (2.2.4) — e f, g ´ S+ ¥�ü�àg�§K� S(fg) ´d S(f) Ú S(g) �;
���¿8¤)¤�"

�ì (2.2.2)§�Iy² 1/(gd/fe) = fd+e/(fg)d áu S(g) 3 S(fg) ¥�;��§

�â½Âù´w,�"

·K (2.2.5) — � d ´�� > 0 ��ê§¿� f ∈ Sd "Kk��;���Ó
� S(f)

∼−→ S(d)/(f−1)S(d) ¶e·�rùü���Ó§K�k��;���Ó� M(f)
∼−→ M (d)/(f − 1)M (d) "

1��Ó�´r x/fn §Ù¥ x ∈ Snd §éA��� x̄ §ù´� x mod (f−1)S(d) �
Ó{a¶ù�N�´Ün�§Ï�é?¿ x ∈ S(d) §þkÓ{'X fhx ≡ x(mod (f −
1)S(d)) §l
ek h > 0 ¦� fhx = 0 §Kk x̄ = 0 ",��¡§e x ∈ Snd ÷
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v x = (f − 1)y §Ù¥ y = yhd + y(h+1)d + · · · + ykd §¿� yjd ∈ Sjd, yhd 6= 0 §K7
k h = n Ú x = −yhd §¿�k'Xª y(j+1)d = fyjd (h 6 j 6 k − 1) Ú fykd = 0 §d
dÒ�±íÑ fk−nx = 0 ¶l
é?¿�� x ∈ Snd �Ó{a x̄ mod (f − 1)S(d) §·
��±r§éA� S(f) ¥��� x/fn §Ï�þ¡�5)L²§ù�½Â´Ün�"
´�ùü�N�Ñ´�Ó�§¿�´p_�"éu M �±æ^Ó��§S"

íØ (2.2.6) — e S ´ Noether �§K S(f) �´Xd§Ù¥ f ´��gê > 0 �
àg�"

ù�d (2.1.7) Ú (2.2.5) á�"

(2.2.7) � T ´ S+ ¥���dàg��¤|¤�¦5f8¶K T0 = T ∪{1}´ S

���¦5f8¶du T0 ¥���Ñ´àg�§��� T−1
0 S þk��²w�©g

(�¶·�± S(T ) 5IP T−1
0 S �"g�f�§�Ò´`§§´dù��
 x/h ¤|

¤�f�§Ù¥ h ∈ T � x ´gê� h �Ó�àg�"·��� (0, 1.4.5)§T−1
0 S �±

;��ÓuÃ Sf£f �H T ¤�8B4�£'u;�Ó� Sf → Sfg¤¶duù��
Ó�±gê§l
§r S(T ) �ÓuÃ S(f) (f ∈ T ) �8B4�"é?¿©g S � M §
�±Ó�/½Â£� S(T ) þ�¤� M(T ) §§´d T−1

0 M ¥�"g�¤|¤�§�±
wÑ§ù��´Ã M(f) (f ∈ T ) �8B4�"

e p ´ S+ ���©g�n�§T ´d S+ ¥�¤kØáu p �àg�¤|¤�
8Ü§K·�©O^ S(p) Ú M(p) 5IP� S(T ) Ú� M(T ) "

2.3 ©g��àg�Ì

(2.3.1) �
���©g� S §S �àg�Ì´� S+ �©g�n��8Ü (2.1.10)§
P� ProjS §ù���u`§§´ S �@
Ø�¹ S+ �àg�n��8Ü¶e¡·
��38Ü ProjS þ½Â��©lV/�(�"

(2.3.2) éu S �?¿f8 E §� V+(E) ´d�¹ E �Ø�¹ S+ �@
©g�
n�¤|¤�8Ü¶l
§Ò´ Spec S �f8 V (E)∩ProjS "u´d (I, 1.1.2) �±
íÑµ

(2.3.2.1) V+(0) = Proj S § V+(S) = V+(S+) = ∅ §

(2.3.2.2) V+

( ⋃
λ

Eλ

)
=

⋂
λ

V+(Eλ) §

(2.3.2.3) V+(EE′) = V+(E) ∪ V+(E′) "

r E �¤d E ¤)¤�©gn�¿Ø¬UC8Ü V+(E) ¶?
§e J ´ S ��
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�©gn�§Ké?¿ n > 0 §þk

(2.3.2.4) V+(J) = V+

( ⋃
q>n

(J ∩ Sq)
)

"

¯¢þ§e p ∈ ProjS �¹
 J ¥�¤kgê > n ���§K�âcJ^�§�±é
���àg� f ∈ Sd �Øáu p §��é?¿ m > 0 Ú?¿ x ∈ Sm ∩ J §Ø
k�
� r �	ok frx ∈ J∩Sm+rd §l
 frx ∈ p∩Sm+rd §ùÒL² x ∈ p∩Sm (2.1.9)"

��§éu S �?¿©gn� J §þk

(2.3.2.5) V+(J) = V+

(
r+(J)

)
"

(2.3.3) �â½Â§3 X = Proj S þ�d Spec S � Zariski ÿÀ¤p��ÿÀe§
Ã V+(E) Ñ´ X �4f8§·�rù�p�ÿÀ�¡� X þ� Zariski ÿÀ"é?
¿ f ∈ S §-

(2.3.3.1) D+(f) = D(f) ∩ ProjS = ProjS − V+(f) "

u´é S ¥�ü��� f, g §·�k (I, 1.1.9.1)

(2.3.3.2) D+(fg) = D+(f) ∩ D+(g) "

·K (2.3.4) — XJ4 f �H S ¥�àg��8Ü§Kù
 D+(f) �¤ X =

ProjS ���ÿÀÄ"

¯¢þ§d (2.3.2.2) Ú (2.3.2.4) �§X �?Û4f8Ñ´�
/X V+(f) �f8
��8§Ù¥ f ´gê > 0 �àg�"

(2.3.5) � f ´ S+ ¥���àg�§gê� d > 0 ¶Ké S �?Û��Ø�
¹ f �©g�n� p §d/X x/fn §Ù¥ x ∈ p � n > 0 §���¤|¤�8Ü´
©ª� Sf ����n� (0, 1.2.6)¶l
§� S(f) ��8´ S(f) ����n�§·�
P�� ψf (p) µ§´d�N/X x/fn §Ù¥ n > 0, x ∈ p ∩ Snd §���¤|¤�"
·�u´½Â
��N�

ψf : D+(f) −→ Spec S(f) "

?
§e g ∈ Se ´ S+ ¥�,��àg�§Kke¡���ãL

(2.3.5.1)

D+(f)
ψf

// Spec S(f)

D+(fg)
ψfg

//

OO

Spec S(fg)

OO

§
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Ù¥�>�ç��Þ´�¹§m>�´N� aωfg,f §́ d;�Ó� ω = ωfg,f : S(f) →
S(fg) ¤�Ñ� (I, 1.2.1)"¯¢þ§e x/fn ∈ ω−1(ψfg(p)) §Ù¥ fg /∈ p §K�â½
Â§·�k gnx/(fg)n ∈ ψf (p) §l
 gnx ∈ p §Ï
 x ∈ p §�L5´w,�"

·K (2.3.6) — N� ψf ´ D+(f) � Spec S(f) ���Ó�"

Äk§ψf ´ëY�¶Ï�ek h ∈ Snd ÷v h/fn ∈ ψf (p) §K�â½Â§·�
k h ∈ p §���é§l
 ψ−1

f (D(h/fn)) = D+(hf) §·���ó�gúª (2.3.3.2)"
?
§� h �Hù
8Ü Snd �§Ã D+(hf) �¤ D+(f) ���ÿÀÄ§ù´�â
(2.3.4) Úúª (2.3.3.2)¶l
þ¡¤ãL²§k�u D+(f) Ú Spec S(f) Ñ÷v (T0) ú
n§ ψf ´ü�§¿�§�_N� ψf (D+(f)) → D+(f) ´ëY�"��§�
y
² ψf ´÷�§5¿�e q0 ´ S(f) ����n�§¿�é?¿ n > 0 §- pn ´dù�
�
 x ∈ Sn ¤|¤�8Ü§Ù¥ xd/fn ∈ q0 §Kù
 pn ÷v (2.1.9) ¥�^�µ̄ ¢
þ§e x ∈ Sn, y ∈ Sn ÷v xd/fn ∈ q0 Ú yd/fn ∈ q0 §Kk (x + y)2d/f2n ∈ q0 §�
� (x + y)d/fn ∈ q0 §Ï� q0 ´�n�¶ùÒy²
 pn ´ Sn �f+§(2.1.9) ¥�Ù
§^�ÑéN´�y§�I5¿� q0 ´�n�"e p ´dd½ÂÑ� S �©g�n
�§K·�k ψf (p) = q0 §Ï�e x ∈ Snd §K'Xª x/fn ∈ q0 Ú xd/fnd ∈ q0 ´�
d�§ùE,´Ï� q0 ´�n�"

íØ (2.3.7) — �
¦ D+(f) = ∅§7L��I f ´�"�"

¯¢þ§�
¦ Spec S(f) = ∅ §7L��I S(f) = 0 §½ö`3 Sf ¥ 1 = 0 §�
â½Â§ù�Ò¿�X f ´�"�"

íØ (2.3.8) — � E ´ S+ ���f8"K±eÃ^�´�d�µ
a) V+(E) = X = Proj S "
b) E ¥�?Û��Ñ´�"�"
c) E ¥�?Û���?Ûàg©þÑ´�"�"

´� c) %º a) � b) %º a)"e J ´d E 3 S ¥¤)¤�©gn�§K^� a) �
du V+(J) = X ¶�, a)Ò`²?Ûàg� f ∈ J Ñ÷v V+(f) = X §l
�
ì (2.3.7)§f ´�"�"

íØ (2.3.9) — e J ´ S+ ���©gn�§K r+(J) Ò�u S+ �¤k�¹ J �
©g�n���8"

�Ä©gû� S/J §K�±8(� J = 0 ��/"y3�Iy²e f ∈ S+ Ø´
�"�§K7�é� S ���©g�n�Ø�¹ f ¶,K§f ��k��©þØ´�
"�§l
�±b� f ´àg�¶d�·���ó�g (2.3.7)"

(2.3.10) éu X = ProjS �?¿f8 Y §� j+(Y ) ´d@
÷v Y ⊂ V+(f) �
f ∈ S+ ¤|¤�8Ü¶ù���u`§j+(Y ) = j(Y ) ∩ S+ ¶l
 j+(Y ) ´ S+ ���
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n�§¿��§3 S+ ¥����"

·K (2.3.11) — (i) éu S+ �?¿f8 E § j+(V+(E)) Ñ�u E 3 S+ ¥¤)
¤�n���"

(ii) éu X �?¿f8 Y §V+(j+(Y )) Ñ�u Y 3 X ¥�4� Y "

(i) e J ´d E 3 S+ ¥¤)¤�©gn�§Kk V+(E) = V+(J) §l
·���
ó�g (2.3.9)"

(ii) du V+(J) =
⋂

f∈J

V+(f) §��é?¿ f ∈ J §'Xª Y ⊂ V+(J) Ñ%º Y ⊂

V+(f) §l
 j+(Y ) ⊃ J §��� V+(j+(Y )) ⊂ V+(J) §�â48�½Â§ù�Òy²

 (ii)"

íØ (2.3.12) — 3 X = ProjS �4f8 Y � S+ �©g�ªn�£È5µ�{
üå�§·�r�§3 S+ ¥�����©gn�¡�©g�ªn�¤�mk���
�éA Y 7→ j+(Y ), J 7→ V+(J)¶X ¥�ü�4f8�¿8 Y1 ∪ Y2 éAu j+(Y1) ∩
j+(Y2)§?¿�x4f8 (Yλ) ��8éAuÃ j+(Yλ) �Ú3 S+ ¥��"

íØ (2.3.13) — � J ´ S+ ���©gn�¶K�
¦ V+(J) = ∅§7L��
I S+ ¥�?Û��Ñk����á3 J ¥"

ù�íØ�k���d�/ªµ

íØ (2.3.14) — � (fα) ´ S+ ¥��xàg�"K�
¦Ã D+(fα) �¤ X =

ProjS ���CX§7L��I S+ �?Û��Ñk����á3dÃ fα ¤)¤�
n��¥"

íØ (2.3.15) — � (fα) ´ S+ ¥��xàg�§f ´ S+ �����"Keã'
X´�d�µa) D+(f) ⊂

⋃
α

D+(fα)¶b) V+(f) ⊃
⋂
α

V+(fα)¶c) f �,���á3

dÃ fα ¤)¤�n��¥"

íØ (2.3.16) — �
¦ X = Proj S ´�8§7L��I S+ ¥�?Û��Ñ´
�"�"

íØ (2.3.17) — 3 (2.3.12) ���éAe§X �Ø��4f8éAu S+ �©
g�n�"

¯¢þ§e Y = Y1 ∪ Y2 §� Y1, Y2 Ñ´� Y Ø���4f8§Kk

j+(Y ) = j+(Y1) ∩ j+(Y2) "

d�n� j+(Y1) Ú j+(Y2) Ñ� j+(Y ) Ø��§l
 j+(Y ) Ø´�n�"�L5§e J

´ S+ ���©gn�§�Ø´��§K�±é� S+ ¥�ü��� f, g §÷v f /∈
J, g /∈ J, fg ∈ J ¶u´�â (2.3.2.3)§V+(f) 6⊇ V+(J), V+(g) 6⊇ V+(J) §Ó� V+(f) ∪
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V+(g) ⊇ V+(J) ¶dd�±��§V+(J) ´ü�4f8 V+(f)∩V+(J), V+(g)∩V+(J) �
¿8§z��Ñ� V+(J) Ø��"

2.4 ProjS þ�©lV/(�

(2.4.1) � f, g ´ S+ ¥�ü�àg�¶�Ä��V/ Yf = Spec S(f), Yg = Spec S(g)

Ú Yfg = Spec S(fg) "�ì (2.2.2)§éAu;�Ó� ωfg,f : S(f) → S(fg) �@��
� wfg,f = (aωfg,f , ω̃fg,f ) : Yfg → Yf ´��mE\ (I, 1.3.6)",d ψf : D+(f) →
Yf �_Ó� (2.3.6)§·��±r Yf ���V/(��$� D+(f) þ¶u´�âã
L (2.3.5.1) ���5§ ��V/ D+(fg) �±�Óu��V/ D+(f) �mfV/
D+(fg) "dd´�£k�u (2.3.5)¤§3 X = ProjS þk����V/(�§¦
�§3Ã D+(f) þ���TÐÒ´þ¡¤�Ñ���V/(�"?
µ

·K (2.4.2) — Proj S ´©lV/"

�â (I, 5.5.6)§�Iy²éu S+ ¥�?¿ü�àg� f, g §D+(f) ∩ D+(g) =

D+(fg) Ñ´���§¿�§���d D+(f) Ú D+(g) ���;��¤)¤¶�â½
Â§1�:´w,�§1ü:�g (2.2.4)"

±��·�`àg�Ì ProjS ´��©lV/�§o´�þ¡¤½Â�ù�V
/(�"

~f (2.4.3) — � S = K[T1, T2] §Ù¥ K ´���§T1, T2 ´ü��½�§S þ
�©gdogê5½Â"u´d (2.3.14) �§ProjS ´ D+(T1) Ú D+(T2) �¿8¶́
�ùü���V/Ñ;�Ó�u Spec K[T ] §¿� ProjS �d§�ÅÜ
¤§¦^ (I,

2.3.2) ��{£ë� (7.4.14)¤"

·K (2.4.4) — � S ´���©g�§¿� X ´©lV/ ProjS "
(i) e N+ ´ S+ �Å"� (2.1.10)§K©lV/ Xred ;�Ó�u Proj(S/N+)¶A

O�§e S ´��Q��§K ProjS ´Q��"
(ii) b� S ´��Q��"K�
¦ X ´��§7L��I S ´����"

(i) � S ´©g� S/N+ §¿� x 7→ x ´;�Ó� S → S §§´ 0 g�"é?
¿ f ∈ Sd (d > 0) §;�Ó� Sf → Sf (0, 1.5.1) Ñ´÷�§¿�´ 0 g�§l
§�
���Ñ��÷Ó� S(f) → S(f) ¶e·�b� f /∈ N+ §K´� S(f) ´Q��§¿
�þãÓ��ØÒ´ S(f) �Å"�§�é{`§S(f) = (S(f))red "l
þãÓ�é
Au��4E\ D+(f) → D+(f) §TE\r D+(f) �Óu (D+(f))red (I, 5.1.2)§A
O�§TE\�Ñ.�mþ���Ó�"?
§e g /∈ N+ ´ S+ ¥�,��àg�§



§2. àg�Ì · 27 ·

KãL

S(f) //

²²

S(f)

²²

S(fg) // S(fg)

´���¶?
§du� f �Hgê > 0 �àg��"��§Ã D+(f) �¤ X =

ProjS ���CX (2.3.7)§�·�w�§Ã�� D+(f̄) → D+(f) �±ÅÜ¤��4
E\ Proj S̄ → ProjS §¿�§3.�mþ´��Ó�¶��(Ø (I, 5.1.2)"

(ii) b� S ´����§�é{` (0) ´ S+ ���ØÓu S+ �©g�n�¶u
´�ì (i)§S ´Q��§2�ì (2.3.17)§S ´Ø���"�L5§b� S ´��Q�
�¿� X ´��¶Kéu S+ ¥�àg� f 6= 0 §·�k D+(f) 6= ∅ (2.3.7)¶X ´Ø
���ù�^�L²§e f, g ´ S+ ¥�ü��"�àg�§Kk D+(f) ∩ D+(g) 6=
∅ ¶l
 fg 6= 0 §ù´�â (2.3.3.2)§dd�� S+ ¥vk"Ïf§��1���ó"

(2.4.5) �
����� A §�P�¤¢��©g� S ´��©g A �ê§́ �
§äk�� A �ê�(�§¿�z�f+ Sn Ñ´ A �¶Ù¢�I�¦ S0 ´�� A �
ê=�§�é{`§�
3 S þ½Â��©g A �ê�(�§�I3 S0 þ½Â�
� A �ê�(�§,�éu α ∈ A, x ∈ Sn §- α.x = (α.1)x "

·K (2.4.6) — b� S ´��©g A �ê"K3 X = ProjS þ§(�� OX ´
�� A �ê�£ùpr A w�´ X þ�~��¤¶�é{`§X ´ Spec A þ���
©lV/"

�I5¿�éu S+ �?¿àg� f §S(f) Ñ´�� A �ê§¿�éu S+ �ü
�àg� f, g §ãL

S(f) // S(fg)

A

\\:::::

AA¤¤¤¤¤

´���"

·K (2.4.7) — � S ´���©g�"
(i) é?¿�ê d > 0§þk��l©lV/ ProjS �©lV/ Proj S(d) þ�;

�Ó�"
(ii) � S′ ´ù���©g�µS′

0 = Z§¿�éu n > 0§þk S′
n = Sn£w�

´ Z �¤"Kk��l©lV/ ProjS �©lV/ ProjS′ þ�;�Ó�"

(i) Äky²N� p 7→ p ∩ S(d) ´8Ü ProjS �8Ü Proj S(d) þ���N�"̄
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¢þ§b��
��©g�n� p′ ∈ Proj S(d) §- pnd = p′ ∩ Snd (n > 0) "éu@

Ø´ d ��ê� n > 0 §·�½Â pn ´d÷v xd ∈ pnd �@
 x ∈ Sn ¤|¤�8
Ü¶e x ∈ pn, y ∈ pn §Kk (x + y)2d ∈ p2nd §l
 (x + y)d ∈ pnd §Ï� p′ ´�n
�¶́ �ù�½ÂÑ5��x pn ÷v (2.1.9) ¥�^�§l
�3�����n� p ∈
ProjS ¦� p∩S(d) = p′ "dué S+ �?¿àg� f §þk V+(f) = V+(fd) (2.3.2.3)§
��þã��N�´ÿÀ�m���Ó�"��§3ù
PÒe§S(f) Ú S(fd) �±
;��Ó (2.2.2)§l
��©lV/§ProjS � Proj S(d) ´;��Ó�"

(ii) erz� p ∈ ProjS ÑéA� S′ �@�÷v p′ ∩ Sn = p ∩ Sn (n > 0) ��
��n� p′ ∈ ProjS′ þ (2.1.9)§K´�ù�Ñ
.�m���;�Ó� ProjS ∼−→
ProjS′ §Ï�� f ´ S+ ¥�àg��§V+(f) éu S Ú S′ �Ñ�Ó�8Ü"?
d
u S(f) = S′

(f) §�� ProjS � ProjS′ �±�Ó§��©lV/"

íØ (2.4.8) — e S ´��©g A �ê§� S′
A ´ù���©g A �êµ(S′

A)0 =

A, (S′
A)n = Sn (n > 0)§Kk��l ProjS � ProjS′

A �;�Ó�"

¯¢þ§3 (2.4.7, (ii)) �PÒe§ùü�V/Ñ;�Ó�u ProjS′ "

2.5 ©g��N��

(2.5.1) � M ´��©g S �"éu S+ ¥�?Ûàg� f §M(f) Ñ´�� S(f)

�§l
éAu��V/ Spec S(f)£�±�Óu D+(f)¤þ���[và� (M(f)) ˜
(I, 1.3.4)"

·K (2.5.2) — 3 X = Proj S þ�3����[và OX �� M̃ ÷ve¡�^
�µéu S+ �?¿àg� f §þk Γ(D+(f), M̃) = M(f) §¿�éu S+ �ü�àg
� f, g§��Ó� Γ(D+(f), M̃) → Γ(D+(fg), M̃) ´;�Ó� M(f) → M(fg) (2.2.3)"

b� f ∈ Sd, g ∈ Se "du�ì (2.2.2)§D+(fg) �±�Óu (S(f))gd/fe ��Ì§
�� D+(f) þ�� (M(f)) ˜ 3 D+(fg) þ����±;��Óu� (M(f))gd/fe �N
�� (I, 1.3.6)§l
�;��Óu (M(fg)) ˜ (2.2.2)¶dd��§�3��;�Ó�

θg,f : (M(f)) ˜ |D+(fg)
∼−→ (M(g)) ˜ |D+(fg) §

¿�e h ´ S+ ¥�1n�àg�§K3 D+(fgh) þok θf,h = θf,g ◦ θg,h "Ï
 (0,

3.3.1) 3 X þ�3��[vàOX �� F §¿�éu S+ �z�àg� f §Ñk��
Ó� ηf : F |D+(f)

∼−→ (M(f)) ˜ §¦� θg,f = ηg ◦ η−1
f "�Äý� D+(f) 7→ M(f)£½

Â3 X ���ÿÀÄþ¤§��Ó�´;�Ó� M(f) → M(fg) §�§�N��´ G §
Kþ¡¤ãL²§F Ú G ´Ó��£k�u (I, 1.3.7)¤¶ù�� G Ò÷v·K¥é
u M̃ ¤JÑ�^�"AO�§·�k S̃ = OX "

½Â (2.5.3) — ·�r (2.5.2) ¥¤½Â�[và OX �� M̃ ¡�©g S � M �
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N��"

�P�3©g S ���Æ¥§��´�gê� 0 �©g�Ó�"ù��5µ

·K (2.5.4) — ¼f M̃£'u M¤́ ���C\5�Ü¼f§l©g S ���
ÆN�[và OX ����Æ§¿��8B4�Ú�Ú���"

¯¢þ§ù
5�Ñ´ÛÜ5�§��Ié� M̃ |D+(f) = (M(f)) ˜ ?1�y=
�¶y3¼f Mf �u M §¼f N0 �u N£3©g Sf ���Æ¥¤§±9¼f P̃ �
u P£3 S(f) ���Æ¥¤Ñäk�Ü5¿��8B4�Ú�Ú��� (I, 1.3.5 Ú
1.3.9)¶��·K"

·�réAu 0 gÓ� u : M → N �@��Ó�P� ũ : M̃ → Ñ "Kd (2.5.4)

´�§(I, 1.3.9 Ú 1.3.10) ¥�(Jéu©g S �Ú 0 gÓ�E,´k��£M̃ �¤
ùp�¹Â¤¶y²���´���"

·K (2.5.5) — é?¿ p ∈ X = Proj S §þk M̃p = M(p) "

¯¢þ§�â½Â M̃p = lim−→Γ(D+(f), M̃) §Ù¥ f �H S+ ¥÷v f /∈ p �àg
��8Ü¶du Γ(D+(f), M̃) = M(f) §�
·K�g M(p) �½Â (2.2.7)"

AO�§ÛÜ� (OX)fp � S(p) ÃÉ§§´dù��
 x/f ¤|¤�§Ù¥ f ´
S+ ¥�àg�§�Øáu p §x ´� f k�Ógê���"

�AO�§e S ´����§l
 X = Proj S ´�� (2.4.4)§u´e ξ = (0) ´ X

���:§Kkn¼ê� R(X) = Oξ ´dù��
 fg−1 ¤|¤�8Ü§Ù¥ f, g ´
S+ ¥�Óg�§¿� g 6= 0 "

·K (2.5.6) — eé?¿ z ∈ M Ú S+ ¥�?¿àg� f §þ�é� f ���
��§§�±"z z§Kk M̃ = 0 "XJ S �� S0 �ê�d§� 1 gàg��8
Ü S1 ¤)¤§Kþã^��´7��"

¯¢þ§̂ � M̃ = 0 �dué S+ ¥�?¿àg� fþk M(f) = 0 ",��¡§
e f ∈ Sd §K` M(f) = 0 =¿�Xé?¿gê´ d ��ê�àg� z ∈ M §þ�é
����� fn §¦� fnz = 0 "l
eé?¿ f ∈ S1 Ñk M(f) = 0 §Kþã^�é
¤k f ∈ S1 Ñ��÷v§�,�é S+ ¥�¤kàg�Ñ´÷v�§�� S1 �±)
¤ S §Ï�d� S+ ¥�?Ûàg�Ñ´ S1 ¥���¦È��5|Ü"

·K (2.5.7) — � d ´�� > 0 ��ê§f ∈ Sd "Ké?¿ n ∈ Z§(OX |D+(f))

�� (S(nd)) ˜ |D+(f) Ñ;�Ó�u OX |D+(f) "

¯¢þ§¦± Sf ¥��_� (f/1)n �N�´��l S(f) = (Sf )0 � (Sf )nd =

(Sf (nd))0 = (S(nd)f )0 = S(nd)(f) ���N�¶�é{`§S(f) � S(f) � S(nd)(f) ´
;�Ó��§��·K"
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íØ (2.5.8) — OX �� (S(nd)) ˜ 3m8 U =
⋃

f∈Sd

D+(f) þ���´���

_ (OX |U ) �� (0, 5.4.1)"

íØ (2.5.9) — e S �n� S+ ´d 1 gàg��8Ü S1 ¤)¤�§Ké?¿
n ∈ Z§OX �� (S(n)) ˜ Ñ´�_�"

�ìcJ^�Ú (2.3.14)§X =
⋃

f∈S1

D+(f) §�I2r (2.5.8) A^� U = X þ

=�"

(2.5.10) 3�!���SN¥§é?¿ n ∈ Z §·�-

(2.5.10.1) OX(n) = (S(n)) ˜ §

¿�é?¿ n ∈ Z Ú?¿m8 U ⊂ X ±9?¿ (OX |U ) �� F §·�-

(2.5.10.2) F (n) = F ⊗OX |U (OX(n)|U ) "

en� S+ ´d S1 )¤�§Ké?¿ n ∈ Z §¼f F (n)£'u F ¤Ñ´�Ü�§Ï
� OX(n) ´���_ OX ��"

(2.5.11) � M,N ´ü�©g S �"Ké?¿ f ∈ Sd (d > 0) §Ñ�±½Â��
¼f5�;� S(f) �Ó�

(2.5.11.1) λf : M(f) ⊗S(f) N(f) −→ (M ⊗S N)(f) §

=rÓ� M(f) ⊗S(f) N(f) → Mf ⊗Sf
Nf£d¹\ M(f) → Mf , N(f) → Nf , S(f) →

Sf ¤�Ñ¤�;�Ó� Mf ⊗Sf
Nf → (M ⊗S N)f (0, 1.3.4)?1Ü¤§5¿��âü

�©g��ÜþÈ�½Â§1��Ó�´�±gê�¶l
éu x ∈ Mmd, y ∈ Nnd §
·�k

λf ((x/fm) ⊗ (y/fn)) = (x ⊗ y)/fm+n "

dþã½Âá�§e g ∈ Se (e > 0) §KãL

M(f) ⊗S(f) N(f)
λf

//

²²

(M ⊗S N)(f)

²²

M(fg) ⊗S(fg) N(fg)
λfg

// (M ⊗S N)(fg)

£Ù¥m>�ç��Þ´;�Ó�§�>�K5g;�Ó�¤́ ���"l
dÃ λf

�±�Ñ��¼f5�;� OX ��Ó�

(2.5.11.2) λ : M̃ ⊗OX
Ñ −→ (M ⊗S N) ˜ "
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AO�§�Ä S �ü�©gn� J, K ¶Kdu J̃ Ú K̃ Ñ´ OX �n��§�k�
�;�Ó� J̃ ⊗OX

K̃ → OX ¶d�ãL

(2.5.11.3)

J̃ ⊗OX
K̃

!!CC
CC

CC
λ // (J ⊗S K) ˜

{{xx
xx

xx
x

OX

´���"¯¢þ§¯K�±8(�z�m8 D+(f)£f ´ S+ ¥�àg�¤þ§l

�d λf �½Â (2.5.11.1) 9 (I, 1.3.13) á�"

��5¿�e M,N,P ´n�©g S �§KãL

(2.5.11.4)

M̃ ⊗OX
Ñ ⊗OX

P̃
λ⊗1

//

1⊗λ
²²

(M ⊗S N) ˜ ⊗OX
P̃

λ
²²

M̃ ⊗OX
(N ⊗S P ) ˜

λ
// (M ⊗S N ⊗S P ) ˜

´���"E,�I3z� D+(f) þ?1�y§d��d½ÂÚ (I, 1.3.13) á�"

(2.5.12) 3 (2.5.11) �cJ^�e§·��±½Â��¼f5�;� S(f) �Ó
�

(2.5.12.1) µf : (HomS(M,N))(f) −→ HomS(f)(M(f), N(f)) §

=r u/fn£u ´��gê� nd �Ó�¤éA�ù���Ó� M(f) → N(f) µ§r
x/fm (x ∈ Mmd) N� u(x)/fm+n "u´éu g ∈ Se (e > 0) §·��k����ãL

(HomS(M,N))(f)

µf
//

²²

HomS(f)(M(f), N(f))

²²

(HomS(M,N))(fg) µfg

// HomS(fg)(M(fg), N(fg))

£�>�ç��Þ´;�Ó�§m>�K5g;�Ó�¤"dd��±£k�u (I,

1.3.8)¤dÃ µf ½ÂÑ��¼f5�;� OX ��Ó�

(2.5.12.2) µ : (HomS(M,N)) ˜ −→ HomOX
(M̃, Ñ) "

·K (2.5.13) — b�n� S+ ´d S1 ¤)¤�"KÓ� λ (2.5.11.2) ´��Ó
�¶XJ©g S � M ´k�¥«� (2.1.1)§KÓ� µ �´Ó�"

du X ´Ã D+(f) (f ∈ S1) �¿8 (2.3.14)§�
3þã^�e§̄ K8(�y
²� f ´gê� 1 �àg��§λf Ú µf Ñ´Ó�"d�·��±½Â�� Z V�5
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N� Mm×Nn → M(f)⊗S(f)N(f) §=r (x, y) éA��� (x/fm)⊗(y/fn)£e m < 0 §
K x/fm ´� f−mx/1¤"ù
N�½Â
�� Z �5N� M ⊗Z N → M(f) ⊗S(f)

N(f) §e f ∈ Sg §Kù�N�r (sx) ⊗ y N� (s/fq)((x/fm) ⊗ (y/fn))£éu x ∈
Mm, y ∈ Nn¤"l
dd�±�Ñ���éu;�Ó� S → S(f) �V­�Ó
� γf : M ⊗S N → M(f)⊗S(f) N(f)£r s ∈ Sq N� s/fq¤"?
b�éu��

∑
i

(xi⊗

yi)£xi, yi ©O´gê� m,n �àg�¤§·�k fr
∑
i

(xi ⊗ yi) = 0 §�é{`∑
i

(frxi ⊗ yi) = 0 "�ì (0, 1.3.4)§dd�±íÑ
∑
i

(frxi/fmi+r) ⊗ (yi/fni) = 0 §

�Ò´` γf

( ∑
i

(xi ⊗ yi)
)

= 0 "l
 γf �±©)� M ⊗S N → (M ⊗S N)f

γ′
f−→

M(f)⊗S(f)N(f) ¶e λ′
f ´ γ′ 3 (M⊗SN)(f) þ���§K´� λf Ú λ′

f ´p_� S(f) Ó
�§��·K�1�Ü©"

�
y²1�Ü©§b� M ´��©g S Ó� P → Q �{Ø§Ù¥ P Ú Q Ñ
´k��/X S(n) ����Ú¶|^ HomS(L,N) éu L ���Ü5±9 M(f) é
u M ��Ü5§¯Ká=8(�y²� M = S(n) � µf ´��Ó�",K§é
u N ¥�?¿àg� z §� uz ´ S(n) � N �ù���Ó�§§÷v uz(1) = z ¶K
´� η : z → uz ´ N(−n) � HomS(S(n), N) þ���Ó�§�gê� 0 "§q�Ñ�
�Ó�

ηf : (N(−n))(f) −→ (HomS(S(n), N))(f) "

,��¡§� η′
f ´ù���Ó� N(f) → HomS(f)(S(n)(f), N(f)) §§r z′ ∈ N(f) é

A�e¡ù�Ó� vz′ : s/fk 7→ sz′/fn+k£éu s ∈ Sn+k = (S(n))k¤"´�Ü¤N
�

(N(−n))(f)
ηf−→ (HomS(S(n), N))(f)

µf−→ HomS(f)(S(n)(f), N(f))
η′

f
−1

−→ N(f)

Ò´ (N(−n))(f) � N(f) þ�Ó� z/fh 7→ z/fh−n §l
 µf ´��Ó�"

en� S+ ´d S1 ¤)¤�§Kd (2.5.13) �±íÑ§éu S �?¿n� J Ú?
¿©g S � M §þk

(2.5.13.1) J̃.M̃ = J.M ˜ §

����;�Ó�¶̄ ¢þ§ù´�gãL

J̃ ⊗OX
M̃

ÃÃB
BB

BB
B

λ // (J ⊗S M) ˜
||yy

yy
yy

y

M̃
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���5§§��y�±ëì (2.5.11.3) ��{"

íØ (2.5.14) — b� S ´d S1 ¤)¤�"Ké?¿ m,n ∈ Z§þkµ

(2.5.14.1) OX(m) ⊗OX
OX(n) = OX(m + n) §

(2.5.14.2) OX(n) = (OX(1))⊗n §

����;�Ó�"

1��úª�g (2.5.13) Ú 0 g;�Ó� S(m)⊗S S(n) ∼−→ S(m + n) ��35§
�¡ù�Ó�r 1⊗ 1£1�� 1 áu (S(m))−m §1�� 1 áu (S(n))−n¤éA��
� 1 ∈ (S(m+n))−(m+n) "�e5�Ié n = −1 y²1��úª=�§�ì (2.5.13)§
ùq8(�y² HomS(S(1), S) ;�Ó�u S(−1) §
ù�d½Â (2.1.2) ±9 S(1) ´
��ü� S ��¯¢���y"

íØ (2.5.15) — b� S ´d S1 ¤)¤�"Ké?¿©g S � M Ú?¿ n ∈ Z§
þk

(2.5.15.1) (M(n)) ˜ = M̃(n) §

����;�Ó�"

ù´�g½Â (2.5.10.2), (2.5.10.1) Ú·K (2.5.13) ±9 0 g;�Ó� M(n) ∼−→
M ⊗S S(n) ��35§�¡ù�Ó�r�� z ∈ (M(n))h = Mn+h éA��� z ⊗ 1 ∈
Mn+h ⊗ (S(n))−n ⊂ (M ⊗S S(n))h "

(2.5.16) ·�^ S′ 5Pù���©g�µS′
0 = Z, S′

n = Sn (n > 0) "u´
e f ∈ Sd (d > 0) §Ké?¿ n ∈ Z §þk (S(n))(f) = (S′(n))(f) §Ï� (S′(n))(f) ¥
���Ñäk x/fk �/G§Ù¥ x ∈ S′

n+kd (k > 0) §¿�o�±��� k ÷v n +

kd 6= 0 "du X = ProjS Ú X ′ = ProjS′ �±;��Ó (2.4.7, (ii))§��é?¿ n ∈
Z §OX(n) Ú OX′(n) 3þã�Óe�Ñ´p��Ó�"

,��¡§5¿�é?¿ d > 0 Ú?¿ n ∈ Z §þk

(S(d))h = S(n+h)d = (S(nd))hd §

l
é?¿ f ∈ Sd §þk (S(d))(f) = (S(nd))(f) "·���©lV/ X = Proj S Ú
X(d) = Proj S(d) �±;��Ó (2.4.7§(i))¶��þ¡¤ã�L²§e S0 �ê S(d) ´
d Sd ¤)¤�§Ké?¿ n ∈ Z §OX(nd) Ú OX(d)(n) 3þã�Óe�Ñ´p��
Ó�"

·K (2.5.17) — � d ´�� > 0 ��ê§¿� U =
⋃

f∈Sd

D+(f) "Ké?¿�

ê n§;�Ó� OX(nd) ⊗OX
OX(−nd) → OX 3 U þ���Ñ´��Ó�"
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�ì (2.5.16)§�±�u�Ä d = 1 ��/§d�d (2.5.13) �y²�{Ò�±í
Ñ(Ø"

2.6 ProjS þ�����N�©g S �

3ù��!¥§·�ob� S ´d 1 gàg��8Ü S1 ¤)¤�"

(2.6.1) y3 OX �� OX(1) ´�_� (2.5.9)¶k�u (2.5.14.2)§é?¿ OX �
� F §·�- (0, 5.4.6)

(2.6.1.1) Γ∗(F ) = Γ∗(OX(1),F ) =
⊕
n∈Z

Γ(X, F (n)) "

�P� (0, 5.4.6) Γ∗(OX) þk��©g��(�§Γ∗(F ) þKk�� Γ∗(OX) þ�
©g��(�"

Ï� OX(n) ´ÛÜgd�§¤± Γ∗(F ) ´ F �����Ü�\5�C¼f¶A
O�§e J ´ OX ���n��§K Γ∗(J ) �±;��Óu Γ∗(OX) ���©gn
�"

(2.6.2) � M ´��©g S �¶Ké?¿ f ∈ Sd (d > 0) §x 7→ x/1 Ñ´�
� Abel +Ó� M0 → M(f) §�du M(f) �±;��Óu Γ(D+(f), M̃) §�·��
��� Abel +Ó� αf

0 : M0 → Γ(D+(f), M̃) "́ �é?¿ g ∈ Se (e > 0) §ãL

Γ(D+(f), M̃)

²²

M0

αf
0 55kkkkkkk

αfg
0

))SSSSSSS

Γ(D+(fg), M̃)

Ñ´���¶ùÒ¿�Xé?¿ x ∈ M0 §M̃ �ü��¡ αf
0 (x) Ú αg

0(x) 3 D+(f) ∩
D+(g) þÑ´­Ü�§l
�3�����¡ α0(x) ∈ Γ(X, M̃) ¦�§3z� D+(f)

þ���TÐ´ αf
0 (x) "u´·�½ÂÑ�� Abel +Ó�£vk^� S d S1 )¤�

ù�^�¤

(2.6.2.1) α0 : M0 −→ Γ(X, M̃) "

rù�(JA^�©g S � M(n)£é?¿ n ∈ Z¤þ§Ò�±éz� n ∈ Z Ñ
���� Abel +Ó�

(2.6.2.2) αn : Mn = (M(n))0 −→ Γ(X, M̃(n))



§2. àg�Ì · 35 ·

£k�u (2.5.15)¤¶l
����¼f5�©g Abel +Ó�£gê� 0¤

(2.6.2.3) α : M −→ Γ∗(M̃)

£�P� αM ¤§§3z� Mn þ����Ð� αn ­Ü"

AO�§e� M = S §K´�£k�u Γ∗(OX) þ�¦{�½Â (0, 5.4.6)¤α :

S → Γ∗(OX) ´��©g�Ó�§¿�é?¿©g S � M §(2.6.2.3) Ñ´��©g�
�V­Ó�"

·K (2.6.3) — é?¿ f ∈ Sd (d > 0)§ D+(f) Ñ�ud@
¦ OX(d) ��
¡ αd(f) Ø8" (0, 5.5.2) �: p ∈ X ¤|¤�8Ü"

�âcJ^� X =
⋃

g∈S1

D+(g) §��Iy²é?¿ g ∈ S1 §¦ αd(f) Ø8"

�@
 p ∈ D+(g) �8ÜÑ�u D+(fg) ",K§�â½Â§αd(f) 3 D+(g) þ��
�Ò´@�� (S(d))(g) ¥��� f/1 �éA��¡¶ÏL;�Ó� (S(d))(g)

∼−→ S(g)

(2.5.7)§OX(d) 3 D+(g) þ�ù��¡q�±�Óu OX 3 D+(g) þ�@�� S(g) ¥
��� f/gd �éA��¡¶̀ ù��¡3 p ∈ D+(g) ?8"=¿�X f/gd ∈ q §Ù
¥ q ´ S(g) �éAu p ��n� (2.3.6)¶�â½Â§ù���u` f ∈ p §��·K"

(2.6.4) y3� F ´�� OX ��§¿�- M = Γ∗(F ) ¶du�3©g��Ó
� α : S → Γ∗(OX) §·���±r M w�´��©g S �"é?¿ f ∈ Sd (d >

0) §d (2.6.3) �§OX(d) ��¡ αd(f) 3 D+(f) þ���´�_�¶l
é?¿ n >

0 §OX(nd) ��¡ αd(fn) 3 D+(f) þ����´�_�"y3� z ∈ Mnd = Γ(X,

F (nd)) (n > 0) ¶ek���ê k > 0 ¦� fkz 3 D+(f) þ���£�Ò´` F ((n+

k)d) ��¡ (z|D+(f))(αd(fk)|D+(f))¤z�"§Kdþã5)��§·��k z|D+(f) =

0 "ùÒL²§·��±½Â�� S(f) Ó� βf : M(f) → Γ(D+(f),F ) §=r�
� z/fn éA� F 3 D+(f) þ��¡ (z|D+(f))(αd(fn)|D+(f))−1 "?
N´�y§é
u g ∈ Se (e > 0) §ãL

(2.6.4.1)

M(f)
βf

//

²²

Γ(D+(f),F )

²²

M(fg)
βfg

// Γ(D+(fg),F )

´���"�P� M(f) �±;��Óu Γ(D+(f), M̃) §¿�Ã D+(f) �¤ X ���
ÿÀÄ (2.3.4)§�·�w�§ù
 βf Ñ5g����;� OX ��Ó�

(2.6.4.2) β : (Γ∗(F )) ˜ −→ F

£�P� βF ¤§§w,´¼f5�"
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·K (2.6.5) — � M ´��©g S �§F ´�� OX ��¶KÜ¤Ó�

(2.6.5.1) M̃
eα−→ (Γ∗(M̃)) ˜ β−→ M̃ §

(2.6.5.2) Γ∗(F ) α−→ Γ∗((Γ∗(F )) ˜ )
Γ∗(β)−−−−→ Γ∗(F )

Ñ´ðÓÓ�"

(2.6.5.1) ��y´ÛÜ5�µ3m8 D+(f) þ§ù�d½Â±9£3[và�
þ¤β ´d§3 D+(f) ��¡þ��^¤��(½� (I, 1.3.8) ù�¯¢á�"
(2.6.5.2) ��y�±éz�gê©O?1µe- M = Γ∗(F ) §Kk Mn = Γ(X, F (n))

Ú (Γ∗(M̃))n = Γ(X, M̃(n)) = Γ(X, (M(n)) ˜ ) "y3§e f ∈ S1 � z ∈ Mn §K αf
n(z)

´ (M(n))(f) ¥��� z/1 §¿��u (f/1)n(z/fn) ¶§ÏL β qéA� D+(f) þ�
�¡ (

(α1(f))n|D+(f)

)((
z|D+(f)

)(
(α1(f))n|D+(f)

)−1
)

§

�Ò´`§ù´ z 3 D+(f) þ���§ùÒy²
 (2.6.5.2)"

2.7 k�5^�

·K (2.7.1) — (i) e S ´�� Noether ©g�§K X = ProjS ´ Noether ©l
V/"

(ii) e S ´��k�.©g A �ê§K X = ProjS ´��3 Y = Spec A þk�
.�©lV/"

(i) e S ´ Noether �§Kn� S+ �±d�|k��àg� fi (1 6 i 6 p) ¤)
¤§l
 (2.3.14) X �.�m´ù
 D+(fi) = Spec S(fi) �¿8§̄ K8(�y²z
� S(fi) Ñ´ Noether �§ù´�g (2.2.6)"

(ii) cJ^�L²§S0 ´k�. A �ê§� S ´k�. S0 �ê§l
 S+ ´�
�k�.n� (2.1.4)"Ú (i) Ó�§¯K8(�y²é?¿ f ∈ Sd §S(f) Ñ´k�
. A �ê"�ì (2.2.5)§�Iy² S(d) ´k�. A �ê=�§ù�g (2.1.6)"

(2.7.2) ±e·���Ä©g S � M þ��
k�5^�µ

(TF) �3���ê n§¦�f�
⊕
k>n

Mk ´��k�. S �"

(TN) �3���ê n§¦�� k > n �ok Mk = 0 "

e M ÷v (TN) ^�§Ké S+ ¥�?¿àg� f §þk M(f) = 0 §l
 M̃ = 0 "

� M,N ´ü�©g S �¶¤¢��gê� 0 �Ó� u : M → N ´ (TN) ü£�
A�§(TN) ÷§(TN) ��¤�§´��3���ê n §¦�� k > n � uk : Mk →
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Nk Ñ´ü£�A�§÷§��¤�"l
` u ´ (TN) ü£�A�§(TN) ÷¤���
u` Ker u£�A�§Coker u¤÷v (TN) ^�"�ì (2.5.4)§e u ´ (TN) ü£�A
�§(TN) ÷§(TN) ��¤�§K ũ ´ü£�A�§÷§��¤�¶XJ u ´ (TN) ��
�§K·��¡ u ´�� (TN) Ó�"

·K (2.7.3) — � S ´��©g�§�n� S+ ´k�.�§q� M ´��©
g S �"

(i) e M ÷v (TF) ^�§K OX �� M̃ ´k�.�"
(ii) b� M ÷v (TF) ^�¶K�
¦ M̃ = 0§7L��I M ÷v (TN) ^�"

·�®²w� (TN) ^�%º M̃ = 0 "e M ÷v (TF) ^�§K�âcJ^�§©
gf� M ′ =

⊕
k>n

Mk ´k�.�§¿� M/M ′ ÷v (TN) ^�¶Ï
·�k (M/M ′) ˜
= 0 §¿�¼f M̃ ��Ü5 (2.5.4)Ò`²
 M̃ = M̃ ′ ¶l
�
y² M̃ ´k�.�§
�±�u�Ä M ´k�.�ù��/"du¯K´ÛÜ5�§��Iy² M(f) ´
��k�. S(f) � (I, 1.3.9)¶,
 M (d) ´��k�. S(d) � (2.1.6, (iii))§l
·�
��ó�g (2.2.5)"

y3b� M ÷v (TF) ^�§¿� M̃ = 0 ¶K3þ¡�PÒe§·�k M̃ ′ = 0 §
��é M � (TN) ^��du�é M ′ � (TN) ^�§l
�
y² M̃ = 0 %º M ÷
v (TN) ^�§�±�u�Ä Mäk�|k��àg)¤� xi (1 6 i 6 p) ��/¶
,��¡§� (fj)16j6q ´n� S+ ��|àg)¤�"�âcJ^�§é?¿ j §þ
k M(fj) = 0 §l
�±é����ê n §¦�é?Û i, jþk fn

j xi = 0 "� fj �g
ê´ nj §¿� m ´ê�

∑
j

rjnj ¥���ö§Ù¥ (rj) ´?¿�|÷v
∑
j

rj 6 nq �

�ê§�kk�«ÀJ¶́ �� k > m �§é?¿ i §þk Skxi = 0 ¶e h ´Ã xi �
gê¥���ö§K� k > h + m �§ok Mk = 0 §ùÒ�¤
y²"

íØ (2.7.4) — � S ´���©g�§�n� S+ ´k�.�¶K�
¦ X =

ProjS = ∅§7L��I�3���ê n§¦�� k > n �ok Sk = 0 "

¯¢þ§̂ � X = ∅ �du OX = S̃ = 0 §¿� S ´��ü� S �"

½n (2.7.5) — b�n� S+ ´dk��gê� 1 �àg�¤)¤�¶� X =

ProjS "Ké?¿[và OX �� F §;�Ó� β : (Γ∗(F )) ˜ → F (2.6.4 Ñ´Ó
�"

¯¢þ§e S+ ´dk���� fi ∈ S1 ¤)¤�§K X ´§�k��[;f�
m Spec S(fi) �¿8 (2.3.6)§l
�´[;�¶?
§X �´��©lV/ (2.4.2)¶
�â (I, 9.3.2), (2.5.14.2) Ú (2.6.3) §é?¿ f ∈ Sd (d > 0) §þk��;�Ó�
(Γ∗(F ))(αd(f))

∼−→ Γ(D+(f),F ) ¶d	�â½Â§(Γ∗(F ))(αd(f))£ùpr Γ∗(F ) w
�´ Γ∗(OX) �¤� (Γ∗(F ))(f) ÃÉ£ùpr Γ∗(F ) w�´ S �¤¶erþã;�Ó
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��½Â (I, 9.3.1) �Ñ5§K�±wÑ§�Ó� βf ´­Ü�§��½n"

5) (2.7.6) — e·�b�©g� S ´ Noether �§2b�n� S+ ´dgê
� 1 �àg��8Ü S1 ¤)¤�§K (2.7.5) ¥�^�gÄ¤á"

íØ (2.7.7) — 3 (2.7.5) �cJ^�e§?Û[và OX ��ÑÓ�u��/
X M̃ � OX ��§Ù¥ M ´��©g S �"

íØ (2.7.8) — 3 (2.7.5) �cJ^�e§z�k�.[và OX ��ÑÓ�u
��/X Ñ � OX ��§Ù¥ N ´��k�.�©g S �"

�±b� F = M̃ §Ù¥ M ´��©g S � (2.7.7)"� (fλ)λ∈L ´ M ��|à
g)¤�¶éu L �z��k�f8 H §� MH ´dÃ fλ (λ ∈ H) 3 M ¥¤)¤�
©gf�¶́ � MÒ´ù
f� MH �8B4�§l
 F ´Ã OX f�� M̃H �8
B4� (2.5.4)"
du F ´k�.�§¿� X �.�m´[;�§�d (0, 5.2.3) �§
éu L �,�k�f8 H §·�k F = M̃H "

íØ (2.7.9) — 3 (2.7.5) �cJ^�e§� F ´��k�.�[và OX ��"
K�±é����ê n0 §¦�é?¿ n > n0 §F (n) ÑÓ�u��/X Ok

X£k >

0 �6u n¤� OX ���û��§l
´d§3 X þ�k���N�¡¤)¤� (0,

5.1.1)"

�ì (2.7.8)§�±b� F = M̃ §Ù¥ M ´k��/X S(mi) � S ���Ú�û
�¶l
�ì (2.5.4)§�±�u�Ä M = S(m) ��/§d� F (n) = (S(m+n)) ˜ =

OX(m + n) (2.5.15)"l
�Iy²

Ún (2.7.9.1) — 3 (2.7.5) �cJ^�e§é?¿ n > 0§þ�é����
ê k£�6u n¤Ú��÷Ó� Ok

X → OX(n) "

¯¢þ§�Iy² (2.7.2) éu��·���ê k §�3��l©g S ��¦È
Sk � S(n) � 0 g (TN) ÷Ó� u ",K§·�k (S(n))0 = Sn §¿��âcJ^�§
é?¿ h > 0 §þk Sh = Sh

1 §l
 SSn = Sn + Sn+1 + . . . "du Sn ´��k
�. S0 � (2.1.5 Ú 2.1.6, (i))§���Ñ§���)¤�| (ai)16i6k ¶y3½Â uÒ
´ù���Ó�§§r Sk �;�Ä.¥�1 i ���N� ai (1 6 i 6 k) þ¶Kd
u Coker u �±�Óu (S(n))−n + · · · + (S(n))−1 §��ù� uÒ´´·�¤��"

íØ (2.7.10) — 3 (2.7.5) �cJ^�e§� F ´��k�.�[và OX �
�"K�±é����ê n0 §¦�é?¿ n > n0 §F ÑÓ�u��/X (OX(−n))k

£k �6u n¤� OX ���û��"

·K (2.7.11) — b� (2.7.5) �cJ^���÷v§¿� M ���©g S �"
Kµ
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(i) ;�Ó� α̃ : M̃ → (Γ∗(M̃)) ˜ ´��Ó�"
(ii) � G ´ M̃ ���[và OX f��§¿� N ´ M �ù���©g S f�§

§�u Γ∗(G ) 3 α e�_�"K·�k Ñ = G£�ì (2.5.4)§Ñ �±�Óu M̃ ��
� OX f��¤"

�ì (2.7.5)§β : (Γ∗(M̃)) ˜ → M̃ ´��Ó�§2�ì (2.6.5.1)§α̃Ò´§�_Ó
�§�� (i)"� P ´ Γ∗(M̃) �©g S f� α(M) ¶Kdu M̃ ´���Ü¼f (2.5.4)§
�� M̃ 3 α̃ e��Ò�u P̃ §l
�ì (i)§P̃ = (Γ∗(M̃)) ˜ "- Q = Γ∗(G ) ∩ P ¶
�ìþ¡¤ãÚ (2.5.4)§·�k Q̃ = (Γ∗(G )) ˜ §l
 β 3 Q̃ þ���´T OX ��
� G þ���Ó� (2.7.5)",
�âN �½ÂÚ (2.5.4)§Ó� α̃ 3 Ñ þ���´�
�l Ñ � Q̃ þ�Ó�§�d (2.6.5.1)Ò�±íÑ(Ø"

2.8 ¼f1�

(2.8.1) � S, S′ ´ü��©g�§ϕ : S′ → S ´��©g�Ó�"·�^ G(ϕ) 5
IP V+(ϕ(S′

+)) 3 X = Proj S ¥�Ö8§§´��m8§¿�Ò´¤k D+(ϕ(f ′)) �
¿8§Ù¥ f ′ �H S′

+ ¥�àg��8Ü"l
r Spec S � Spec S′ �ëYN� aϕ (I,

1.2.1) ��� G(ϕ) þÒ�Ñ��l G(ϕ) � ProjS′ �ëYN�§·�·^�ePÒ§
·�EP�� aϕ "e f ′ ∈ S+ ´��àg�§Kk�u aϕ r G(ϕ) N� ProjS′ ¥ù
�¯¢§±9 (I, 1.2.2.2)§·�k

(2.8.1.1) aϕ−1(D+(f ′)) = D+(ϕ(f ′)) "

,��¡§� f = ϕ(f ′) §KÓ� ϕ ;�/½Â
��©g�Ó� S′
f ′ → Sf£3

Ó��PÒe¤§r§���"g�þÒ�±����Ó� S′
(f ′) → S(f) §·�P

�� ϕ(f) ¶§qéAu (I, 1.6.1) ��V/m����� (aϕ(f), ϕ̃(f)) : Spec S(f) →
Spec S′

(f ′) "e·�r Spec S(f) ;��Óu ProjS �mfV/ D+(f) (2.3.6)§Kþ¡
Ò½Â
���� Φf : D+(f) → D+(f ′) §¿� aϕ(f) �±�Óu aϕ 3 D+(f) þ��
�",��¡§́ �e g′ ´ S+ ¥�,��àg�§¿� g = ϕ(g′) §KãL

D+(f)
Φf

// D+(f ′)

D+(fg)
Φfg

//

OO

D+(f ′g′)

OO
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´���§ù´
ueããL���5

S′
(f ′)

ϕ(f)
//

ωf′g′,f′
²²

S(f)

ωfg,f

²²

S′
(f ′g′) ϕ(fg)

// S(fg) §

k�u G(ϕ) �½ÂÚ (2.3.3.2)§·�Ò��µ

·K (2.8.2) — �
��©g�Ó� ϕ : S′ → S §Kk����lmfV
/ G(ϕ) �V/ ProjS′ ��� (aϕ, ϕ̃)£¡� ϕ �N���§¿P� Proj(ϕ)¤§¦�
éu S′

+ �?Ûàg� f ′ §T��3 D+(ϕ(f ′)) þ���Ñ�Ó� S′
(f ′) → S(ϕ(f ′))

£5g ϕ¤¤éA���´­Ü�"

5¿�3Ó��PÒe§e f ′ ∈ S′
d §KãL

(2.8.2.1)

S′
(f ′)

ϕ(f)
//

o
²²

S(f)

o
²²

S′(d)
/(f ′ − 1)S′(d) // S(d)/(f − 1)S(d)

´���£ç��Þ´�Ó� (2.2.5)¤"

íØ (2.8.3) — (i) �� Proj(ϕ) ´���"
(ii) e Ker(ϕ) ´�"�£AO�§e ϕ ´ü�¤§K�� Proj(ϕ) ´��<í"

(i) �d (2.8.2) Ú (2.8.1.1) á�",��¡§e Ker(ϕ) ´�"�§K´�éu S+

�?¿àg� f ′ §Ker(ϕf )£- f = ϕ(f ′)¤Ñ´�"�§l
 Ker(ϕ(f)) �´�"�¶
u´d (2.8.2) Ú (I, 1.2.7)Ò�±íÑ(Ø"

5¿���5`§l ProjS � ProjS′ �±kØ�����§l
¿�5gu,
�©g�Ó� S′ → S ¶(��� ProjS → Spec AÒ´��~f§ùp·�� A ´
���£Spec A �±�Óu ProjA[T ] (3.1.7)¤¶̄ ¢þ§ù�d (I, 2.3.2) íÑ"

(2.8.4) � S′′ ´1n��©g�§ϕ′ : S′′ → S′ ´��©g�Ó�§¿�- ϕ′′ =

ϕ ◦ϕ′ "¦^ (2.8.1.1) ¥��{Úúª aϕ′′ = (aϕ′) ◦ (aϕ) N´�y G(ϕ′′) ⊂ G(ϕ′) §¿
�e Φ, Φ′ Ú Φ′′ ©O´ ϕ, ϕ′ Ú ϕ′′ �N���§Kk Φ′′ = Φ′ ◦ (Φ|G(ϕ′′)) "

(2.8.5) b� S£�A�§S′¤́ ��©g A �ê£�A�§©g A′ �ê¤§¿
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� ψ : A′ → A ´���Ó�§�¦�ãL

(2.8.5.1)

A′ ψ
//

²²

A

²²

S′
ϕ

// S

´���"K�±©Or G(ϕ) Ú ProjS′ ©Ow�´ Spec A Ú Spec A′ þ�©lV
/¶e Φ Ú Ψ ©O´ ϕ Ú ψ �N���§KãL

G(ϕ) Φ //

²²

ProjS′

²²

Spec A
Ψ

// Spec A′

´���§̄ ¢þ§�Ié Φ 3 D+(f) þ����Ñy²=�§ùp f = ϕ(f ′) §� f ′

3 S+ ¥´àg�¶l
ù´�gãL

A′ ψ
//

²²

A

²²

S′
(f ′) ϕ(f)

// S(f)

���5"

(2.8.6) y3� M ´��©g S �§�Ä S′ � M[ϕ] §§w,´©g�"� f ′ ´
S′

+ ¥���àg�§¿� f = ϕ(f ′) ¶·��� (0, 1.5.2)§�3��;�Ó� (M[ϕ])f ′

∼−→ (Mf )[ϕf ] §¿�´�TÓ��±gê§l
k;�Ó� (M[ϕ])(f ′)
∼−→ (M(f))[ϕ(f)] "

ù�Ó�;�/éAu���Ó� (M[ϕ]) ˜ |D+(f ′)
∼−→ (Φf )∗(M̃ |D+(f)) (2.5.2 Ú I,

1.6.3)"?
§e g′ ´ S+ ¥�,��àg�§¿� g = ϕ(g′) §KãL

(M[ϕ])(f ′)
∼ //

²²

(M(f))[ϕ(f)]

²²

(M[ϕ])(f ′g′)
∼ // (M(fg))[ϕ(fg)]

´���§ddá�§Ó�

(M[ϕ]) ˜ |D+(f ′g′)
∼−→ (Φfg)∗(M̃ |D+(fg))

Ò´Ó� (M[ϕ]) ˜ |D+(f ′)
∼−→ (Φf )∗(M̃ |D+(f)) 3 D+(f ′g′) þ���"y3- X ′ =

ProjS′ §du Φf ´�� Φ 3 D+(f) þ���§l
k�u (2.8.1.1)§·���µ
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·K (2.8.7) — �3��l OX′ �� (M[ϕ]) ˜ � OX′ �� Φ∗(M̃ |G(ϕ)) �¼f5
;�Ó�"

ddêþ�±�Ñ��l ϕ �� M ′ → M£Ù¥ M ´��©g S �§M ′ ´�
�©g S′ �¤�8Ü� Φ �� M̃ ′ → M̃ |G(ϕ) �8Ü¥�¼f5;�N�"3 (2.8.4)

�PÒe§e M ′′ ´��©g S′′ �§K�� ϕ �� M ′ → M Ú�� ϕ′ �� M ′′ →
M ′ �Ü¤Ò;�éAX M̃ ′|G(ϕ′) → M̃ |G(ϕ′′) � M̃ ′′ → M̃ ′|G(ϕ′) �Ü¤"

·K (2.8.8) — 3 (2.8.1) �cJ^�e§ � M ′ ´��©g S′ �"Kk��
l (OX |G(ϕ)) �� Φ∗M̃ ′ � (OX |G(ϕ)) �� (M ′⊗S′ S) ˜ |G(ϕ) �¼f5;�Ó� ν "e
n� S′

+ ´d S′
1 ¤)¤�§K ν ´��Ó�"

¯¢þ§éu f ′ ∈ S′
d (d > 0) §·��±½Â��¼f5�;� S(f) Ó�£- f =

ϕ(f ′)¤
νf : M ′

(f ′) ⊗S′
(f′)

S(f) −→ (M ′ ⊗S′ S)(f) §

=rÓ� M ′
(f ′)⊗S′

(f′)
S(f) → M ′

f ′ ⊗S′
f′

Sf �;�Ó� M ′
f ′ ⊗S′

f′
Sf

∼−→ (M ′⊗S′ S)f (0,

1.5.4)?1Ü¤§5¿��ö´�±gê�"́ � νf � D+(f) � D+(fg) ���£é
u,�� g′ ∈ S′

+ Ú g = ϕ(g′)¤́ �N�§k�u (I, 1.6.5)§ùÒ½Â
Ó�

ν : Φ∗M̃ ′ −→ (M ′ ⊗S′ S) ˜ |G(ϕ) "

�
y²1���ó§�I`²é?¿ f ′ ∈ S′
1 §νf Ñ´��Ó�§Ï�d� G(ϕ)Ò

´Ã D+(ϕ(f ′)) �¿8"Äk½Â�� Z �5N� M ′
m × Sn → M ′

(f ′) ⊗S′
(f′)

S(f) §=
r (x′, s) éA��� (x′/f ′m)⊗(s/fn)£� m < 0 �§·��½ x′/f ′mÒ´ f ′−m

x′/1¤"
ëì (2.5.13) �y²�{��§þãN��Ñ
��V­�Ó�

ηf : M ′ ⊗S′ S −→ M ′
(f ′) ⊗S(f′) S(f) "

?
§eé r > 0 §·�k fr
∑
i

(x′
i ⊗ si) = 0 §��±�¤

∑
i

(f ′rx′
i ⊗ si) = 0 §K�

â (0, 1.5.4)§·���
∑
i

(f ′rxi/f ′mi+r)⊗(si/fni) = 0 §�Ò´` ηf

( ∑
i

xi⊗yi

)
= 0 §

ùÒL² ηf �±©)� M ′ ⊗S′ S → (M ′ ⊗S′ S)f

η′
f−→ M ′

(f ′) ⊗S′
(f′)

S(f) ¶��§N´
�y η′

f Ú νf ´p_�Ó�"

AO�§d (2.1.2.1) �§é?¿ n ∈ Z §þk��;�Ó�

(2.8.8.2) Φ∗(OX′(n)) ∼−→ OX(n)|G(ϕ) "

(2.8.9) � A,A′ ´ü��§ψ : A′ → A ´���Ó�§K§½Â
���� Ψ :

Spec A → Spec A′ "� S′ ´���©g A′ �ê§¿�- S = S′⊗A′ A §Ã S′
n⊗A′ A w

,½Â
 S þ���©g(�§¦§¤���©g A �ê¶N� ϕ : s′ 7→ s′ ⊗ 1 ´
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©g�Ó�§¿¦ãL (2.8.5.1)��"dud� S+ ´d ϕ(S′
+) ¤)¤� A �§�

k G(ϕ) = ProjS = X ¶u´e- X ′ = ProjS′, Y = Spec A, Y ′ = Spec A′ §K·�
������ãL

(2.8.9.1)

X
Φ //

p
²²

X ′

²²

Y
Ψ

// Y ′ "

y3� M ′ ´��©g S′ �§¿�- M = M ′ ⊗A′ A = M ′ ⊗S′ S "3ù
^�
eµ

·K (2.8.10) — ãL (2.8.9.1) r©lV/ X �Óun�È X ′×Y ′ Y ¶?
§;
�Ó� ν : Φ∗M̃ ′ → M̃ (2.8.8) ´��Ó�"

�
y²1���ó§�Iy²éu S′
+ ¥�?¿àg� f ′ §Φ Ú p 3 D+(f)

£Ù¥ f = ϕ(f ′)¤þ���Ñ�±rù�V/�Óun�È D+(f ′)×Y ′Y (I, 3.2.6.2)¶
�é{`§�I (I, 3.2.2) y² S(f) �±;��Óu S′

(f ′) ⊗A′ A §�ù´w,�§Ï
��3X���±gê�;�Ó� Sf

∼−→ S′
f ′ ⊗A′ A (0, 1.5.4)"1���óK�g

e¡�¯¢µM ′
(f ′) ⊗S′

(f′)
S(f) �±£�âþ¡¤ã¤�Óu M ′

(f ′) ⊗A′ A §�öq�
±�Óu M(f) §Ï� Mf � M ′

f ′ ⊗A′ A k���±gê�;��Ó"

íØ (2.8.11) — é?¿�ê n ∈ Z§M̃(n) Ñ�±�Óu Φ∗(M̃ ′(n)) = M̃ ′(n)⊗Y ′

OY ¶AO�§OX(n) = Φ∗(OX′(n)) = OX′(n) ⊗Y ′ OY "

ù�g (2.8.10) Ú (2.5.15)"

(2.8.12) 3 (2.8.9) �cJ^�e§éu f ′ ∈ S′
d (d > 0) Ú f = ϕ(f ′) §ãL

(2.8.12.1)

M ′
(f ′)

∼ //

²²

M ′(d)
/(f ′ − 1)M ′(d)

²²

M(f)
∼ // M (d)/(f ′ − 1)M (d)

£ë� (2.2.5)¤́ ���"

(2.8.13) ÷^ (2.8.9) ¥�PÒÚcJ^�§¿� F ′ ´�� OX′ ��¶e- F =

Φ∗F ′ §Ké?¿ n ∈ Z §þk F (n) = Φ∗(F ′(n)) §ù´�â (2.8.11) Ú (0, 4.3.3)"Ï

 (0, 3.7.1) ·�k��;�Ó�

Γ(ρ) : Γ(X ′,F ′(n)) −→ Γ(X, F (n)) "



· 44 · 1�Ù Aa����N5�

ùÒ�Ñ
��©g��;�V­Ó�

Γ∗(F ′) −→ Γ∗(F ) "

b�n� S+ ´d S1 ¤)¤�§¿� F ′ = M̃ ′ §l
 F = M̃ §Ù¥ M = M ′⊗A′

A "e f ′ ´ S′
+ ¥���àg�§¿� f = ϕ(f ′) §Kdu M(f) = M ′

(f ′) ⊗A′ A §l

ãL

M ′
0

//

²²

M ′
(f ′)

²²

= Γ(D+(f ′), M̃ ′)

M0
// M(f) = Γ(D+(f), M̃)

´���¶dd±9Ó� α �½Â (2.6.2) á�§ãL

(2.8.13.1)

M ′
αM′

//

²²

Γ(M̃ ′)

²²

M αM

// Γ(M̃)

´���"Ó��§ãL

(2.8.13.2)

(Γ∗(F ′)) ˜ βF′
//

²²

F ′

²²

(Γ∗(F )) ˜
βF

// F

´���£m>�ç��Þ´;� Φ ��

F ′ −→ Φ∗F ′ = F ¤"

(2.8.14) E,÷^ (2.8.9) ¥�PÒÚcJ^�§� N ′ ´,��©g S′ �§¿
� N = N ′ ⊗A′ A "K´�;�V­Ó� M ′ → M, N ′ → N �±�Ñ��V­Ó
� M ′⊗S′ N ′ → M ⊗S N£�éu;��Ó� S′ → S¤§l
��Ñ�� 0 g� S Ó
� (M ′ ⊗S′ N ′) ⊗A′ A → M ⊗S N §§éA (2.8.10) X�� OX ��Ó�

(2.8.14.1) Φ∗((M ′ ⊗S′ N ′) ˜ ) −→ (M ⊗S N) ˜ "
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?
§́ �ãL

(2.8.14.2)

Φ∗(M̃ ′ ⊗OX′ Ñ ′)
∼ //

Φ∗(λ)
²²

M̃ ′ ⊗OX′ Ñ ′

λ
²²

= (Φ∗M̃ ′) ⊗OX′ (Φ∗Ñ ′)

Φ∗((M ′ ⊗S′ N ′) ˜ ) // (M ⊗S N) ˜
´���§Ù¥1�1´;�Ó� (0, 4.3.3)"en� S′

+ ´d S′
1 ¤)¤�§K´

� S+ ´d S1 )¤�§d� (2.8.14.2) ¥�ü�ç��Þ�Ñ´Ó� (2.5.13)¶l

(2.8.14.1) �´Xd"

·��k��;�V­Ó� HomS′(M ′, N ′) → HomS(M,N) §=r�� k g�
Ó� u′ éA�Ó� u′ ⊗ 1 §�ö�´ k g�¶dd�±�Ñ�� 0 g� S Ó�

(HomS′(M ′, N ′)) ⊗A′ A −→ HomS(M,N)

Ú�� OX ��Ó�

(2.8.14.3) Φ∗((HomS′(M ′, N ′)) ˜ ) −→ (HomS(M,N)) ˜ "

?
§ãL

Φ∗((HomS′(M ′, N ′)) ˜ ) //

Φ∗(µ)
²²

(HomS(M,N)) ˜
µ

²²

Φ∗HomOX′ (M̃ ′, Ñ ′) // HomOX
(M̃, Ñ)

´���£1�1´;�Ó� (0, 4.4.6)¤"

(2.8.15) PÒÚcJ^�� (2.8.1) �Ó§Kd (2.4.7) �§r S0 Ú S′
0 Ñ�¤ Z ¿

r ϕ0 �¤ðÓØ¬UC�� Φ£3��Ó��¿Âe¤§r S Ú S′ ©O�¤ S(d) Ú
S′(d) (d > 0) ¿r ϕ �¤ ϕ 3 S(d) þ��� ϕ(d) �´���"

2.9 V/ ProjS �4fV/

(2.9.1) � ϕ : S → S′ ´��©g�Ó�§¤¢ ϕ ´ (TN) ÷£�A�§(TN) ü§
(TN) ��¤�§´��±é����ê n §¦�� k > n �§ϕk : Sk → S′

k Ñ´
÷£�A�§ü§��¤�"u´d (2.8.15) �§éu Φ ��	�±8(� ϕ ´÷£�
A�§ü§��¤�ù��/"XJ ϕ ´ (TN) ���§K·��¡ ϕ ´�� (TN) Ó
�"
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·K (2.9.2) — � S ´���©g�§¿� X = Proj S "
(i) e ϕ : S → S′ ´©g���� (TN) ÷Ó�§KéA��� Φ (2.8.1) ´½Â3

�� ProjS′ þ�§¿�´��l ProjS′ � X �4E\"e J ´ ϕ �Ø§K Φ 3 X ¥
�N�4fV/´d OX �[vàn�� J̃ ¤½Â�"

(ii) ?
b�n� S+ ´dk��gê� 1 �àg�¤)¤�"� X ′ ´ X ��
�4fV/§d OX �,�[vàn�� J ¤½Â"2� J ´ S �ù���©gn
�§§�u Γ∗(J ) 3;�Ó� α : S → Γ∗(OX) e�_� (2.6.2)§¿�- S′ = S/J "
K X ′ Ò´©g��;�Ó� S → S′ ¤éA�4E\ ProjS′ → X �N�4fV/"

(i) �±b� ϕ ´÷� (2.9.1)"�âcJ^�§ϕ(S+) �±)¤ S′
+ §�k G(ϕ) =

ProjS′ ",��¡§1���ó�±3 X þÛÜ/?1�y¶� f ´ S+ ¥���à
g�§¿�- f ′ = ϕ(f) "du ϕ ´©g��÷Ó�§�´� ϕ(f ′) : S(f) → S′

(f ′) ´÷
�§¿�§�ØÒ´ J(f) §ùÒ�¤
 (i) �y² (I, 4.2.3)"

(ii) �ì (i) ¤ã§̄ K8(�y²d;�¹\ j : J → S ¤�Ñ�Ó� j̃ : J̃ →
OX ´ J̃ � J þ���Ó�§ù�g (2.7.11)"

5¿� J ´ S ¥÷v j̃(J̃′) = J �@
©gn� J′ ¥����§Ï�d½Â
(2.6.2) ´�§ù�'Xª%º α(J′) ⊂ Γ∗(J ) "

íØ (2.9.3) — b� (2.9.2, (i)) �cJ^���÷v§?
b�n� S+ ´d S1

¤)¤�¶Ké?¿ n ∈ Z§Φ∗((S(n)) ˜ ) Ñ;�Ó�u (S′(n)) ˜ §l
é?¿ OX

�� F §Φ∗(F (n)) Ñ;�Ó�u Φ∗F (n) "

k�u (2.5.10.2)§ù´ (2.8.8) ���AÏ�/"

íØ (2.9.4) — b� (2.9.2, (ii)) �cJ^���÷v"K�
¦ X �4fV
/ X ′ ´��§7L��I©gn� J 3 S ¥´��"

du X ′ Ó�u Proj(S/J) §l
^��¿©5´�â (2.4.4)"�
y²§�´
7��§�Ä�ÜS� 0 → J → OX → OX/J §§�Ñ
���ÜS�

0 −→ Γ∗(J ) −→ Γ∗(OX) −→ Γ∗(OX/J ) "

�Iy²e f ∈ Sm, g ∈ Sn ¦� αm+n(fg) 3 Γ∗(OX/J ) ¥���u 0 §K
αm(f) Ú αn(g) �����u 0 ",K§�â½Â§ùü��©O´�V/ X ′ þ��
_ (OX/J ) �� L = (OX/J )(m) Ú L ′ = (OX/J )(n) ��¡¶cJ^�L²§ù
ü��¡�¦È3 L ⊗L ′ ¥´ 0 ((2.9.3) Ú (2.5.14.1))§l
�ì (I, 7.4.4)§§�¥
����u 0 "

íØ (2.9.5) — � A ´���§ M ´�� A �§ S ´��d 1 gàg��8
Ü S1 ¤)¤�©g A �ê§u : M → S1 ´�� A ��÷Ó�§u : S(M) → S ´
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d u òÿ
¤�@�lé¡�ê S(M) � S �£A �ê¤Ó�"K u ¤éA���´
ProjS � ProjS(M) ���4E\"

¯¢þ§�âcJ^�§ū ´÷�§l
�IA^ (2.9.2)"

§3. ©g�ê��àgÌ

3.1 [và©g OY �ê��àgÌ

(3.1.1) � Y ´��V/§S ´��©g OY �ê�§M ´��©g S ��"
e S ´[và�§K§�z��àg©þ Sn Ñ´[và OY ��§Ï�§�´ S �
g��,�Ó��� (I, 1.3.8 Ú 1.3.9)¶Ó��§e M �� OY ��´[và�§
K§�z��àg©þ Mn �´Xd§��½,"e d ´�� > 0 ��ê§K·
�^ S (d) 5IPÃ OY �� Snd (n ∈ Z) ��Ú§e S ´[và�§K S (d) �´
Xd (I, 1.3.9)¶é?¿�ê k (0 6 k 6 d − 1) §·�^ M (d,k)£� k = 0 �{
P� M (d)¤5IPÃ Mnd+k (n ∈ Z) ��Ú§§´��©g S (d) ��§¿�X
J S Ú M Ñ´[và�§K§�´[và� (I, 9.6.1)"·�^ M (n) 5IPe¡
ù� S ��µé?¿ k ∈ Z §þk (M (n))k = Mn+k ¶e S Ú M Ñ´[và�§
K M (n) ´��[và�©g S �� (I, 9.6.1)"

¤¢ M ´��k�.£�A�§k�¥«¤�©g S ��§́ �é?¿ y ∈ Y §
þ�é� y ���m�� U Ú�|k���ê ni£�A�§�|k���ê mi Ú nj¤
±9�� 0 g�÷Ó�

r⊕
i=1

(S (ni)|U ) → M |U£�A�§�� 0 gÓ�
r⊕

i=1

(S (mi)|U ) →
s⊕

j=1

(S (nj)|U ) §¦� M |U Ó�uTÓ��{Ø¤"

� U ´ Y �����m8§A = Γ(U,OY ) ´§��¶�âcJ^�§©g (OY |U )

�ê� S |U Ó�u S̃ §Ù¥ S = Γ(U,S ) ´��©g A �ê (I, 1.4.3)¶- XU =

Proj Γ(U,S ) "� U ′ ⊂ U ´ Y �,����m8§A′ ´§��§j : U ′ → U ´;�¹
\§éAu��Ó� A → A′ ¶·�k S |U ′ = j∗(S |U ) §l
 S′ = Γ(U ′,S ) �±;�
�Óu S⊗AA′ (I, 1.6.4)"dd�� (2.8.10)§XU ′ �±;��Óu XU ×U U ′ §l
�
�Óu f−1

U (U ′) §ùp fU ´�(��� XU → U (I, 4.4.1)"·�^ σU ′,U 5IPþã
;�Ó� f−1

U (U ′) ∼−→ XU ′ §¿�^ ρU ′,U 5IPmE\ XU ′ → XU §= σ−1
U ′,U �;�

¹\ f−1
U (U ′) → XU �Ü¤"́ �e U ′′ ⊂ U ′ ´ Y �1n���m8§Kk ρU ′′,U =

ρU ′′,U ′ ◦ ρU ′,U "

·K (3.1.2) — � Y ´��V/"Ké?¿[và�©g OY �ê� S §3 Y þ
þk��äkeã5��V/ X µe f ´(��� X → Y §Kéu Y �?¿��m
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8 U §þk��lmfV/ f−1(U) � XU = Proj Γ(U,S ) �Ó� ηU §¿�éu Y �
���¹3 U ¥���m8 V §ãL

(3.1.2.1)

f−1(V ) ∼
ηV

//

²²

XV

ρV,U

²²

f−1(U) ∼
ηU

// XU

o´���"ù�� Y V/3���� Y Ó��¿Âe´���"

éu Y �ü���m8 U, V §� XU,V ´ XU �mfV/ f−1
U (U ∩ V ) §·�y

3�½Â�� Y Ó� θU,V : XV,U
∼−→ XU,V "�d§�Ä����m8 W ⊂ U ∩ V µ

�Ó��Ü¤

f−1
U (W )

σW,U−−−−→ XW

σ−1
W,V−−−−→ f−1

V (W )

·�����Ó� τW §¿�´�e W ′ ⊂ W ´,����m8§K τW ′Ò´ τW 3
f−1

U (W ′) þ���¶l
Ã τW Ñ´,� Y Ó� θV,U ���"?
§e U, V, W ´ Y

�n���m8§θ′U,V , θ′V,W Ú θ′U,W ©O´ θU,V , θV,W , θU,W 3 U ∩ V ∩ W � XV ,

XW , XW ¥�_�þ���§Kdþ¡�½Â�§·�k θ′U,V ◦ θ′V,W = θ′U,W "l

d (I, 2.3.1)Ò�±íÑ X ��35±9þã5�¶���� Y Ó�e���5´w
,�§k�u (3.1.2.1)"

(3.1.3) ·�r (3.1.2) ¥¤½Â�ù�V/ X ¡�[và©g OY �ê� S �
àgÌ§¿�P�� ProjS "´� ProjS 3 Y þ´©l� ((2.4.2) Ú (I, 5.5.5))¶
e S ´k�. OY �ê� (I, 9.6.2)§K ProjS 3 Y þ´k�.� ((2.7.1, (ii)) Ú (I,

6.3.1))"

e f ´(��� X → Y §K´�éu Y �?¿mfV/ U §f−1(U) Ñ�±�
ÓuàgÌ ProjS |U "

·K (3.1.4) — � f ∈ Γ(Y, Sd) (d > 0) "K X = ProjS k��m8 Xf äk
e¡�5�µéu Y �?¿��m8 U §3 ϕ−1(U) ¥ Xf ∩ ϕ−1(U) = D+(f |U ) ⊂
ϕ−1(U) Ñ�Óu XU = Proj Γ(U,S )£ϕ ´�(��� X → Y ¤"?
§mfV
/ Xf 3 Y þ´���§¿�;�Ó�u Spec(S (d)/(f − 1)S (d)) (1.3.1)"

·�k f |U ∈ Γ(U,Sd) = (Γ(U,S ))d "e U, U ′ ´ Y �ü���m8§÷v U ′ ⊂
U §K f |U ′ ´ f |U 3��Ó�

Γ(U,S ) −→ Γ(U ′,S )

e��§l
 D+(f |U ′) �u£3 (3.1.1) �PÒe¤XU ′ �mfV/ ρ−1
U ′,U (D+(f |U ))

(2.8.1)¶ ��1���ó" ?
§ XU �mfV/ D+(f |U ) �±;��Óu
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Spec Γ(U,S )f |U §¿�ù��Ó���Ó�´�N� (2.8.1)§l
1���ó�g
(2.2.5) ÚãL (2.8.2.1) ���5"

·��¡ Xf£��.�m X �m8¤́ ¦ f Ø8"�: x ∈ X �8Ü"

íØ (3.1.5) — e f ∈ Γ(Y, Sd), g ∈ Γ(Y, Se)§Kk

(3.1.5.1) Xfg = Xf ∩ Xg "

¯¢þ§�I�Ä§��8Ü ϕ−1(U) ��8§Ù¥ U ´ Y �����m8§2
|^úª (2.3.3.2) =�"

íØ (3.1.6) — � (fα) ´ S 3 Y þ��x�N�¡§¿� fα ∈ Γ(Y, Sdα)¶
e S ¥dùx��¤)¤�n�� (0, 5.1.1) �¹
¤kgê¿©��@
 Sn §K
.�m X ´ù
 Xfα �¿8"

¯¢þ§éu Y �?¿��m8 U §ϕ−1(U) Ñ´Ã Xfα∩ϕ−1(U) �¿8 (2.3.14)"

íØ (3.1.7) — � A ´��[và OY �ê�¶-

S = A [T ] = A ⊗Z Z[T ] §

Ù¥ T ´�½�£r Z Ú Z[T ] Ñw�´ Y þ�~��¤"K X = Proj S �±;��
Óu Spec A "AO�§ProjOY [T ] �±�Óu Y "

r (3.1.6) A^�3 Y �z�:?Ñ�u T �@�����¡ f ∈ Γ(Y, S ) þ§·
�w� Xf = X "?
§d�·�k d = 1 §¿� S (d)/(f − 1)S (d) = S /(f − 1)S ;
�Ó�u A §��(Ø (1.2.2)"

� g ∈ Γ(Y, OY ) ¶e� S = OY [T ] §K·�k g ∈ Γ(Y, S0) ¶�

h = gT ∈ Γ(Y, S1) "

e X = ProjS §K (3.1.7) ¥¤½Â�;��Ór Xh �Óu Y �m8 Yg£3 (0,

5.5.2) �¿Âe¤µ̄ ¢þ§�±�u�Ä Y = Spec A ´���ù��/§u £́k
�u (2.2.5)¤̄ K8(�e¡�¯¢µ©ª� Ag �±;��Óu A[T ]/(gT − 1)A[T ]

(0, 1.2.3)"

·K (3.1.8) — � S ´��[và��©g OY �ê�"
(i) é?¿ d > 0§þk��l ProjS � ProjS (d) �;� Y Ó�"
(ii) � S ′ ´ù���©g OY �ê�§§´ OY Ú Sn (n > 0) ��Ú¶K ProjS ′

� ProjS ´;� Y Ó��"
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(iii) � L ´���_ OY �� (0, 5.4.1)§¿� S(L ) ´ù���©g OY �ê�§
§´Ã Sd ⊗ L ⊗d ��Ú¶K ProjS � ProjS(L ) ´;� Y Ó��"

3?Û�«�/e§·��I3 Y �ÛÜþ½ÂÑ�A�Ó�=�§Ï�§�
�£l��m8����m8�¤��$���N5´w,�"l
�±b� Y ´
���§d� (i) �g (2.4.7, (i))§(ii) �g (2.4.8)"éu (iii)§XJ?
b� L Ó�
u OY £ù´#N�§Ï�¯K3 Y þ´ÛÜ5�¤§K ProjS � ProjS(L ) �Ó�
´w,�¶�
½Â��;�Ó�§·�� Y = Spec A, S = S̃ §Ù¥ S ´��©
g A �ê§� L ´��gd A �§÷v L = L̃ §¿� c ´ L ���)¤�¶Ké?
¿ n > 0 §xn 7→ xn ⊗ c⊗n Ñ´ Sn � Sn ⊗ L⊗n þ��� A Ó�§¿�ù
 A Ó�
½Â
©g�ê��� A Ó� ϕc : S → S(L) =

⊕
n>0

Sn ⊗ L⊗n "y3� f ∈ S+ ´�

� d gàg�§Ké?¿ x ∈ Snd Ú?¿�_� ε ∈ A §þk (x ⊗ cnd)/(f ⊗ cd)n =

(x⊗ (εc)nd)/(f ⊗ (εc)d)n §ùÒL²d ϕc ¤�Ñ�Ó� S(f) → (S(L))(f⊗cd) Ù¢Ø�
6u L �)¤� c �ÀJ§l
�¤
y²"

(3.1.9) �P� (0, 4.1.3 Ú I, 1.3.14) �
¦[và©g OY �ê� S ´d OY �
� S1 ¤)¤�§7L��I�3 Y �����mCX (Uα) §¦�z� Γ(Uα,S0) þ
�©g�ê Γ(Uα,S ) Ñ´d 1 gàg��8Ü Γ(Uα,S1) ¤)¤�"u´éu Y �
?¿m8 V §S |V Ñ´d (OY |V ) �� S1|V ¤)¤�"

·K (3.1.10) — b��±é� Y ���k���mCX (Ui)§¦�z�©g�
ê Γ(Ui,S ) 3 Γ(Ui,OY ) þÑ´k�.�"K�±é����ê d > 0§¦� S (d) ´
d Sd ¤)¤�§¿� Sd ´��k�. OY ��"

¯¢þ§d (2.1.6, (v)) �§éz�� i §Ñ�±é����ê mi §¦�� n >

0 �§þk Γ(Ui,Snmi) = (Γ(Ui,Smi))
n ¶y3��� d ´Ã mi ���ú�ê=�§

k�u (2.1.6, (i))"

íØ (3.1.11) — 3 (3.1.10) �cJ^�e§ProjS o�± Y Ó�uù���à
gÌ ProjS ′ §Ù¥ S ′ ´��©g OY �ê�§´d S ′

1 ¤)¤�§¿� S ′
1 ´��

k�. OY ��"

¯¢þ§�I� S ′ = S (d) §Ù¥ d ´5� (3.1.10) ¤(½��ê§2|^ (3.1.8,

(i)) =�"

(3.1.12) e S ´��[và��©g OY �ê�§K·��� (I, 5.1.1) §�Å
"� N ´��[vàOY ��¶·�r N+ = N ∩ S+ ¡� S+ �Å"�¶§´�
�[và�©g S0 ��§Ï��±á�8(� Y ´��V/��/§d�·K�
g (2.1.10)"u´é?¿ y ∈ Y §(N+)y Ñ´ (S+)y = (Sy)+ �Å"� (I, 5.1.1)"¤
¢©g OY �ê� S ´��Q��§´� N+ = 0 §ù��du`§é¤k y ∈ Y §
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©g Oy �ê Sy Ñ´��Q��"é?¿©g OY �ê� S §S /N+ Ñ´��Q�
�"

¤¢ S ´��§́ �é?¿ y ∈ Y §Sy Ñ´��§¿� (Sy)+ = (S+)y 6= 0 "

·K (3.1.13) — � S ´���©g OY �ê�"e X = Proj S §K Y V/ Xred

�±;�Ó�u Proj(S /N+)¶AO�§e S ´��Q��§K X ´Q��"

X ′ = Proj(S /N+) ´Q�V/�¯¢�d (2.4.4, (i)) á�§Ï�T5�´ÛÜ
5�¶?
§é?¿��m8 U ⊂ Y §ϕ′−1(U) Ñ�u (ϕ−1(U))red£ϕ Ú ϕ′ ©O´
(��� X → Y Ú X ′ → Y ¤¶´�;� U �� ϕ′−1(U) → ϕ−1(U) ���$�´
�N�§l
½Â
��4E\ X ′ → X §¿�§´.�mþ�Ó�¶��(Ø (I,

5.1.2)"

·K (3.1.14) — � Y ´���V/§S ´��[và�©g OY �ê�§¿
� S0 = OY "

(i) e S ´�� (3.1.12) §K X = ProjS ´��§¿�(��� ϕ : X → Y ´
��<í"

(ii) ?
b� S ´��Q��"u´�L5e X ´��§¿� ϕ ´��<í§
K S ´��"

(i) e (Uα) ´ Y ���ÿÀÄ§d�
����m8¤|¤§K�Ié Y ´,
� Uα ¿� S ´ S |Uα ��/?1y²µ̄ ¢þ§ù��5§��¡.�m ϕ−1(Uα) Ñ
´ X �Ø��m8£l
��¤§¿�éz�é�I α, βþk ϕ−1(Uα)∩ϕ−1(Uβ) 6=
∅£Ï� Uα ∩ Uβ �¹,� Uγ¤§l
 X ´Ø��� (0, 2.1.4)¶,��¡§X ´Q
��§Ï�ù´��ÛÜ5�§l
 X ´��§¿� ϕ(X) 3 Y ¥È�"

l
·��±b� Y = Spec A §Ù¥ A ´���� (I, 5.1.4)§¿� S = S̃ §
Ù¥ S ´��©g A �ê¶cJ^�`§é?¿ y ∈ Y §S̃y = Sy Ñ´����©
g�§¿�÷v (Sy)+ 6= 0 "�Iy² S ´����§Ï�d� S+ 6= 0 §l
�
±¦^ (2.4.4§(ii))",K§� f, g ´ S ¥�ü��"��§¿b� fg = 0 ¶Ké?
¿ y ∈ Y §3 Sy ¥þk (f/1)(g/1) = 0 ¶l
�âcJ^�§f/1 = 0 ½ g/1 = 0 "
'Xb�3 Sy ¥ f/1 = 0 ¶ù¿�X�3 a ∈ A ¦� a /∈ jy � af = 0 ¶u´é?
¿ z ∈ Y §3�� Sz ¥þk (a/1)(f/1) = 0 §�du a/1 6= 0£Ï� A ´��¤§�
� f/1 = 0 §ùL² f = 0 "

(ii) ¯K3 Y þ´ÛÜ5�§�E�±b� Y = Spec A §Ù¥ A ´��§¿
� S = S̃ "�âcJ^�§é?¿ y ∈ Y § (Sy)+ ÑØ�¹�"��"�§

� (S0)y = Ay �´Xd§ù´�âcJ^�¶l
é?¿ y ∈ Y § Sy Ñ´Q�
�§�� S gC�´Q�� (I, 5.1.1)",��¡§ X ´��ù�^�L² S ´�
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��� (2.4.4, (ii))§l
8(�y² S+ 3 A = S0 ¥�"zf J �u 0 (2.1.11)"b
Xù�¯Øé§K�±é� J ¥����� h 6= 0 §¦� (Sh)+ = 0 §l
 (3.1.1)

ϕ−1(D(h)) = ∅ §u´ ϕ(X) 3 Y ¥ØU´È��§ù�cJ^�gñ£D(h) 6= ∅ §
Ï� h Ø´�"�¤"

3.2 ©g S ��3 ProjS þ�N��

(3.2.1) � Y ´��V/§S ´��[và��©g OY �ê�§M ´��©
g S ��§¿�´[và�£3 (Y, OY ) þ½ö�È�m (Y, S ) þ§üö´�d� (I,

9.6.1)¤"3 (3.1.1) �PÒe§·�^ M̃U 5IP[vàOXU
�� (Γ(U,M )) ˜ ¶é

u U ′ ⊂ U §Γ(U ′,M ) �±;��Óu Γ(U,M )⊗A A′ (I, 1.6.4)¶l
·�k M̃U ′ =

ρ∗U ′,UM̃U (2.8.11)"

·K (3.2.2) — 3 X = Proj S þk����÷veã^��[và OX ��
M̃ µéu Y �?¿��m8 U §þk η∗

U ((Γ(U,M )) ˜ ) = M̃ |f−1(U)£ηU ´�Ó�
f−1(U) ∼−→ Proj Γ(U,S )§Ù¥ f ´(��� X → Y ¤"

du ρU ′,U �±�Óu¹\�� f−1(U ′) → f−1(U) (3.1.2.1)§l
·K�d'
Xª M̃U ′ = ρ∗U ′,UM̃U ±9��ÅÜ�n (0, 3.3.1) á�"

·�r M̃ ¡�[và©g S �� M �N� OX ��"

·K (3.2.3) — � M ´��[và�©g S ��§¿� f ∈ Γ(Y, Sd) (d >

0) "e ξf ´ Xf � Y V/ Zf = Spec(S (d)/(f − 1)S (d)) þ�;�Ó� (3.1.4)§K
(ξf )∗(M̃ |Xf

) Ò´ OZf
�� (M (d)/(f − 1)M (d)) ˜ (1.4.3) "

¯K3 Y þ´ÛÜ5�§k�uãL (2.8.12.1) ���5§¯K�±á=8(
� (2.2.5)"

·K (3.2.4) — OX �� M̃ ´ M ����C\5�Ü¼f§d[và©g S

����ÆN�[và OX ����Æ§¿��8B4�Ú�Ú���"

¯K3 Y þ´ÛÜ5�§��8(� (I, 1.3.11 Ú 1.3.9) ±9 (2.5.4)"

AO�§e N ´ M ���[và©g S f��§K Ñ �±;��Óu M̃ �
��[vàOX f��¶�AO�§éu S �?¿[và©gn�� J § J̃ Ñ
´ OX ���[vàn��"

e M ´��[và�©g S ��§I ´ OY ���[và�n��§K I M

´ M ���[và�©g S f��§¿�·�k

(3.2.4.1) (I M ) ˜ = I .M̃

£m>���½Âë� (0, 4.3.5)¤"¯¢þ§�Iée¡��/�yù�úª=
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�µY = Spec A ´���§S = S̃ §Ù¥ S ´��©g A �ê§M = M̃ §Ù
¥ M ´��©g S �§¿� I = Ĩ §Ù¥ I ´ A ���n�"d�éu S+ �?¿
àg� f §(3.2.4.1) ��>3 D+(f) = Spec S(f) þ���Ñ´ (IM)(f) = I.M(f) �
N��§¿�m>����´Xd§ë� (I, 1.3.13 Ú 1.6.9)"

·K (3.2.5) — � f ∈ Γ(Y, Sd) (d > 0) "K3m8 Xf þ§é?¿ n ∈ Z§
(OX |Xf

) �� (S (nd)) ˜ |Xf
Ñ;�Ó�u OX |Xf

"AO�§e OY �ê� S ´d S1

¤)¤� (3.1.9) §Ké?¿ n ∈ Z§OX �� (S (n)) ˜ Ñ´�_�"

¯¢þ§k�u (3.1.4)§éu Y �?¿��m8 U §·�3 (2.5.7) ¥Ñ½Â

��l (S (nd)) ˜ |(Xf∩ϕ−1(U)) � OX |(Xf∩ϕ−1(U)) þ�;�Ó�£ϕ ´(��� X →
Y ¤¶́ �ù
Ó�� U �§���mf8 U ′ ⊂ U þ���´�N�§��1��
�ó"�
y²1��§�I5¿�e S ´d S1 ¤)¤�§K�±é� Y ���
��mCX (Uα) §¦�Ã Γ(Uα,S ) Ñ´d Γ(Uα,S )1 = Γ(Uα,S1) ¤)¤�¶du
�_5´��ÛÜ5�§l
¯K8(� (2.5.9) ¥�(J"

é?¿ n ∈ Z §·�-

(3.2.5.1) OX(n) = (S (n)) ˜ §

¿�é?¿ OX �� F §·�-

(3.2.5.1) F (n) = F ⊗OX
OX(n) "

d½Â´�§éu Y �?¿m8 U §þk

((S |U )(n)) ˜ = OX(n)|f−1(U) §

Ù¥§f ´(��� X → Y "

·K (3.2.6) — � M Ú N ´ü�[và�©g S ��§Kk��¼f5�
£'u M Ú N ¤;�Ó�

(3.2.6.1) λ : M̃ ⊗OX
Ñ −→ (M ⊗S N ) ˜

Ú��¼f5�£'u M Ú N ¤;�Ó�

(3.2.6.2) µ : (HomS (M ,N )) ˜ −→ HomOX
(M̃ , Ñ ) "

?
§e S ´d S1 ¤)¤� (3.1.9) §K λ ´��Ó�§XJ2b� M ´k�
¥«� (3.1.1) §K µ ´��Ó�"

éu Y ´��V/��/§Ó� λ Ú µ ®²Ñy3 (2.5.11.2) Ú (2.5.12.2) ¥¶d
uù
½Â´ÛÜ5�§¿�k�u (2.8.14)§l
éN´r§������/þ"
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íØ (3.2.7) — e S ´d S1 ¤)¤�§Ké?¿�ê m,n§þk

(3.2.7.1) OX(m) ⊗OX
OX(n) = OX(m + n) §

(3.2.7.2) OX(n) = (OX(1))⊗n §

����;�Ó�"

íØ (3.2.8) — b� S ´d S1 ¤)¤�" Ké?¿©g S �� M Ú?¿
n ∈ Z§þk

(3.2.8.1) (M (n)) ˜ = M̃ (n) §

����;�Ó�"

ù´�g Y ´��V/���A(J (2.5.14 Ú 2.5.15) ±9 (2.8.11)"

5) (3.2.9) — (i) e S = A [T ] §Ù¥ A ´��[vàOY �ê� (3.1.7)§K
´�¤k� OX �_� OX(n) Ñ;�Ó�u OX "

?
§� N ´��[vàA ��§¿�- M = N ⊗A A [T ] "Kd (3.2.3) Ú
(3.1.7) �§3 X = ProjA [T ] � X ′ = Spec A �;��Óe§OX �� M̃ �±�Ó
u N �N� OX′ �� Ñ £3 (1.4.3) �¿Âe¤"

(ii) � S ´��?¿�©g OY �ê�§S ′ ´ù���©g OY �ê�µS ′
0 =

OY , S ′
n = Sn (n > 0) ¶Ké?¿ n ∈ Z §X = ProjS � X ′ = ProjS ′ þ�;�Ó

�Ñr OX(n) �Óu OX′(n) µù´�g����/e��A(J (2.5.16) ±9e¡
�¯¢µ3 Y ���m8þ�ù
�Ó��$�´����"Ó��§� X(d) =

ProjS (d) ¶Ké?¿ n ∈ Z § X � X(d) �;�Ó� (3.1.8, (i)) Ñr OX(nd) �Ó
u OX(d)(n) "

·K (3.2.10) — � L ´���_ OY ��§g ´;�Ó� X(L ) = Proj S(L ) →
X = Proj S (3.1.8, (iii)) "Ké?¿�ê n ∈ Z§g∗(OX(L )(n)) Ñ;�Ó�u OX(n)⊗Y

L ⊗n "

Äkb� Y ´���§�´ A §¿� L = L̃ §Ù¥ L ´��ü��gd A �"
3 (3.1.8, (iii)) �y²¥�PÒe§éu f ∈ Sd §·��±½Â��l (S(n))(f) ⊗A

L⊗n � (S(L)(n))(f⊗cd) þ�Ó�§ =r (x/fk) ⊗ cn (x ∈ Skd+n) éA���
(x ⊗ cn+kd)/(f ⊗ cd)k ¶´�ù�Ó�Ø�6u L �)¤� c �ÀJ¶?
§éz
�� f ∈ S+ ½ÂÑ�ù
Ó����$� D+(f) → D+(fg) ´�N�"��§3�
��/e§d½Â (3.1.1) ´�§éu Y �z���m8 U ½ÂÑ�ù
Ó�� U �
,����m8 U ′ ⊂ U ����´�N�"
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3.3 ProjS þ�����N�©g S ��

3ù��!¥§·�ob�©g OY �ê� S ´d S1 ¤)¤� (3.1.9)"�P�
Uì (3.1.8, (i)) ¤ã§��k�5^� (3.1.10) ��÷v§þã��Ø´é�;�"

(3.3.1) � p ´(��� X = Proj S → Y "é?¿ OX �� F §·�-

(3.3.1.1) Γ∗(F ) =
⊕
n∈Z

p∗(F (n)) "

AO�

(3.3.1.2) Γ∗(OX) =
⊕
n∈Z

p∗(OX(n)) "

·��� (0, 4.2.2)§éuü� OX �� F ,G §·�k��;�Ó�

p∗F ⊗OY
p∗G −→ p∗(F ⊗OX

G ) "

l
l
d (3.2.7.1) �±íÑ§ Γ∗(OX) þ�k��©g OY �ê��(�§¿�
(3.2.5.2) �3 Γ∗(F ) þ½Â
��©g Γ∗(OX) ���(�"

�ì (3.2.5) ±9¼f p∗ ���Ü5 (0, 4.2.1)§Γ∗(F ) ´���C\5¼f§é
u F ´��Ü�§d OX ���ÆN�©g OY ���Æ£Ù¥���´� 0 gÓ
�¤"AO�§e J ´ OX ���n��§K Γ∗(J ) �±�Óu Γ∗(OX) ���©
gn��"

(3.3.2) � M ´��[và�©g S ��"Kéu Y �?¿��m8 U §·�
3 (2.6.2) ¥Ñ½Â
�� Abel +Ó�

α0,U : Γ(U,M0) −→ Γ(p−1(U), M̃ ) "

´�ù
Ó����$�´���� (2.8.13.1)§l
½Â
£vk^� S ´d S1 )
¤�ù�^�¤�� Abel +��Ó�

(3.3.2.1) α0 : M0 −→ p∗M̃

rù�(JA^�z�� Mn = (M (n))0 þ§¿�k�u (3.2.8.1)§ùÒé?
¿ n ∈ Z Ñ½Â
�� Abel +�Ó�

(3.3.2.2) αn : Mn −→ p∗(M̃ (n)) §

l
��©g Abel +��m���¼f5�£0 g¤Ó�

(3.3.2.3) α : M −→ Γ∗(M̃ )
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£�P� αM ¤"

AO�§� M = S §K�±�y α : S → Γ∗(OX) ´��©g OY �ê�Ó�§
¿� (3.3.2.3) ´��©g���V­Ó�£�éuþã©g�ê�Ó�¤"

25¿�z�� αn ÑéA (0, 4.4.3) X�� OX ���;�Ó�

(3.3.2.4) α]
N : p∗Mn −→ M̃ (n) "

N´�y§ù�Ó�Ò´�e¡ù�©g OY ���;�£0 g¤Ó�¼f5/
éA (3.2.4) X�Ó�

(3.3.2.5) Mn ⊗OY
S −→ M (n)

m>���©g(�´d M þ�©g(�g,�Ñ�"̄ ¢þ§�±�u�Ä Y =

Spec A ´��V/§M = M̃ � S = S̃ ��/§©g A �ê S ´d S1 ¤)¤�§l

e f �H S1 §KÃ D+(f) �¤ X ���CX"l (2.6.2) ¥�Ã½Â�±wÑ£k�
u (I, 1.6.7)¤§Ó� (3.3.2.4) 3 D+(f) þ���éA (I, 1.3.8) X S(f) ��Ó� Mn⊗A

S(f) → (M(n))(f) §§r x ⊗ 1 (x ∈ Mn) éA� x/1 ¶ùÒy²
·���ó"

·K (3.3.3) — é?¿�¡ f ∈ Γ(Y, Sd) (d > 0)§Xf Ñ�u X ¥¦ αd(f)£w
�´ OX(d) ��¡¤Ø8" (0, 5.5.2) �@
:¤|¤�8Ü"

£αd(f) ´ p∗(OX(d)) 3 Y þ����¡§
�â½Â§��ù���¡�´
OX(d) 3 X þ����¡ (0, 4.2.1)¤"Xf �½Â�±8(� Y ´��V/��/§
ù®²3 (2.6.3) ¥�	L
"

(3.3.4) ±e·�2b�£Ø
mÞ�^��	¤é?¿[vàOX �� F Ú
n ∈ Z §Ã p∗(F (n)) 3 Y þÑ´[và�§l
 Γ∗(F ) =

⊕
n∈Z

p∗(F (n)) �´��[

vàOY �� (I, 1.4.1 Ú 1.3.9)¶AO�§e X 3 Y þ´k�.�§Kù�^�o�
±��÷v (I, 9.2.2)"dd��§(Γ∗(F )) ˜ ´k½Â�§¿�´��[vàOX �
�"éu Y �?¿��m8 U §þk ((I, 1.3.9) Ú (2.5.4))(

Γ
(
U,

⊕
n∈Z

p∗
(
F (n)

))) ˜ =
⊕
n∈Z

(
Γ(U, p∗(F (n)))

) ˜ =
⊕
n∈Z

(
Γ(p−1(U),F (n))

) ˜
=

( ⊕
n∈Z

Γ
(
p−1(U),F (n)

)) ˜ =
(
Γ∗(F |p−1(U))

) ˜ §

l
 (2.6.4) ·�k��;�Ó�

βU :
(
Γ
(
U,

⊕
n∈Z

p∗
(
F (n)

))) ˜ −→ F |p−1(U) "
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?
§(2.8.13.2) ���5L²§ù
Ó�� Y þ���$�´����¶l

�±�Ñ[vàOX ���m���¼f5�;�Ó�

(3.3.4.1) β : (Γ∗(F )) ˜ −→ F

£�P� βF ¤"

·K (3.3.5) — � M ´��[và�©g S ��§F ´��[và OX ��¶
KÜ¤Ó�

(3.3.5.1) M̃
eα−→ (Γ∗(M̃ )) ˜ β−→ M̃ §

(3.3.5.2) Γ∗(F ) α−→ Γ∗((Γ∗(F )) ˜ )
Γ∗(β)−−−−→ Γ∗(F )

Ñ´ðÓÓ�"

¯K3 Y þ´ÛÜ5�§u´8(� (2.6.5)"

3.4 k�5^�

·K (3.4.1) — � Y ´��V/§S ´��[và OY �ê�§d S1 ¤)¤
(3.1.9)¶?
b� S1 ´k�.�"K X = Proj S 3 Y þ´k�.�"

¯¢þ§¯K3 Y þ´ÛÜ5�§��b� Y ´���§�� A ¶d�·�
k S = S̃ §Ù¥ S = Γ(Y, S ) §¿��âcJ^�§S ´��d S1 = Γ(Y, S1) ¤)
¤� A �ê§?
�±b� S1 ´��k�. A � (I, 1.3.9 Ú 1.3.12)"l
 S ´��
k�.©g A �ê§u´¯K8(� (2.7.1, (ii))"

(3.4.2) � S ´��[và�©g OY �ê�¶éu��[và�©g S ��
M §�Äe¡ü�k�5^�µ

(TF) �3���ê n§¦� S ��
⊕
k>n

Mk ´k�.�"

(TN) �3���ê n§¦�� k > n �§ok Mk = 0 "

e M ÷v (TN) ^�§Kk M̃ = 0 §Ï�¯K3 Y þ´ÛÜ5� (2.7.2)"

� M ,N ´ü�[và�©g S ��¶¤¢�� 0 gÓ� u : M → N ´
(TN) ü£�A�§ (TN) ÷§ (TN) ��¤�§´��3���ê n §¦�� k >
n �§uk : Mn → Nn Ñ´ü£�A�§÷§��¤�¶u´ ũ : M̃ → Ñ ´ü£�
A�§÷§��¤�§ù´�â (2.7.2)§Ï�¯K3 Y þ´ÛÜ5�§��±¦^ (I,

1.3.9)¶XJ u ´ (TN) ���§K·��¡ u ´�� (TN) Ó�"

·K (3.4.3) — � Y ´��V/§S ´��[và�©g OY �ê�§d S1 ¤
)¤§¿� S1 ´k�.�"� M ´��[và�©g S ��"
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(i) e M ÷v (TF) ^�§K M̃ ´k�.�"
(ii) b� M ÷v (TF) ^�¶K�
¦ M̃ = 0§7L��I M ÷v (TN) ^

�"

¯K3 Y þ´ÛÜ5�§��±8(�e¡��/µY ´���§�� A §S =

S̃ §Ù¥ S ´��©g A �ê§¿�n� S+ ´k�.�§M = M̃ §Ù¥ M ´��
©g S �¶d�·K�g (2.7.3)"

½n (3.4.4) — � Y ´��V/§S ´��[và�©g OY �ê�§d S1 ¤
)¤§¿� S1 ´k�.�¶� X = ProjS "Ké?¿[và OX �� F §;�Ó
� β (3.3.4) Ñ´��Ó�"

Äk5¿� β ´k½Â�§ù´�â (3.4.1)"�
y² β ´Ó�§·��±8(
�e¡��/µY ´���§�� A §S = S̃ §Ù¥ S ´��©g A �ê§d S1 ¤
)¤§¿� S1 ´k�. A �"d��I|^ (2.7.5) =�"

íØ (3.4.5) — 3 (3.4.4) �cJ^�e§?Û[và OX �� F ÑÓ�u��
/X M̃ � OX ��§Ù¥ M ´��[và�©g S ��"?
e F ´k�.�§
¿�b� Y ´[;©lV/½öäk Noether .�m�V/§K�±� M �´k�
.�"1©

1���ó�d (3.4.4) á�§��� M = Γ∗(F ) =�"�
y²1���ó§
�Iy² M ´§��xk�.©g S f�� Nλ �8B4�µ¯¢þ§dd�±
íÑ M̃ Ò´Ã Ñλ �8B4� (3.2.4)§l
 F ´Ã βÑλ �8B4�¶du X ´[
;� ((3.4.1) Ú (I, 6.3.1))§¿� F ´k�.�§l
 F 7½�u,�� βÑλ (0,

5.2.3)"

�
½Âù�x Nλ ¦� M ´§��8B4�§�Iéz�� n ∈ Z ©O�Ä
[vàOY �� Mn =�§�âY þ�cJ^�§Mn ´§�k�. OY f�� M

(µn)
n

�8B4� (I, 9.4.9)¶´� Pµλ
= S .M

(µn)
n ´��k�.©g S ��§¿�e

� Nλ ´/X Pµλ
��
 S ���k�Ú§KN´�yùÒ÷v·���¦"

íØ (3.4.6) — b� (3.4.4) �cJ^���÷v§?
b� Y �.�m´[;
�¶� F ´��k�.�[và OX ��"K�±é� n0 §¦�� n > n0 �;�Ó
� σ : p∗p∗(F (n)) → F (n) (0, 4.4.3) Ñ´÷�"

¯¢þ§é?¿ y ∈ Y §� U ´ y 3 Y ¥�����m��"K�±é���
�ê n0(U) §¦�� n > n0(U) �§F (n)|p−1(U) Ñ�d§�k���N�¡¤)
¤� (2.7.9)¶,
ù
�¡Ñ´ p∗p∗(F (n)) 3 p−1(U) þ��¡�;�� (0, 3.7.1 Ú
4.4.3)§l
 F (n)|p−1(U)Ò�u (p∗p∗(F (n)))|p−1(U) �;��"��§du Y ´[;

1©È5µ31 IV Ù� (1.7.11) ¥§d·Kò��U?"
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�§��k����m8 UiÒ�±CX Y §� n0 ´Ã n0(Ui) ¥���ö§ùÒ�¤

y²"

5) (3.4.7) — e p = (ψ, θ) : X → Y ´���È�m��§F ´�� OX �
�§K;�Ó� σ : p∗p∗F → F ´÷�ù�¯�±�äN/L�¤e¡�/ª (0,

4.4.1)µé?¿ x ∈ X Ú F 3 x ���m�� V þ�?¿�¡ s §þ�é� p(x) 3 Y

¥���m�� U Ú F 3 p−1(U) þ�k���¡ ti (1 6 i 6 m) §±9 x ����
� W ⊂ V ∩ p−1(U) Ú OX 3 W þ��|�¡ ai (1 6 i 6 m) §¦�

s|W =
∑

i

ai.(ti|W ) "

XJ Y ´����V/§¿� p∗F ´[và�§Kþã^��du F �d�N�¡
)¤ (0, 5.1.1)µ̄ ¢þ§e Y = Spec A §K�±b� U = D(f) (f ∈ A) ¶u´�±
é����ê n > 0 Ú F ��|�N�¡ si §¦� ti ´ sig

n 3 p−1(U) þ���§Ù
¥ g = θ(f)£r (I, 1.4.1) A^� p∗F þ=�¤¶du g 3 p−1(U) þ´�_�§l

·�k

s|W =
∑

i

bi.(si|W ) §

Ù¥ bi = ai(g|W )−n §��·���ó"XJ Y ´���§KíØ (3.4.6) 2�g�Ñ

 (2.7.9)"

dd��§XJ Y ´��?¿�V/§F ´[vàOX ��§� p∗F ´[và
�§K±en�^�´�d�µ

a) ;�Ó� σ : p∗p∗F → F ´÷�"
b) �3��[và OY �� G Ú��÷Ó� p∗G → F "
c) éu Y �?¿��m8 U §F |p−1(U) Ñ´d§��N�¡¤)¤�"

¯¢þ§c¡®²y²
 a) Ú c) ��d5",��¡§́ � a) %º b)§Ï��
âcJ^� p∗F ´[và�"�L5§?ÛÓ� u : p∗G → F Ñ�±©)� p∗G →
p∗p∗F

σ−→ F (0, 3.5.4.4)§l
e u ´÷�§K σ �´Xd§ùÒy²
 b) %º a)"

íØ (3.4.8) — b� (3.4.4) �cJ^���÷v§?
b� Y ´[;©lV/
½öäk Noether .�m�V/"� F ´��k�.�[và OX ��¶K�±é�
���ê n0 §¦�é?¿ n > n0 §F ÑÓ�u��/X (p∗G )(−n) � OX ���û
��§Ù¥ G ´��k�.�[và OY ��£�6u n¤"1©

du(��� X → Y ´©l�k�.�§�� p∗(F (n)) ´[và� (I, 9.2.2,

b))§l
�ì Y þ�cJ^�§p∗(F (n)) ´§�k�.[vàOY f���8B4
� (I, 9.4.9)"u´d (3.4.6), (0, 4.3.2) Ú (0, 5.2.3) �±íÑ§F (n) ´��/X p∗G

1©È5µ31 IV Ù� (1.7.11) ¥§d·Kò��U?"
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� OX ���;��§Ù¥ G ´ p∗(F (n)) ���k�.�[vàOY f��¶u´
d (3.2.5.2) Ú (3.2.7.1)Ò�±íÑ(Ø"

3.5 ¼f1�

(3.5.1) � Y ´��V/§S , S ′ ´ü�[và��©g OY ��¶- X = Proj S ,

X ′ = ProjS ′ §¿� p, p′ ´ X Ú X ′ � Y �(���"� ϕ : S ′ → S ´��©
g OY �ê�Ó�"éu Y �?¿��m8 U §- SU = Γ(U,S ), S′

U = Γ(U,S ′) ¶
KÓ� ϕ ½Â
��©g AU �êÓ� ϕU : S′

U → SU §ùp AU = Γ(U,OY ) "§é
AX��l p−1(U) �m8 G(ϕU ) � p′

−1(U) ��� ΦU : G(ϕU ) → p′
−1(U) (2.8.1)"

?
§e V ⊂ U ´����m8§KãL

(3.5.1.1)

S′
U

ϕU //

²²

SU

²²

S′
V ϕV

// SV

´���§¿�l (2.8.1) ¥�½ÂN´�y

G(ϕV ) = G(ϕU ) ∩ p−1(V ) §

¿� ΦV Ò´ ΦU 3 G(ϕV ) þ���"u´�±½ÂÑ X ���m8 G(ϕ) §¦�é
?¿��m8 U ⊂ Y §þk G(ϕ) ∩ p−1(U) = G(ϕU ) §Ó��½Â
���� Y �
� Φ : G(ϕ) → X ′ §¡� ϕ �N���§·�P�� Proj(ϕ) "XJé?¿ y ∈ Y §þ
�é� y �����m�� U §¦� Γ(U,OY ) � Γ(U,S+) �d ϕ(Γ(U,S ′

+)) ¤)¤§
Kk G(ϕU ) = p−1(U) §l
 G(ϕ) = X "

·K (3.5.2) — (i) e M ´��[và�©g S ��§Kk��l OX′ ��
(M[ϕ]) ˜ � OX′ �� Φ∗(M̃ |G(ϕ)) þ�¼f5;�Ó�"

(ii) e M ′ ´��[và�©g S ′ ��§Kk��l (OX |G(ϕ)) �� Φ∗M̃ ′ �
OX |G(ϕ) �� (M ′ ⊗S ′ S ) ˜ |G(ϕ) þ�¼f5;�Ó� ν "e S ′ �d S ′

1 ¤)¤§K
ν ´��Ó�"

¯¢þ§XJ Y ´���§Kù
Ó�´k½Â� (2.8.7 Ú 2.8.8)§�
*Ð��
��/§�I�yù
��m8þ�Ó����$�´�N�§ù�dãL (3.5.1.1)

���5á�"

AO�§é?¿ n ∈ Z §þk��;�Ó�

(3.5.2.1) Φ∗(OX′(n)) −→ OX(n)|G(ϕ) "
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·K (3.5.3) — � Y, Y ′ ´ü�V/§ψ : Y ′ → Y ´����§S ´��[
và�©g OY �ê�§¿�- S ′ = ψ∗S "K Y ′ V/ X ′ = ProjS ′ �±;��Ó
u ProjS ×Y Y ′ "?
§e M ´��[và�©g S ��§K OX′ �� (ψ∗M ) ˜ �
±�Óu M̃ ⊗Y OY ′ "

Äk5¿� ψ∗S Ú ψ∗M ±9§��àg©þÑ´[và� OY ′ �� (0, 5.1.4)"
� U ´ Y �����m8§U ′ ⊂ ψ−1(U) ´ Y ′ �����m8§A,A′ ©O´ U Ú
U ′ ��¶K·�k S |U = S̃ §Ù¥ S ´��©g A �ê§¿� S ′|U ′ �±�Óu (S⊗A

A′) ˜ (I, 1.6.5)¶u´1���ó�g (2.8.10) Ú (I, 3.2.6.2)§Ï�éN´�ydþã
�Ó¤½Â�ÝK ProjS ′ → ProjS � U Ú U ′ þ���$�´�N�§l
½Â

���� ProjS ′ → ProjS "y3�

q : ProjS −→ Y , q′ : ProjS ′ −→ Y ′

´(���¶K q′
−1(U ′) �±�Óu q−1(U) ⊗U U ′ §¿��ì (2.8.10) Ú (I, 1.6.5)§

� (ψ∗M ) ˜ |q′−1(U ′) Ú (M̃⊗Y OY ′)|q′−1(U ′) Ñ�±;��Óu (M⊗AA′) ˜ §Ù¥ M =

Γ(U,M ) ¶��1���ó§Ï�éN´�yþã�Ó���$�´�N�"

íØ (3.5.4) — 3 (3.5.3) �PÒe§é?¿ n ∈ Z§OX′(n) Ñ;��Óu OX(n)⊗Y

OY ′£Ù¥ X = Proj S ¤"

¯¢þ§3 (3.5.3) �PÒe§w,k ψ∗(S (n)) = S ′(n) "

(3.5.5) ÷^þ¡�PÒ§·�± Ψ 5IP;�ÝK X ′ → X §¿�- M ′ =

ψ∗M ¶?
b� S ´d S1 ¤)¤�§¿� X 3 Y þ´k�.�¶dd�� S ′ ´
d S ′

1 ¤)¤�£�±r¯K8(� Y Ú Y ′ Ñ´��V/��/¤§¿� X ′ 3 Y ′ þ
´k�.� (I, 6.3.4)"� F ´�� OX ��§�- M ′ = Ψ∗F ¶Kd (3.5.4) Ú (I,

6.3.4) �§é?¿ n ∈ Z §þk F ′(n) = Ψ∗(F (n)) "?
�±½Â��;� ψ Ó
� θn : q∗(F (n)) → q′∗(F

′(n)) XeµduãL

X

q
²²

X ′Ψoo

q′

²²

Y Y ′
ψ

oo

´���§��I½Â��Ó� q∗(F (n)) → ψ∗q
′
∗Ψ

∗(F (n)) = q∗Ψ∗Ψ∗(F (n)) §�d
�±�Ó� θn = q∗(ρn) §Ù¥ ρn ´;�Ó� F (n) → Ψ∗Ψ∗(F (n)) (0, 4.4.3)"́ �
éu Y �?¿��m8 U Ú Y ′ �?¿��m8 U ′ §�� U ′ ⊂ ψ−1(U) §Ó� θn Ñ
�Ñ
�¡�m�;�Ó� (0, 3.7.2) Γ(q−1(U),F (n)) → Γ(q′−1(U ′),F ′(n)) "u´
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ãL (2.8.13.2) ���5L²§e F ´[và�§KãL

F
α //

βF
²²

F ′

βF′
²²

(Γ∗(F )) ˜
eθ

// (Γ∗(F ′)) ˜
´���£1�1��Þ´;� Ψ �� F → Ψ∗F ¤"

Ó��§ãL (2.8.13.1) ���5L²§ãL

Γ∗(M̃ )
θ // Γ∗(M̃ ′)

M ρ
//

αM

OO

M ′

αM′

OO

´���£1�1��Þ´;� ψ �� F → ψ∗F ¤"

(3.5.6) y3�Äe¡��/µY, Y ′ ´ü�V/§g : Y ′ → Y ´����§S

£�A�§S ′¤́ ��[và�©g OY £�A�§OY ′¤�ê�§¿� u : S →
S ′ ´��©g�ê�� g ��§�Ò´`§��©g OY �ê�Ó� S → g∗(S ′) ¶
ù���u�Ñ
��©g OY ′ �ê��Ó� u] : g∗S → S ′ "u´d u] �±
;�/�Ñ�� Y ′ �� w = Proj(u]) : G(u]) → Proj(g∗S ) §Ù¥ G(u]) ´ X ′ =

ProjS ′ ���m8 (3.5.1)",��¡§X ′′ = Proj(g∗S ) �±;��Óu X ×Y Y ′ §
ùp·�- X = ProjS (3.5.3)¶r Proj(u]) �1��ÝK p : X ×Y Y ′ → X Ü¤§
K�±������ v : G(u]) → X §P�� Proj(u) §§¦�ãL

G(u]) v //

²²

X

²²

Y ′
g

// Y

´���"

?
§é?¿[và©g OY �� M §þk��;� v ��

(3.5.6.1) υ : M̃ −→ ((g∗M ) ⊗g∗S S ′) ˜ |G(u])

£È5µ��%«©.¶i1 v ÚF1i1 υ = upsilon¤"

¯¢þ§υ] ´e¡ù�Ü¤Ó�

v∗M̃ = w∗p∗M̃ −→ w∗((g∗M ) ˜ ) −→ ((g∗M ) ⊗g∗S S ′) ˜ |G(u]) §
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Ù¥1���Þ5guÓ� (3.5.3)§1���ÞK´Ó� (3.5.2, (i))¶XJ S ´d
S1 ¤)¤�§Kd (3.5.2) �§υ] ´��Ó�"

�� (3.5.6.1) ���AÏ�/§é?¿ n ∈ Z §þk��;� v ��

(3.5.6.2) υ : OX(n) −→ OX′(n)|G(u]) "

3.6 V/ ProjS �4fV/

(3.6.1) � Y ´��V/§ϕ : S → S ′ ´[và©g OY �ê��m��� 0 g
Ó�"¤¢ ϕ ´ (TN) ÷£�A�§(TN) ü§(TN) ��¤�§́ ��±é� n §¦
�� k > n � ϕk : Sk → S ′

k o´÷£�A�§ü§��¤�"3ù«�¹e§éu�
� Φ : Proj S ′ → ProjS ��	�±8(� ϕ ´÷£�A�§ü§��¤�ù��/"
ù�¯�y²� (2.9.1) �Ó£�ö��u Y ´��V/ù��/¤§¿¦^ (3.1.8)"
XJ ϕ ´ (TN) ���§K·��¡ ϕ ´�� (TN) Ó�"

·K (3.6.2) — � Y ´��V/§S ´��[và�©g OY �ê�§¿� X =

ProjS "
(i) e ϕ : S → S ′ ´©g OY �ê���� (TN) ÷Ó�§KéA��� Φ =

Proj(ϕ) (3.5.1) 3�� ProjS ′ þÑk½Â§¿�´��l ProjS ′ � X �4E\"
e J ´ ϕ �Ø§K Φ 3 X ¥�N�4fV/´d OX �[vàn�� J̃ ¤½Â�"

(ii) ?
b� S0 = OY §S �d S1 )¤§¿� S1 ´k�.�"� X ′ ´ X =

ProjS ���4fV/§d OX ���[vàn�� I ¤½Â"� J ´ S �ù�
��[và©gn��§§´ Γ∗(I ) 3;�Ó� α : S → Γ∗(OX) (3.3.2) e�_�§
¿�- S ′ = S /J "K X ′ Ò´©g OY �ê��;�Ó� S → S ′ ¤éA�4E
\ ProjS ′ → X �N�fV/ (I, 4.2.1)"

(i) �±b� ϕ ´÷� (3.6.1)"Kéu Y �?¿��m8 U §Γ(U,S ) → Γ(U,S ′)

Ñ´÷� (I, 1.3.9)§l
 (3.5.1) ·�k G(ϕ) = X "¯Ká=8(�y² Y ´��
V/��/§d��d (2.9.2, (i)) íÑ"

(ii) 8(�y²d;�¹\ J → S ¤�Ñ�Ó� J̃ → OX ´ J̃ � I þ�
��Ó�¶du¯K3 Y þ´ÛÜ5�§��b� Y ´���§�� A §ùÒ¿�
X S = S̃ §Ù¥ S ´��©g A �ê§d S1 ¤)¤§¿� S1 3 A þ´k�.�"
d��IA^ (2.9.2, (ii))"

íØ (3.6.3) — 3 (3.6.2, (i)) �^�e§?
b� S ´d S1 ¤)¤�§Ké?
¿ n ∈ Z§Φ∗(OX(n)) Ñ�±;��Óu OX′(n) "

ù�;�Ó�3 Y ´��V/��/®²Ñy3 (2.9.3) ¥¶3���/e§�
I�yù
½Â3 Y ���m8þ�Ó����$�´�N�§
ù´N´�"
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íØ (3.6.4) — � Y ´��V/§S ´��[và�©g OY �ê�§d S1 ¤
)¤§M ´��[và OY ��§u ´�� OY ÷Ó� M → S1 §u : SOY

(M ) →
S ´d u òÿ
¤�©g OY �ê�Ó� (1.7.4)" K� u �éA���´��l
ProjS � ProjSOY

(M ) �4E\"

¯¢þ§�âcJ^�§u ´÷�§l
�±¦^ (3.6.2, (i))"

3.7 V/�àgÌ���

(3.7.1) � q : X → Y ´��V/��§L ´���_ OX ��§S ´��[
và��©g OY �ê�¶u´ q∗S ´��[và��©g OX �ê�"�Ä[v
à�©g OX �ê� S ′ =

⊕
n>0

L ⊗n §b��
��©g OX �ê��Ó�

ψ : q∗S −→ S ′ =
⊕
n>0

L ⊗n §

ù���u�
��©g�ê�� q ��

ψ[ : S −→ q∗S
′ "

·��� ProjS ′ �±;��Óu X (3.1.7 Ú 3.1.8, (iii))¶d ψ �±;�/�Ñ
��l X �m8 G(ψ) � ProjS � Y ��

(3.7.1.1) rL ,ψ : G(ψ) −→ ProjS = P §

·�¡�� L � ψ �N���¶�â (3.5.6)§ù�����±ÏL�1��ÝK π :

Proj(q∗S ) = P ×Y X → P � Y ��

τ = Projψ : G(ψ) −→ Proj(q∗S )

�Ü¤
��"

(3.7.2) XJ Y = Spec A ´���§K S = S̃ §Ù¥ S ´���©g A �ê§·
�y3��Ñ r = rL ,ψ ����äN�£ã"Äkb� X = Spec B �´���§K
k L = L̃ §Ù¥ L ´�� 1 ��gd B �"d�·�k q∗S = (S⊗A B) ˜ (I, 1.6.5)¶
e c ´ L ���)¤�§K ψn : q∗Sn → L ⊗n éAu��l Sn ⊗A B � L⊗n �Ó
� wn : s ⊗ b 7→ bvn(s)c⊗n §Ù¥ vn : Sn → B ´�� A �Ó�§ù
 vn Üå5�
¤���êÓ� S → B "� f ∈ Sd (d > 0) §¿�- g = vd(f) ¶�ì (2.8.10) ±
9 D+(f) � Spec S(f) ��Ó (2.3.6)§·�k π−1(D+(f)) = D+(f ⊗ 1) ¶,��¡§
úª (2.8.1.1) L²£k�u X Ú ProjS ′ �;��Ó¤

τ−1(D+(f ⊗ 1)) = D(g) §
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��

(3.7.2.1) r−1(D+(f)) = D(g) "

?
§�� τ = Proj ψ 3 D(g) þ���éAuù���Ó�µ§r (s⊗ 1)/(f ⊗
1)n£Ù¥ s ∈ Snd¤N� vnd(s)/gn (2.8.1)§¿�ÝK π 3 D+(f ⊗1) þ���éAu
Ó� s/fn 7→ (s⊗1)/(f ⊗1)n ¶dd��§r 3 D(g) þ���éAue¡ù� A �ê
Ó� ω : S(f) → Bg µé?¿ s ∈ Snd (n > 0) §þk ω(s/fn) = vnd(s)/gn "éu X ´
?¿V/��/£Eb� Y ´���¤§k�u (2.8.1)§·���µ

·K (3.7.3) — e Y = Spec A ´���§¿� S = S̃ §Ù¥ S ´��©g A �
ê§Ké?¿ f ∈ Sd = Γ(Y, Sd)§þk

(3.7.3.1) r−1
L ,ψ(D+(f)) = Xψ[(f)

£Ù¥ ψ[(f) ∈ Γ(X, L ⊗d)¤§¿��� rL ,ψ ��� Xψ[(f) → D+(f) = Spec S(f) é
Au (I, 2.2.4) e¡��êÓ�

(3.7.3.2) ψ[
(f) : S(f) −→ Γ(Xψ[(f)) §

=é?¿ s ∈ Snd = Γ(Y, Snd)§þk

(3.7.3.3) ψ[
(f)(s/fn) =

(
ψ[(s)

∣∣∣
X

ψ[(f)

)(
ψ[(f)

∣∣∣
X

ψ[(f)

)−n

"

XJ G(ψ) = X §K·�¡ rL ,ψ ´??k½Â�"�
��ù�:§7L��
Ié?¿��m8 U ⊂ Y §þk G(ψ) ∩ q−1(U) = q−1(U) ¶�é{`§̄ K3 Y þ
´ÛÜ5�"e Y ´���§K G(ψ) ´Ã r−1(D+(f)) �¿8§Ù¥ f �H S+ ¥�
àg� (2.8.1)¶l
�ì (3.7.3.1)§Ã Xψ[(f) 7L��¤ X ���CX§�é{`µ

íØ (3.7.4) — 3 (3.7.3) �cJ^�e§�
¦ rL ,ψ ´??k½Â�§7L�
�Ié?¿ x ∈ X §þ�é����ê n > 0 Ú Sn 3 Y þ����N�¡ s§¦
� t = ψ[(s) = Γ(X, L ⊗n) 3 x ?Ø8"§½= t(x) 6= 0 "

5¿��� ψ ´ (TN) ÷�§ù�^�Ò´¤á�"

Ó��§rL ,ψ ´Ø´��<í�¯K3 Y þ�´ÛÜ5�§·�kµ

íØ (3.7.5) — 3 (3.7.3) �cJ^�e§�
¦ rL ,ψ ´��<í§7L��I
é?¿�ê n > 0 Ú?¿�¡ s ∈ Sn §�� ψ[(s) ∈ Γ(X, L ⊗n) ´ÛÜ�"�§s �
�Ò´�"�"

¯¢þ§�I`²� D+(s) Ø�� r−1
L ,ψ(D+(s)) �Ø´��§l
ù�íØ�

g (3.7.3.1) Ú (2.3.7)"
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·K (3.7.6) — � q : X → Y ´����§L ´���_ OX ��§S , S ′ ´
ü�[và�©g OY �ê�§u : S ′ → S ´��©g�ê�Ó�§ψ : q∗S →⊕
n>0

L ⊗n ´��©g�ê�Ó�§ψ′ = ψ ◦ q∗(u) ´Ü¤Ó�"u´e rL ,ψ′ ´??

k½Â�§K rL ,ψ �´Xd¶e u ´ (TN) ÷�§¿� rL ,ψ′ ´��<í§K rL ,ψ �
´��<í¶�L5§e u ´ (TN) ü�§¿� rL ,ψ ´��<í§K rL ,ψ′ �´��
<í"

¯¢þ§·�k G(ψ′) ⊂ G(ψ) (2.8.4)§��1���ó¶e u ´ (TN) ÷�§
K Proj(u) : Proj S → ProjS ′ ??k½Â§¿�´��4E\¶du rL ,ψ′Ò´
Proj(u) � rL ,ψ 3 G(ψ′) þ����Ü¤§��e rL ,ψ′ ´��<í§K rL ,ψ �´
Xd"��§e u ´ (TN) ü�§K·��� Proj(u) ´��l G(u) � ProjS ′ �<
í (2.8.3)¶du G(ψ′)Ò´ G(u) 3 rL ,ψ e�_�§�·�w�§e rL ,ψ ´��<í§
K rL ,ψ′ �´Xd"

·K (3.7.7) — � Y ´��[;V/§q : X → Y ´��[;��§L ´��
�_ OX ��§S ´��[và�©g OY �ê�§¿�´[và OY �ê����
È�8BX (S λ) �8B4�"� ϕλ : S λ → S ´;�Ó�§ψ : q∗S →

⊕
n>0

L ⊗n ´

��©g�ê�Ó�§¿�- ψλ = ψ ◦ q∗(ϕλ) "K�
¦ rL ,ψ ´??k½Â�§7
L��I�3�� λ ¦� rL ,ψλ

´??k½Â�¶d�é?¿ µ > λ§rL ,ψµ Ñ´?
?k½Â�"

�ì (3.7.6)§^�´¿©�"�L5§b� rL ,ψ ´??k½Â�¶¯K�±
8(� Y ´��V/��/§Ï�eé?¿��m8 U ⊂ Y §Ñ�3�� λ(U) ¦
� rL ,ψλ(U) 3 q−1(U) þ���´??k½Â�§K£du Y ´[;�¤�±^k�
���m8 Ui CX Y §¿�� λ > z�� λ(Ui) =�§ù´�â (3.7.6)"e Y ´��
�§KcJ^�L²§é?¿ x ∈ X §þ�é�,� Sn ����¡ s(x) §¦� t(x) =

ψ[(s(x)) Ø8"§½= t(x)(x) 6= 0£r t(x) w�´ L ⊗n ����N�¡¤§ùÒ¿�
Xéu x �,��� V (x) ¥�?¿ z §Ñk t(x)(z) 6= 0 "·�^k�� V (xi) r X C
X§¿� s(i) ´ S ��A�¡¶K�±é��� λ §¦�¤k� s(i) Ñäk ϕλ(s′(i)λ ) �
/G§Ù¥ s′

(i)
λ ∈ Sλ ¶l
d (2.7.4) �§rL ,ψλ

´??k½Â�"�����ó�
d (3.7.6) á�"

íØ (3.7.8) — 3 (3.7.7) �cJ^�e§e¤k rL ,ψλ
Ñ´<í§K rL ,ψ �´

Xd¶XJÃ ϕλ Ñ´ü�§K_·K�¤á"

1���ó´ (3.7.6) ���AÏ�/¶,��¡§�
y² rL ,ψ ´<í§�
±�u�Ä Y ´��V/��/¶e s ∈ S ¦� ψ[(s) ´ÛÜ�"�§Kdu s =

ϕλ(sλ)£é,� λ¤§�dcJ^�Ú (3.7.5) �±íÑ sλ ´�"�§l
 s �´�"
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�§2¦^ (3.7.5) ��O{"

5) (3.7.9) — (i) 3 (3.7.1) �PÒe§k�u (3.2.10)§é?¿ n ∈ Z §·�Ñ
k��;�Ó�

(3.7.9.1) θ : r∗L ,ψ(OP (n)) −→ L ⊗n §

§���½ÂÑy3 (3.5.6.2) ¥"´�3 (3.7.3) �^�e§TÓ�3 Xψ[(f) þ��
�äN�Ñ5Ò´µ§r s/fk (s ∈ Sn+kd) N��� (ψ[(s)|X

ψ[(f)
)(ψ[(f)|X

ψ[(f)
)−k "

(ii) � F ´��[vàOX ��§¿b� q ´[;�©l�§l
é?¿ n >
0 §q∗(F ⊗ L ⊗n) Ñ´��[vàOY �� (I, 9.2.2)"� M ′ =

⊕
n>0

F ⊗ L ⊗n §§´

��[và�©g S ′ ��§�Ä§�� M = q∗M ′ =
⊕
n>0

q∗(F ⊗L ⊗n)£ù´��

[vàS ��§,dÓ� ψ[¤"e¡·��y²§�3��;�� OX ��Ó�

(3.7.9.2) ξ : r∗L ,ψM̃ −→ F |G(ψ) "

¯¢þ§·�®²½Â
 (3.5.6.1) ��;�Ó�

(3.7.9.3) r∗L ,ψM̃ −→
(
(q∗M ) ⊗q∗S S ′) ˜ ∣∣

G(ψ)
§

ùprm>��w�´ ProjS ′ þ���[và�",��¡§é?¿[và©g
S ′ �� M ′ §·�Ñk��;�Ó�

(3.7.9.4) (q∗q∗M ′) ⊗q∗S S ′ −→ M ′ §

=éu X �?¿m8 U Ú q∗q∗M ′
h 3 U þ�?¿�¡ t′ ±9 S ′

k 3 U þ�?¿�¡ b′ §
§r t′ ⊗ b′ ÑN� M ′

h+k ��¡ b′σ(t′) þ§Ù¥ σ(t′) ´ M ′
h 3 U þ�@�;�éA

u t′ (0, 4.4.3) ��¡"dd�±����;�Ó�

(3.7.9.5)
(
(q∗q∗M ′) ⊗q∗S S ′) ˜ ∣∣

G(ψ)
−→ M̃ ′|G(ψ) "

��§du M̃ ′ �±;��Óu F (3.2.9, (i))§l
Ò��
·�¤I��;�Ó
�"

3 (3.7.3) �cJ^�e§þãÓ�3 Xψ[(f) þ���äN�Ñ5Ò´µ�
 F⊗
L ⊗nd 3 X þ����¡ tnd §e t′nd ´�r tnd w�´ q∗(F ⊗L ⊗n) 3 Y þ��¡§
KTÓ�r�� t′nd/fn éA� F 3 Xψ[(f) þ��¡ (tnd|X

ψ[(f)
)(ψ[(f)|X

ψ[(f)
)−n "

3.8 E\àgÌ��O{

(3.8.1) 3 (3.7.1) �PÒe§́ � rL ,ψ ´Ø´��E\£�A�§��mE\§
��4E\¤�¯K3 Y þ´ÛÜ5�"
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·K (3.8.2) — 3 (3.7.3) �cJ^�e§�
¦ rL ,ψ ´??k½Â�¿�´�
�E\§7L��I�3�x�¡ sα ∈ Snα (nα > 0)§¦�Ã fα = ψ[(sα) ÷ve¡
�^�µ

(i) Ã Xfα �¤ X ���CX"
(ii) Ã Xfα Ñ´��m8"
(iii) é?¿ α Ú?¿ t ∈ Γ(Xfα ,OX)§þ�é����ê m > 0 Ú�� s ∈

Smnα §¦� t = (ψ[(s)|Xfα
)(fα|Xfα

)−m "
�
¦ rL ,ψ ´??k½Â�¿�´��mE\§7L��I�3�x�¡ (sα)

÷v (i), (ii), (iii) ¿�µ
(iv) é?¿ n > 0 Ú?¿ s ∈ Snnα §�� ψ[(s)Xfα

= 0§7�é����
ê k > 0§¦� sk

αs = 0 "
�
¦ rL ,ψ ´??k½Â�¿�´��4E\§7L��I�3�x�¡ (sα)

÷v (i), (ii), (iii) ¿�µ
(v) Ã D+(sα) �¤ P = Proj S ���CX"

¯¢þ§�
¦ r ´��E\£�A�§4E\¤§7L��I�3 r(G(ψ))£�
A�§P ¤���d D+(sα) ¤|¤�CX§¦� r 3z� Vα = r−1(D+(sα)) þ��
�Ñ´ Vα � D+(sα) ���4E\ (I, 4.2.4)"^� (i) L«` r ´??k½Â�§¿
�Ã D+(sα) �¤ r(X) ���CX§ù´�â (3.7.3.1)¶du D+(sα) ´���§�
�^� (ii) Ú (iii) L«` r 3 Xfα þ���´��N� D+(sα) ¥�4E\ (I, 4.2.3)¶
��§du^� (iii) Ú (iv) L«` ψ[

(sα) ´���£3 (3.7.3.2) �PÒe¤§�� (ii),

(iii) Ú (iv) L«` r 3Ã Xfα þ���Ñ´N� D+(sα) þ�Ó�§l
 (i), (ii), (iii)

Ú (iv) L«` r ´��mE\"

íØ (3.8.3) — 3 (3.7.6) �cJ^�e§e rL ,ψ′ ´??k½Â�¿�´��
E\§K rL ,ψ �´Xd"?
b� u ´ (TN) ÷�§u´e rL ,ψ′ ´��m£�A�§
4¤E\§K rL ,ψ �´Xd"

¯¢þ§�â (3.8.2)§�±é��x s′α ∈ S′
nα

¦� fα = ψ′[(s′α) ÷v^� (i), (ii),

(iii)",K§e- sα = u(s′α) §K�k fα = ψ[(sα) §¿�e t = (ψ′[(s′)|Xfα
)(fα|Xfα

)−m §
K�k t = (ψ[(s)|Xfα

)(fα|Xfα
)−m£ùp·�- s = u(s′)¤§��1���ó"1�

��ó�d Proj(u) ´4E\�¯¢á�"

·K (3.8.4) — b� (3.7.7) �cJ^���÷v§?
b� q : X → Y ´k�
.��"K�
¦ rL ,ψ ´??k½Â�¿�´��E\§7L��I�3�� λ ¦
� rL ,ψλ

´??k½Â�¿�´��E\§d�é?¿ µ > λ§rL ,ψµ Ñ´??k½
Â�¿�´��E\"

k�u (3.8.3)§�Iy²e rL ,ψ ´??k½Â�¿�´��E\§K��k�
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� λ ¦� rL ,ψλ
�´Xd"¦^ (3.7.7) ��{§¿|^ Y �[;5§�±r¯K8

(� Y ´��V/��/"du X ´[;�§�
 (3.8.2) L²§�±é� S ¥��
xk���� (si) §Ù¥ si ∈ Sni §¿�äk5� (i), (ii), (iii)"�� Xfi → Y£Ù
¥ fi = ψ[(si)¤́ k�.�µ̄ ¢þ§§´��V/m�����§l
´[;� (I,

6.6.1)§¿�§q´ÛÜk�.�§Ï� q ´k�.� (I, 6.3.2)§u´d (I, 6.6.3)Ò
�±íÑ(Ø"Ï
 Xfi �� Bi ´��k�. A �ê (I, 6.3.3)¶� (tij) ´ù��ê
��x)¤�"K�âcJ^�§�3�|�� s′ij ∈ Smijni §¦�

tij =
(
ψ[(s′ij)

∣∣
Xfi

)(
ψ[(si)

∣∣
Xfi

)−mij "

2�âcJ^�§�3�� λ Úü|�� siλ ∈ Sλ
ni

, s′ijλ ∈ Smijni §¦�§�3 ϕλ

e��©O´ si Ú s′ij ¶́ � rL ,ψλ
Ò÷v (3.8.2) ¥�^� (i), (ii), (iii)"

·K (3.8.5) — � Y ´��[;©lV/½öäk Noether .�m�V/§q :

X → Y ´k�.��§L ´���_ OX ��§S ´��[và�©g OY �ê
�§ψ : q∗S →

⊕
n>0

L ⊗n ´©g�ê����Ó�"K�
¦ rL ,ψ ´??k½Â�

¿�´��E\§7L��I�3���ê n > 0 Ú Sn ���k�.[và OY f
�� E §¦�µ

a) Ó� ψn ◦ q∗(jn) : q∗E → L ⊗n£Ù¥ jn : E → S ´;�¹\¤́ ÷�¶
b) e·�^ S ′ 5IP E 3 S ¥¤)¤�£©g¤OY f�ê�§¿�^ ψ′ 5

IPÓ� ψ ◦ q∗(j′)£j′ ´ S ′ � S �¹\¤§K rL ,ψ′ ´??k½Â�¿�´��E
\"

XJù
^�¤á§K Sn �?Û�¹ E �[và OY f�� E ′ ÑäkÓ��

5�§¿�é?¿ k > 0§
k⊗

E 3 Skn ¥���´Xd"1©

k�u ProjS Ú ProjS (d) �m�;�Ó� (3.1.8)§^��¿©5Ú��ü�
�ó´ (3.8.3) �AÏ�/"

� (Ui) ´ Y ���k���mCX§¿�- Ai = A(Ui) "du q−1(Ui) ´[;
�§�d rL ,ψ ´��??k½Â�E\Ú (3.8.2) �±íÑµ�3 S(i) = Γ(Ui,S ) ¥
��xk���� (sij)£Ù¥ sij ∈ S

(i)
nij ¤§§�äk5� (i), (ii), (iii)"¦^ (3.8.4)

�y²�{�±wÑ§�� Xfij → Ui£Ù¥ fij = ψ[(sij)¤́ k�.�§Ï
 Xfij �
� Bij ´��k�. Ai �ê§äk�|/X (ψ[(tijk)|Xfij

)(fij |Xfij
)−mijk �)¤�§

Ù¥ tijk ∈ S
(i)
mijknij "� n ´ù
 mijknij ���ú�ê¶éz�| (i, j, k) §r sij �

¤ sρ
ij §Ù¥ ρ ´÷v ρmijknij = n ��ê§¿r tijk �¤ s

ρ−mijk

ij tijk §K�±b
�éz� i §Ã sij Ú tijk Ñáu S

(i)
n §¿� mijk = 1 "� Ei ´ù
��3 S(i) ¥

¤)¤� Ai f�£�½ i¤"K�±é� Sn ���k�.[vàOY f�� Ei §¦

1©È5µ31 IV Ù� (1.7.12) ¥§d·Kò��U?"
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� Ei|Ui = (Ei) ˜ (I, 9.4.7)"́ �ù
 Ei 3 Sn ¥�Ú E Ò÷v·���¦£Ï�z
��¡ fij Ñ÷v^�µé?¿ x ∈ Xtij §þ�é� x �����m�� V ⊂ Xtij §
¦� f |V ´ Γ(V, L ⊗n) ���Ä.¤"

§4. �Km"́ ��

4.1 �Km�½Â

½Â (4.1.1) — � Y ´��V/§E ´��[và OY ��§SOY
(E ) ´ E �é

¡ OY �ê� (1.7.4)§§´[và� (1.7.7)"¤¢ E 3 Y þ½Â��Km (fibré pro-

jectif)§´� Y V/ P = ProjSOY
(E )§P� P(E ) "·�r OP �� OP (1) ¡� P �

Ä�� (faisceau fondamental) "

XJ Y ´���§�� A §Kk E = Ẽ §Ù¥ E ´�� A �§d��^P
Ò P(E) 5�O P(Ẽ) "

XJ� E = On
Y §K P(E ) ��P� Pn−1

Y ¶?
e Y ´���§�� A §K Pn−1
Y

��P� Pn−1
A "du SOY

(OY ) �±;��Óu OY [T ] (1.7.4)§�� P0
Y �±;��

Óu Y (3.1.7)¶~f (2.4.3) � P1
K ÃÉ"

(4.1.2) � E , F ´ü�[vàOY ��¶u : E → F ´�� OY Ó�¶K§;
�/éAX��©g OY �ê��Ó� S(u) : SOY

(E ) → SOY
(F ) (1.7.4)"e u ´÷

�§K S(u) �´Xd§l
 (3.6.2, (i)) ProjS(u) ´4E\ P(F ) → P(E ) §·�P�
� P(u) "u´�±` P(E ) ´ E ��C¼f§cJ´��Ä[vàOY ���m�÷
Ó�"

E,b� u ´÷�§¿�- P = P(E ), Q = P(F ), j = P(u) §Ké?¿ n ∈ Z §
þk

(4.1.2.1) j∗(OP (n)) = OQ(n) §

����Ó�§ù´�g (3.6.3)"

(4.1.3) y3� ψ : Y ′ → Y ´����§¿� E ′ = ψ∗E ¶K·�k SOY ′ (E ′) =

ψ∗SOY
(E ) (1.7.5)¶l
 (3.5.3) k

(4.1.3.1) P(ψ∗E ) = P(E ) ×Y Y ′ §

����;�Ó�¶?
§́ �é?¿ n ∈ Z §þk

ψ∗((SOY
(E ))(n)) = (SOY ′ (E ′))(n) §
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l
e- P = P(E ), P ′ = P(E ′) §Ké?¿ n ∈ Z §þk (3.5.4)

(4.1.3.2) OP ′(n) = OP (n) ⊗Y OY ′ §

����Ó�"

·K (4.1.4) — � L ´���_ OY ��"Ké?¿[và OY �� E §þk�
�;� Y Ó� iL : P(E ) ∼−→ P(E ⊗L )¶?
§e- P = P(E ), Q = P(E ⊗L )§K
é?¿ n ∈ Z§i∗L (OQ(n)) Ñ;�Ó�u OP (n) ⊗Y L ⊗n "

Äk5¿�e A ´���§E ´�� A �§L ´��ü�gd A �§K�±;
�/½Â�� A Ó�

Sn(E ⊗ L) −→ Sn(E) ⊗ L⊗n §

=r (x1 ⊗ y1) . . . (xn ⊗ yn) éA���

(x1x2 . . . xn) ⊗ (y1 ⊗ y2 ⊗ . . . yn)

£Ù¥ xi ∈ E, yi ∈ L (1 6 i 6 n)¤¶́ �ù�Ó�Ù¢Ò´��Ó�£8(� L =

A ��/¤"dd�±����;��©g A �êÓ� SA(E ⊗ L) ∼−→
⊕
n>0

Sn(E) ⊗

L⊗n "£8� (4.1.4) ¥�^�§Kù�5)L²§·��±½Â��;��©g OY �
ê�Ó�

(4.1.4.1) SOY
(E ⊗OY

L ) ∼−→
⊕
n>0

Sn(E ) ⊗OY
L ⊗n §

=Äk½ÂÑ��ý��Ó�§Ó�|^ (1.7.4), (I, 1.3.9) Ú (I, 1.3.12)"·Ku´
�g (3.1.8, (iii)) Ú (3.2.10)"

(4.1.5) 3 (4.1.1) �cJ^�e§- P = P(E ) §¿�^ p 5IP(��� P →
Y "K�â½Â§E = (SOY

(E ))1 §�·�k��;�Ó� α1 : E → p∗(OP (1))

(3.3.2.2)§l
�k��;�Ó� (0, 4.4.3)

(4.1.5.1) α]
1 : p∗E −→ OP (1) "

·K (4.1.6) — ;�Ó� (4.1.5.1) ´÷�"

¯¢þ§·�3 (3.3.2) ¥w�§α]
1 ¼f5/éAX;�Ó� E ⊗OY

SOY
(E ) →

(SOY
(E ))(1) ¶�â½Â§E �±)¤ SOY

(E ) §l
ù�Ó�´÷�§u´d (3.2.4)Ò
�±íÑ(Ø"
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4.2 V/��Km���

(4.2.1) ÷^ (4.1.5) ¥�PÒ§� X ´�� Y V/§q : X → Y ´(���§¿
� r : X → P ´�� Y ��§l
k��ãL

P

p
²²

X

q
{{vvvvvvvv

roo

Y "

du¼f r∗ ´m�Ü� (0, 4.3.1)§�d (4.1.5.1) ¥�÷Ó� (4.1.6) �±�Ñ�
�÷Ó�

r∗(α]
1) : r∗p∗E −→ r∗(OP (1)) "

,
 r∗p∗E = q∗E §¿� r∗(OP (1)) �±ÛÜÓ�u r∗OP = OX §�é{`§§
´���_ OX �� Lr §u´d r Ñu�±½Â��;� OX ÷Ó�

(4.2.1.1) ϕr : q∗E −→ Lr "

XJ Y = Spec A ´���§¿� E = Ẽ §Kù�Ó�äN�Ñ5Ò´µ�

 f ∈ E §Äkd (2.6.3) �±�Ñ

(4.2.1.2) r−1(D+(f)) = Xϕ[
r(f) "

,��¡§� V ´ X ����¹3 r−1(D+(f)) ¥���m8§¿� B ´§��§ù
´�� A �ê¶- S = SA(E) ¶r 3 V þ���éAX�� A Ó� ω : S(f) → B §
·�k q∗E |V = (E ⊗A B) ˜ Ú Lr|V = L̃r §Ù¥ Lr = (S(1))(f) ⊗S(f) B[ω] (I,

1.6.5)"ϕr 3 q∗E |V þ���éAXù��� B Ó� u : E⊗A B → Lr µ§r x⊗1 N
� (x/1) ⊗ f = (f/1) ⊗ ω(x/f) "ϕr �±;�òÿ¤�� OX �ê�Ó�

ψr : q∗S(E ) = S(q∗E ) −→ S(Lr) =
⊕
n>0

L ⊗n
r

¿�§3 (q∗S(E ))|V þ��éAXù���Ó� Sn(E ⊗A B) = Sn(E)⊗A B → L⊗n
r

µ§r s ⊗ 1 N� (f/1)⊗n ⊗ ω(s/fn) "

(4.2.2) �L5§b��
���� q : X → Y §���_ OX ��Ú��[v
àOY �� E ¶K��Ó� ϕ : q∗E → L ;�/éAX��[vàOX �ê��Ó
�

ψ : S(q∗E ) = q∗S(E ) −→
⊕
n>0

L ⊗n §
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l
éAX (3.7.1) �� Y �� rL ,ψ : G(ψ) → ProjS(E ) = P(E ) §·�P�� rL ,ϕ "
e ϕ ´÷�§K ψ �´Xd§l
 (3.7.4) rL ,ϕ ´??k½Â�"?
§3 (4.2.1) Ú
(4.2.2) �PÒeµ

·K (4.2.3) — �
���� q : X → Y Ú��[và OY �� E §N� r 7→
(Lr, ϕr) Ú (L , ϕ) → rL ,ϕ 3 Y �� r : X → P(E ) �8Ü���| (L , ϕ) ��d
a8Ü�mïá
����éA§Ù¥��| (L , ϕ) ´d���_ OX �� L Ú�
�÷Ó� ϕ : q∗E → L ¤|¤�§¿� (L , ϕ) � (L ′, ϕ′) �d´��3�� OX Ó
� τ : L → L ′ ¦� ϕ′ = τϕ "

Äkd�� Y �� r : X → P(E ) Ñu�±�Ñ Lr Ú ϕr (4.2.1)§,��Ñ r′ =

rLr,ϕr ¶d (4.2.1) Ú (3.7.2) á�§�� r Ú r′ ´�Ó�£��3½Â (3.7.2) �Ó� vn

���� (f/1) ⊗ 1 �� Lr �)¤�¤"�L5§d����| (L , ϕ) Ñu�±�
Ñ r′′ = rL ,ϕ §,��Ñ Lr′′ Ú ϕr′′ ¶e¡·�y²§�3��;�Ó� τ : Lr′′ →
L ¦� ϕ = τ ◦ϕr′′ ¶�
½Âù�Ó�§�±�u�Ä Y = Spec A Ú X = Spec B Ñ
´��V/��/§d�·�£¦^ (4.2.1) Ú (3.7.2) �PÒ¤r�� v1(x)c ∈ L (x ∈
E) éA� Lr′′ ��� (x/1) ⊗ 1 "´� τ Ø�6u L �)¤� c �ÀJ¶du�âc
J^� v1 ´÷�§�
�
y² τ ´Ó�§�Iy²e3 (S(1))(f) ¥k x/1 = 0 §K
3 Bg ¥k v1(x)/1 = 0 ¶,
c��'XªL²§éu,�·�� n §3 Sn+1(E) ¥
k fnx = 0 §dd�±íÑ3 B ¥k vn+1(fnx) = gnv1(x) = 0 §��(Ø"��§́
�eü���| (L , ϕ) Ú (L ′, ϕ′) ´�d�§Kk rL ,ϕ = rL ′,ϕ′ "

AO�§éu X = Y µ

½n (4.2.4) — 3 P(E ) � Y �¡8Ü� E �@
¦ E /F ¤��_ OY ���
[và OY f�� F �8Ü�mk��;����éA"

5¿�ù�5�éAX/�K�m0��;½Â§=r�K�m½Â����
þ�m��N�²¡�8Ü£�;�/��u Y = Spec K §Ù¥ K ´���§¿
� E = Ẽ §Ù¥ E ´��k�� K �þ�m¶d� (4.2.4) ¥� FÒéAX E ��
²¡§,��¡§P(E ) � Y �¡TÐÒ´ P(E ) � K kn: (I, 3.4.5)¤"

5) (4.2.5) — du X � P � Y ���±;�/��éAu§��ã���§
½= P ⊗Y X � X�¡ (I, 3.3.14)§�·�w�§�L5��±d (4.2.4) íÑ (4.2.3)"
·�^ HypY (X, E ) 5IP E ⊗Y OX = q∗E ¥¦ (q∗E )/F ¤��_ OX ���@

[vàOX f�� F �8Ü"e g : X ′ → X ´�� Y ��§Kd g∗ �m�Ü5��§
·�k g∗((q∗E )/F ) = g∗(q∗E )/g∗F §l
�ö´�_�§Ï
 HypY (X, E ) ´ Y V
/�Æþ����C¼f"u´�±r½n (4.2.4) �(Ø)º�§3¼f HomY (X,

P(E )) �¼f HypY (X, E ) �m�±½Â��;�Ó�§düöÑ´ Y V/�Æþ�
�C¼f£'u X¤"ù�D�
�Km P(E ) ��^Ê·5�5£ã��{µ=é
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?¿�� q : X → Y Ú E ⊗OY
OX �?¿���_ OX û�� L §þk���� Y �

� r : X → P §¦� L = r∗(OP (1)) "ù' § 2 Ú § 3 ¥��E�\�CAÛ�*"

¦^Ó���{��±½Â/Grassmann0V/"±�2?Ø"

íØ (4.2.6) — b�?Û�_ OY ��Ñ´²�� (I, 2.4.8)"� V ´+ HomOY
(E ,

OY )§r§w�´� A = Γ(Y, OY ) þ��§¿� V ∗ ´d�N÷Ó�¤|¤� V �f
8"K P(E ) � Y �¡�8Ü�±;��Óu V ∗/A∗ §Ù¥ A∗ ´� A �ü +"

AO�µ

1◦ íØ (4.2.6) �±A^� Y ´ÛÜV/��/ (I, 2.4.8)"� Y ´��?¿�
V/§y ´ Y ��:§Y ′ = Spec k(y) ¶K�ì (4.1.3.1)§P(E ) �n� p−1(y) �±�
Óu P(E y) §ùpr E y = Ey ⊗Oy k(y) = Ey/myEy w�´ k(y) þ��þ�m"��
�§e K ´ k(y) ���*Ü§K p−1(y)⊗k(y) K �±�Óu P(E y ⊗k(y) K) "l
í
Ø (4.2.6) L²§P(E ) ���3 k(y) �*Ü K ¥�:�8Ü (I, 3.4.5)§�¡ P(E ) 3
: y þ� K knn�§�±�Óu K �þ�m E y ⊗k(y) K �éó¤N���K�
m"

2◦ b� Y ´���§�� A §?
b�?Û�_ OY ��Ñ´²��¶u´e
- E = On

Y ¶K3 (4.2.6) ¥§V �±�Óu An (I, 1.3.8)§V ∗ �±�Óu A ¥�ù�
�
��| (fi)16i6n ¤|¤�8Ü§Ù¥ (fi)16i6n �±)¤n� A ¶ü�ù���
�|½ÂÑ Pn−1

Y = Pn−1
A �Ó�� Y �¡£�é{`§½ÂÑ Pn−1

A �Ó�� A �
:¤�¿©7�^�´Ù¥����|´,����|¦± A �,��_�
��
�"

ù�5�)º
r P(E ) ¡�/�Km0�nd"5¿�·�3ùp½Â�/�
K�m0¢Sþ´�;½Â�éó¶ù´Ï�·�I�é?¿�[vàOY �� E Ñ
½ÂÑ P(E ) §
Ø´=�uÛÜgd��/"

5) (4.2.7) — ·�ò31 V Ùw�§e Y ´ÛÜ Noether �ëÏ�§¿� E

´ÛÜgd�§2- P = P(E ) §K?Û�_ OP �� L ÑÓ�u��/X L ′ ⊗OY

OP (m) � OP ��§ùp L ′ ´���_ OY ��§(½�����Ó�§¿� m ´
����(½��ê"��«`{Ò´§H1(P, O∗

P ) Ó�u Z×H1(Y, O∗
Y ) (0, 5.4.7)"

·��¬w�£III, 2.1.13§�k�u (0, 5.4.10)¤§e m < 0 §K p∗(L ⊗m) = 0 §
e m > 0 §K p∗(L ⊗m) Ó�u L ′ ⊗OY

(SOY
(E ))m "l
e F ´��[vàOY �

�§K?Û Y �� P(E ) → P(F ) Ñ�±d���_ OY �� L ′ §���ê m > 0 Ú
�� OY Ó� ψ : F → L ′⊗OY

(SOY
(E ))m ¤��(½§�¦� ψ ¤éA�Ó� ψ] ´

�� OP(F) ���÷Ó�"·��¬w�§eþã Y ��´��Ó�§K m = 1 ¿
� F Ó�u E ⊗OY

L ′£(4.1.4) �_·K¤"ùÒ¦·�U
r P(E ) �gÓ�Þ�
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�¤+� A ut(E )£ÛÜÓ�u GL(n, E ) §Ù¥ n ´ E ��¤Ø± O∗
Y ��û�"

(4.2.8) �± (4.2.1) �PÒ§� u : X ′ → X ´����¶e Y �� r : X → P é
AXÓ� ϕ : q∗E → L §K Y �� r ◦ u éAX u∗(ϕ) : u∗q∗E → u∗L §ù�d½Â
á�"

(4.2.9) � E , F ´ü�[vàOY ��§v : E → F ´��÷Ó�§j = P(v) ´
éA�4E\ P(F ) → P(E ) (4.1.2)"u´e Y �� r : X → P(F ) éAXÓ� ϕ :

q∗F → L §K Y �� j ◦ r éAX q∗E
q∗(v)−→ q∗F

ϕ−→ L ¶ù�´�g (4.2.1) ¥�½
Â"

(4.2.10) � ψ : Y ′ → Y ´����§¿�- E ′ = ψ∗E "u´e Y �� r : X →
P éAXÓ� ϕ : q∗E → L §K Y ′ ��

r(Y ′) : X(Y ′) −→ P ′ = P(E ′)

éAX ϕ(Y ′) : q∗(Y ′)(E
′) = q∗(E )⊗Y OY ′ → L ⊗Y OY ′ "̄ ¢þ§�ì (4.1.3.1)§·�

k��ãL

Y ′

²²

P ′ = P(Y ′)

p(Y ′)
oo

u

²²

X(Y ′)

r(Y ′)
oo

v

²²

Y Pp
oo Xr

oo "

�â (4.1.3.2)§·�k

(r(Y ′))∗(OP ′(1)) = (r(Y ′))∗u∗(OP (1)) = v∗r∗(OP (1)) = v∗L = L ⊗Y OY ′ ¶

,��¡§u∗(α]
1) �;�Ó� α]

1 : (p(Y ′))∗(E ′) → OP ′(1) ÃÉ¶ù��rN� P Ú
P ′ ¥�;�Ó� α]

1äN�Ñ5Ò�±wÑ§� (4.1.6) Ón"��·���ó"

4.3 Segre ��

(4.3.1) � Y ´��V/§E ,F ´ü�[vàOY ��¶- P1 = P(E ), P2 =

P(F ) §¿�^ p1 : P1 → Y, p2 : P2 → Y 5IP(���"� Q = P1 ×Y P2 §
¿� q1 : Q → P1, q2 : Q → P2 ´;�ÝK¶K OQ �� L = OP1(1) ⊗Y OP2(1) =

q∗1(OP1(1))⊗OQ
q∗2(OP2(1)) ´�_�§Ï�§´ü��_ OQ ���ÜþÈ (0, 5.4.4)"

,��¡§e r = p1 ◦ q1 = p2 ◦ q2 ´(��� Q → Y §Kk r∗(E ⊗OY
F ) =

q∗1(p∗1E ) ⊗OQ
q∗2(p∗2F ) (0, 4.3.3)¶l
;�÷Ó� (4.1.5.1)µp∗1E → OP1(1), p∗2F →

OP2(1) �Ñ��;�Ó�£ÏLÜþÈ$�¤

(4.3.1.1) s : r∗(E ⊗OY
F ) −→ L §
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§w,´÷�¶l
ddq�±�Ñ (4.2.2) ��;���

(4.3.1.2) ζ : P(E ) ×Y P(F ) −→ P(E ⊗OY
F ) §

¡� Segre ��"

XJ Y = Spec A ´���§K�� ζ �±äN�Ñ5§� E = Ẽ, F = F̃ §Ù
¥ E Ú F ´ü� A �§�k E ⊗OY

F = (E ⊗A F ) ˜ (I, 1.3.12)¶- R = SA(E), S =

SA(F ), T = SA(E ⊗A F ) ¶� f ∈ E, g ∈ F §�Ä Q ���m8

D+(f) ×Y D+(g) = Spec B §

Ù¥ B = R(f) ⊗A S(g) ¶L 3ù���m8þ���Ò´ L̃ §Ù¥

L = (R(1))(f) ⊗A (S(1))(g) §

¿� c = (f/1)⊗(g/1) ´gd B � L ���)¤� (2.5.7)"Ó� (4.3.1.1) éAX (E⊗A

F ) ⊗A B � L �Ó�

(x ⊗ y) ⊗ b 7−→ b((x/1) ⊗ (y/1)) "

l
3 (3.7.2) �PÒe§·�k v1(x⊗y) = (x/f)⊗(y/g) ¶ζ 3 D+(f)×Y D+(g) þ�
��´��lT��V/� D+(f ⊗ g) ���§éAuù����Ó� ω : T(f⊗g) →
R(f) ⊗A S(g) §=éu x ∈ E, y ∈ F §

(4.3.1.3) ω((x ⊗ y)/(f ⊗ g)) = (x/f) ⊗ (y/g) "

(4.3.2) d (4.2.3) �§·�k��;�Ó�

(4.3.2.1) τ : ζ∗(OP (1)) ∼−→ OP1(1) ⊗Y OP2(1) §

Ù¥·�- P = P(E ⊗OY
F ) "e¡y²§é?¿ x ∈ Γ(Y, E ) Ú y ∈ Γ(Y, F ) §þk

(4.3.2.2) τ(α1(x ⊗ y)) = α1(x) ⊗ α1(y) "

¯¢þ§̄ K�±8(� Y ´��V/��/§d�3 (4.3.1) Ú (2.6.2) �PÒ
e§3 (T (1))(f⊗g) ¥·�k αf⊗g

1 (x ⊗ y) = (x ⊗ y)/1 §3 (R(1))(f) ¥·�k αf
1 (x) =

x/1 §¿�3 (S(1))(g) ¥·�k αg
1(y) = y/1 "u´d (4.2.3) ¥¤�Ñ� τ �½Â±

9 (4.3.1) ¥éu v1 �O�á�y² (4.3.2.2)"dd�±�Ñúª£3 (3.1.4) �PÒ
e¤

(4.3.2.3) ζ−1(Px⊗y) = (P1)x ×Y (P2)y "
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¯¢þ§k�u (3.3.3)§úª (4.3.2.3) �±8(�£/Ï (I, 3.2.7 Ú 3.2.3) r¯K8
(����/¤e¡�Únµ

Ún (4.3.2.4) — � B, B′ ´ü� A �ê§¿� Y = Spec A, Z = Spec B, Z ′ =

Spec B′ ¶Ké?¿ t ∈ B, t′ ∈ B′ §þk D(t ⊗ t′) = D(t) ×Y D(t′) "

¯¢þ§e p : Z ×Y Z ′ → Z Ú p′ : Z ×Y Z ′ → Z ′ ´;�ÝK§Kd (I, 3.2.7) �§
·�k p−1(D(t)) = D(t ⊗ 1) Ú p′

−1(D(t′)) = D(1 ⊗ t′) ¶u´d (I, 3.2.7) Ú (I,

1.1.9.1)Ò�±íÑ(Ø§Ï� (t ⊗ 1)(1 ⊗ t′) = t ⊗ t′ "

·K (4.3.3) — Segre ��´4E\"

¯¢þ§¯K3 Y þ´ÛÜ5�§��8(� Y ´��V/��/"d�3
(4.3.1) Ú (4.3.2) �PÒe§Ã D+(f⊗g) �¤ P ���ÿÀÄ§Ï�� f �H E � g �
H F �§ù
 f ⊗ g �±)¤ T ",��¡§�ì (4.3.2.3)§·�k ζ−1(D+(f ⊗ g)) =

D+(f) ×Y D+(g) "l
�I (I, 4.2.4) y² ζ 3 D+(f) ×Y D+(g) þ���´��N
� D+(f ⊗ g) ¥�4E\",K§3�Ó�PÒe§úª (4.3.1.3) L² ω ´÷�§ù
Ò�¤
y²"

(4.3.4) XJ·���Ä[vàOY ���m�÷Ó�§K Segre ��éu E Ú
F ´¼f5�"̄ ¢þ§e E → E ′ ´�� OY ÷Ó�§K�Iy²ãL

P(E ′) × P(F )
j×1

//

ζ
²²

P(E ) × P(F )

ζ
²²

P(E ′ ⊗ F ) // P(E ⊗ F )

´���§Ù¥ j ´�;�4E\ P(E ′) → P(E ) "- P ′
1 = P(E ′) ¿÷^ (4.3.1) ¥�

PÒ¶K j × 1 ´��4E\ (I, 4.3.1)§¿��ì (4.1.2.1) Ú (I, 9.1.5)§·�k

(j × 1)∗(OP1(1) ⊗ OP2(1)) = j∗(OP1(1)) ⊗ OP2(1)) = OP ′
1
(1) ⊗ OP2(1) §

����Ó�¶l
·���ó�g (4.2.8) Ú (4.2.9)"

(4.3.5) 3 (4.3.1) �PÒe§� ψ : Y ′ → Y ´����§¿�- E ′ = ψ∗E , F ′ =

ψ∗F ¶K Segre �� P(E ′) × P(F ′) → P(E ′ ⊗ F ′) �±�Óu ζ(Y ′) "¯¢þ§÷
^ (4.3.1) �PÒ§¿�- P ′

1 = P(E ′), P ′
2 = P(F ′) ¶·��� (4.1.3.1) P ′

i �±�Ó
u (Pi)(Y ′) (i = 1, 2) §l
(��� P ′

1 ×P ′
2 → Y ′ �±�Óu r(Y ′) ",��¡§E ′⊗

F ′ �±�Óu ψ∗(E ⊗F ) §l
 P(E ′⊗F ′) �±�Óu (P(E ⊗F ))(Y ′) (4.1.3.1)"�
�§�ì (4.1.3.1) Ú (I, 9.1.11)§OP ′

1
(1)⊗Y ′ OP ′

2
(1) = L ′ �±�Óu L ⊗Y OY ′ "u´

;�Ó� (r(Y ′))∗(E ′ ⊗ F ′) → L ′ �±�Óu s(Y ′) §l
·���ó�g (4.2.10)"

5) (4.3.6) — P(E ) � P(F ) �ÚV/��±;�Ó�u P(E ⊕F ) ���4
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fV/"̄ ¢þ§÷Ó� E ⊕F → E , E ⊕F → F ©OéAX4E\ P(E ) → P(E ⊕
F ), P(F ) → P(E ⊕F ) ¶ùÒ8(�y² P(E ⊕F ) �ùü�fV/�.�mvk�
:"̄ K3 Y þ´ÛÜ5�§u´�±æ^ (4.3.1) ¥�PÒ¶y3 Sn(E) Ú Sn(F ) Ñ
�Óu Sn(E ⊕ F ) �f�§¿�§���8�k 0 ¶e p ´ S(E ) ���©g�n�§
¿�é?¿ n > 0 §þ÷v p ∩ Sn(E) 6= Sn(E) §K§éAX S(E ⊕ F ) ¥�ù���
©g�n�§T�n�� Sn(E) ��8´ p ∩ Sn(E) ¿��¹ S+(F ) §ù´²w�¶
l
 ProjS(E) Ú ProjS(F ) ¥�ü�:3 ProjS(E ⊕ F ) ¥Ø�Uk�Ó��"

4.4 ��Km�E\"4´��

·K (4.4.1) — � Y ´��[;©lV/½öäk Noether .�m�V/§q :

X → Y ´��k�.��§L ´���_ OX ��"
(i) � S ´��[và��©g OY �ê�§ψ : q∗S →

⊕
n>0

L ⊗n ´©g�ê

����Ó�"K�
¦ rL ,ψ ´??k½Â�¿�´��E\§7L��I�3�
��ê n > 0 Ú Sn ���k�.[và OY f�� E §¦�Ó� ψ′ : ψn ◦ q∗(j) :

q∗E → L ⊗n = L ′ ´÷�£j ´�¹\ E → Sn¤§¿��� rL ′,ψ′ : X → P(E ) ´
��E\"

(ii) � F ´��[và OY ��§ ϕ : q∗F → L ´��÷Ó�"K�
¦�
� rL ,ϕ : X → P(F ) ´��E\§7L��I�3 F ���k�.[và OY f�
� E §¦�Ó� ϕ′ = ϕ ◦ q(j) : q∗E → L ´÷�£Ù¥ j ´;�¹\¤§¿� rL ,ϕ′ :

X → P(E ) ´��E\"1©

(i) �â (3.8.5) §rL ,ψ ??k½Â¿�´E\ù�¯��du�3 n > 0 Ú E ¦
�Ó� q∗E → L ⊗n ´÷�¿� rL ,ψ′ : X → ProjS ′ ´��??k½Â�E\§Ù
¥ S ′ ´ E 3 S ¥¤)¤�f�ê�",��¡§·�k��;�÷Ó� S(E ) →
S ′ §§éAX��4E\ ProjS ′ → P(E ) (3.6.2)¶��(Ø"

(ii) du F ´§�k�.[vàf�� Eλ �8B4� (I, 9.4.9)§�� S(F ) �
´Ã S(Eλ) �8B4�¶u´d (3.8.4)Ò�±íÑ(Ø§�I5¿�3 (3.8.4) �y²
¥§�±�¤k� ni Ñ�u 1 =�µ̄ ¢þ£b� Y ´���¤§e r = rL ,ϕ ´��
E\§K r(X) ´ P(F ) ���[;f�m§l
�±^k��/X D+(f) (f ∈ F ) �
m8r§CXå5§¿¦� D+(f) ∩ r(X) Ñ´4�"

½Â (4.4.2) — � Y ´��V/§q : X → Y ´����"¤¢���_ OX �
� L �éu q ´4´�� (très ample)£½¡�éu Y ´4´��§½{¡4´��§
��Ø¬E¤Ø)"È5µ±eò{¡ L ´ q 4´��§½ Y 4´��¤§´��3
��[và OY �� E Ú�� Y E\ i : X → P = P(E )§¦� L

∼−→ i∗(OP (1)) "

1©È5µ31 IV Ù� (1.7.13) ¥§d·Kò��U?"
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ù���u (4.2.3) `�3��[vàOY �� E Ú��÷Ó� ϕ : q∗E → L §
¦� rL ,ϕ : X → P(E ) ´��E\"

5¿�d Y 4´� OX ����35�±íÑ q ´©l� ((3.1.3) Ú (I, 5.5.1,

(i) 9 (ii)))"

íØ (4.4.3) — b��3��[và�©g OY �ê� S §d S1 ¤)¤§¿�
�3�� Y E\ i : X → P = ProjS §¦� L Ó�u i∗(OP (1))¶K L ´ q 4´�
�"

¯¢þ§e F = S1 §K;�Ó� S(F ) → S ´÷�§l
r§¤éA�4
E\ ProjS → P(F ) �E\ i Ü¤§Ò����E\ j : X → P(F ) = P ′ §¿¦
� L Ó�u j∗(OP ′(1)) (3.6.3)"

·K (4.4.4) — � q : X → Y ´��[;��§L ´���_ OX ��"K±
eÃ5�´�d�µ

a) L ´ q 4´��"
b) q∗L ´[và�§;�Ó� σ : q∗q∗L → L ´÷�§¿��� rL ,σ : X →

P(q∗L ) ´��E\"

du q ´[;�§��e q ´©l�§K q∗L ´[và� (I, 9.2.2)"

·��� (3.4.7) e�3��÷Ó� ϕ : q∗E → L£E ´��[vàOX ��¤§
K σ ´÷�¶?
 ϕ �©) q∗E → q∗q∗L

σ−→ L ;�/éAX��©)

q∗S(E ) −→ q∗S(q∗L ) −→
⊕
n>0

L ⊗n §

l
 (3.8.3) rL ,ϕ ´E\�^�¿�X j = rL .σ �´Xd¶?
 (4.2.4)§- P ′ =

P(q∗(L )) §K L Ó�u j∗(OP ′(1)) "l
·�w� a) Ú b) ´�d�"

íØ (4.4.5) — b� q ´[;�"K�
¦ L ´ Y 4´��§7L��I�
3 Y ���mCX (Uα)§¦�z� L |q−1(Uα) Ñ´ Uα 4´��"

¯¢þ§(4.4.4) ¥�^� b) 3 Y þ´ÛÜ5�"

·K (4.4.6) — � Y ´��[;©lV/½öäk Noether .�m�V/§q :

X → Y ´��k�.��§L ´���_ OX ��"K (4.4.4) ¥�^� a), b) ��
e¡ü�^��dµ

a′) �3��k�.[và OX �� E Ú��÷Ó� ϕ : q∗E → L §¦� rL ,ϕ ´
��E\"

b′) �3 q∗(L ) ���k�.[và OX f�� E §§äk a′) ¥¤ã�5�"1©

1©È5µ31 IV Ù� (1.7.13) ¥§d·Kò��U?"
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´� a′) ½ b′) Ñ%º a)¶,��¡§�ì (4.4.1)§a) %º a′)§Ón b) %º b′)"

íØ (4.4.7) — b� Y ´��[;©lV/½ö Noether V/"e L ´ q 4´
��§K�±é���[và�©g OY �ê� S §d S1 ¤)¤§¿�é���<
í5� Y mE\ i : X → P = Proj S §¦� L Ó�u i∗(OP (1)) "1©

¯¢þ§(4.4.6) �^� b′) ´¤á�¶u´(��� p : P(E ) = P ′ → Y ´©
l�k�.� (3.1.3)§l
e Y ´[;©lV/£�A�§Noether V/¤§K P ′ �
´Xd"� Z ´E\ j = rL ,ϕ : X → P ′ �N�fV/�V4� (I, 9.5.11)¶K´
� j �±©)�;�¹\ Z → P ′ Ú��<í5mE\ i : X → Z ",
 Z �±�Ó
uù���V/ ProjS §Ù¥ S ´©g OY �ê� S(E ) Ø±§�,�[và©g
n����û�ê� (3.6.2)§l
´� S1 ´k�.�§¿�)¤ S ¶?
 OZ(1)Ò
´ OP ′(1) 3;�¹\e�_� (3.6.3)§l
 L = i∗(OZ(1)) "

·K (4.4.8) — � q : X → Y ´����§L ´�� q 4´�� OX ��§L ′ ´
���_ OX ��§¿��3��[và OY �� E ′ Ú��÷Ó� q∗E ′ → L ′ "K
L ⊗OX

L ′ ´ q 4´��"

¯¢þ§cJ^�L²§�3�� Y �� r′ : X → P ′ = P(E ′) ¦� L ′ =

r′
∗(OP ′(1)) (4.2.1)"�âcJ^�§�3��[vàOY �� E Ú�� Y E\ r :

X → P = P(E ) §¦� L = r′
∗(OP (1)) "- Q = P(E ⊗ E ′) §�Ä Segre �� ζ :

P ×Y P ′ → Q (4.3.1)"du r ´��E\§�� (r, r′)Y : X → P ×Y P ′ �´Xd (I,

5.3.14)¶,
 ζ ´��E\ (4.3.3)§l
 r′′ : X
(r,r′)−→ P ×Y P ′ ζ−→ Q �´Xd",�

�¡ (4.3.2.1)§ζ∗(OQ(1)) Ó�u OP (1) ⊗Y OP ′(1) §l
 (I, 9.1.4) r′′
∗(OQ(1)) Ó�

u L ⊗ L ′ §ùÒy²
·K"

íØ (4.4.9) — � q : X → Y ´����"
(i) � L ´���_ OX ��§K ´���_ OY ��"K�
¦ L ´ q 4´

��§7L��I L ⊗ q∗K ´Xd"
(ii) e L Ú L ′ ´ü� q 4´�� OX ��§K L ⊗L ′ �´Xd¶AO�§é?

¿ n > 0§L ⊗n Ñ´ q 4´��"

(ii) �d (4.4.8) á�§Ó��±�� (i) �7�5¶,��¡§e L ⊗ q∗K ´4
´��§K (L ⊗ q∗K ) ⊗ q∗(K −1) �´Xd§ù´�âþ¡¤ã§�¡ù� OX �
�ÒÓ�u L (0, 5.4.3 Ú 5.4.5)"

·K (4.4.10) — (i) � Y ´��V/§K?Û�_ OY �� L Ñ´ 1Y 4´�
�§1Y ´ Y þ�ðÓ��"

(i U) � f : X → Y ´����§j : X ′ → X ´��E\"e L ´�� f 4´

1©È5µ31 IV Ù� (1.7.13) ¥§d·Kò��U?"
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�� OX ��§K j∗L ´ f ◦ j 4´��"
(ii) � Z ´��[;V/§f : X → Y ´��k�.��§g : Y → Z ´��[

;��§L ´�� f 4´�� OX ��§K ´�� g 4´�� OY ��"K�±é
����ê n0 > 0§¦�� n > n0 �§L ⊗ f∗(K ⊗n) Ñ´ g ◦ f 4´��"

(iii) � f : X → Y, g : Y ′ → Y ´ü���§¿�- X ′ = X(Y ′) "e L ´�
� f 4´�� OX ��§K L ′ ´�� f(Y ′) 4´�� OX′ ��"

(iv) � fi : Xi → Yi (i = 1, 2) ´ü� S ��"e Li ´�� fi 4´�� OXi �
� (i = 1, 2)§K L1 ⊗S L2 ´ f1 ×S f2 4´��"

(v) � f : X → Y, g : Y → Z ´ü���"e�� OX �� L ´ g ◦ f 4´��§
K L �´ f 4´��"

(vi) � f : X → Y ´����§j ´;�¹\ Xred → X "e L ´�� f 4´�
� OX ��§K j∗L ´ fred 4´��"

5� (i U) �d½Â (4.4.2) á�§¿�´� (vi) �d (i U) Ú (v) íÑ§Uì (I,

5.5.12) ¥��{§[!3�Öö"�
y² (v)§� (I, 5.5.12) Ó�§·��Ä©
)X

Γf−→ X ×Z Y
p2−→ Y §Ù¥ p2 = (g ◦ f)× 1Y "dcJ^�Ú (i), (iv) �§L ⊗OZ

OY ´ p2 4´��¶,��¡§·�k L = Γ∗
f (L ⊗OZ

OY ) (I, 9.1.4)§¿� Γf ´�
�E\ (I, 5.3.11)¶l
�±¦^ (i U)"

�
y² (i)§�±r½Â (4.4.2) A^� E = L þ§5¿�d� P(E ) �±�Ó
u Y (4.1.4)"

e¡y² (iii)"�3��[vàOY �� E Ú�� Y E\ i : X → P(E ) = P §¦
� L = i∗(OP (1)) ¶u´e- E ′ = g∗E §K E ′ ´��[vàO ′

Y ��§�·�k P ′ =

P(E ′) = P(Y ′) (4.1.3.1)§i(Y ′) ´��l X(Y ′) � P ′ �E\ (I, 4.3.2)§¿� L ′ Ó�
u (i(Y ′))∗(OP ′(1)) (4.2.10)"

y3y² (iv)§5¿��âcJ^�§�3�� YiE\ ri : Xi → Pi = P(Ei) §Ù
¥ Ei ´��[vàOYi ��§¿� Li = r∗i (OPi(1)) (i = 1, 2) ¶K rx ×S r2 ´ X1 ⊗S

X2 � P1 ×S P2 ���E\ (I, 4.3.1)§¿� OP1(1) ⊗S OP2(1) 3ù�E\e�_�Ò
´ L1 ⊗S L2 ",��¡§- T = Y1 ×S Y2 §¿� p1, p2 ©O´ T � Y1, Y2 �ÝK"u
´e- P ′

i = P(p∗1Ei) (i = 1, 2) §K�â (4.1.3.1) ·�k P ′
i = Pi ×Yi T §��

P ′
1×T P ′

2 = (P1×Y1T )×T (P2×Y2T ) = P1×Y1(T×Y2P2) = P1×Y1(Y1×SP2) = P1×SP2

����;�Ó�"Ó��§·�k OP ′
i
(1) = OPi(1) ⊗Yi OT (4.1.3.2)§¿���a

q�O�£Ì�Äu (I, 9.1.9.1 Ú 9.1.2)¤L²§3þã�Óe§OP ′
1
(1) ⊗T OP ′

2
(1) �

±�Óu OP1(1) ⊗T OP2(1) "l
�±r r1 ×S r2 w�´��l X1 ×S X2 � P ′
1 ×T

P ′
2 � TE\§Ï� OP ′

1
(1) ⊗T OP ′

2
(1) 3TE\e�_�Ò´ L1 ⊗S L2 "u´|^

(4.4.8) ¥��{¿¦^ Segre ��Ò�±�¤y²"
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��2y² (ii)§�±�u�Ä Z ´����V/��/§Ï�3���¹e§Z

k��d��m8¤|¤�k�CX (Ui) ¶u´e·Kéu K |g−1(Ui), L |f−1(g−1(Ui))

Ú�ê ni Ñ´¤á�§K�I� n0 ´Ã ni ¥���ö§Ò�±y²·Kéu K Ú L

´¤á� (4.4.5)"cJ^�`² f Ú g Ñ´©l��§l
 X Ú Y Ñ´[;©lV
/"

�ì (4.4.6)§�3��E\ r : X → P = P(E ) §Ù¥ E ´��k�.[v
àOY ��§¿� L = r∗(OP (1)) "·�y3y²§�3���éuÜ¤�� P

h−→
Y

g−→ Z 4´�� OP �� M §¦�é,��ê m §OP (1) Ó�u M ⊗Y K ⊗(−m) "
r (iv) A^��� h : P → Y Ú 1Y þ§��ìcJ^�§·���éu n > m +

1 §OP (1) ⊗Y K ⊗n Ñ´ Z 4´��¶du r ´��E\§¿� L ⊗ f∗(K ⊗n) =

r∗(OP (1) ⊗Y K ⊗n) §�d (i U)Ò�±íÑ(Ø"�
y²'u OP (1) ��ó§·
�¦^e¡�Únµ

Ún (4.4.10.1) — � Z ´��[;©lV/½öäk Noether .�m�V/§
g : Y → Z ´��[;��§K ´�� g 4´���_ OY ��§E ´��k�.[
và OY ��"K�±é����ê m0 §¦�é?¿ m > m0 §E ÑÓ�u��/
X g∗F ⊗K ⊗(−m) � OY ���û��§Ù¥ F ´��k�.[và OZ ��£�6
u m¤"1©

ù�Únò3 (4.5.10.1) ¥y²¶Öö�±�y§·�3 n◦ 4.5 ¥¿vk^�
(4.4.10)"

k«@ù�Ún§K�3��l P �

P1 = P(g∗F ⊗ K ⊗(−m))

�4E\ j1 §¦� OP (1) Ó�u j∗1 (OP1(1)) (4.1.2)",��¡§�3��l P1 � P2 =

P(g∗F ) þ�Ó�§§r OP1(1) �Óu OP2(1)⊗Y K ⊗(−m) (4.1.4)¶l
·�k��
4E\ j2 : P → P2 §¦� OP (1) Ó�u j∗2 (OP2(1))⊗Y K ⊗(−m) "��§P2 �±�Ó
u P3 ⊗Z Y §Ù¥ P3 = P(F ) §¿� OP2(1) �±�Óu OP3(1) ⊗Z OY (4.1.3)"�â
½Â§OP2(1) ´ Z 4´��¶du K �´ Z 4´��§�d (iv) ��§OP2(1) ⊗Y

K ´ Z 4´��¶l
�ì (i U)§M = j∗2 (OP2(1)⊗Y K ) �´Xd§¿� OP (1) �
±Ó�u M ⊗Y K ⊗(−m−1) §ùÒ�¤
y²"

·K (4.4.11) — � f : X → Y, f ′ : X ′ → Y ´ü���§X ′′ ´§��ÚV
/ X

∐
X ′ §f ′′ : X ′′ → Y ´ù�����µ§3 X£�A�§X ′¤þ� f£�A

�§f ′¤́ ­Ü�"� L£�A�§L ′¤́ ���_ OX£�A�§OX′¤��§¿
� L ′′ ´ù��� OX′′ ��µ§3 X£�A�§X ′¤þ� L£�A�§L ′¤́ ­Ü

1©È5µ31 IV Ù� (1.7.13) ¥§d·Kò��U?"



§4. �Km"́ �� · 83 ·

�"u´�
¦ L ′′ ´ f ′′ 4´��§7L��I L ´ f 4´��¿� L ′ ´ f ′ 4´
��"

¯K�±á=8(� Y ´��V/��/"�ì (4.4.10, (i U))§e L ′′ ´4´
��§K L Ú L ′ Ñ´Xd"�L5§e L Ú L ′ Ñ´4´��§Kd½Â (4.4.2) Ú
(4.3.6) á� L ′′ ´4´��"

4.5 ´��

(4.5.1) �
��V/ X Ú���_ OX �� L §é?¿ OX �� F£��'
u L Ø�3Ø)�{¤§·�- F (n) = F ⊗OX

L ⊗n (n ∈ Z) ¶,��¡§- S =⊕
n>0

Γ(X, L ⊗n)£§´ (0, 5.4.6) ¥¤½Â�©g� Γ∗(L ) ���©gf�¤"e·�

r X w�´�� Z V/§¿r(��� X → Spec Z P� p §K3©g OX �ê�
Ó� p∗S̃ →

⊕
n>0

L ⊗n �©g� S �gÓ��mk����éA (I, 2.2.5)¶AO�§

� S �ðÓgÓ��éA�Ó� ε : p∗S̃ →
⊕
n>0

L ⊗n ò�¡�;��"¿�§¤é

A (3.7.1) ��� G(ε) → ProjS ��¡�;��"

½n (4.5.2) — � X ´��[;©lV/½öäk Noether .�m�V/§L

´���_ OX ��§S ´©g�
⊕
n>0

Γ(X, L ⊗n) "K±eÃ^�´�d�µ

a) � f �H S+ �àg��8Ü�§Ã Xf �¤ X ���ÿÀÄ"
a′) � f �H S+ �àg��8Ü�§Ã Xf ¥���m8�¤ X ���CX"
b) ;��� G(ε) → ProjS (4.5.1) ´??k½Â�§¿�´��<í5mE\"
b′) ;��� G(ε) → ProjS (4.5.1) ´??k½Â�§ ¿�´l X �.�m

� ProjS ���f�mþ�Ó�"
c) é?¿[và OX �� F §e·�r F (n) ¥d�N�¡¤)¤� OX f�

�P� Fn §K F ´§�Ã OX f�� Fn(−n) (n > 0) �Ú"
c′) 5� c) éu OX �[vàn��Ñ´¤á�"
?
§e (fα) ´ S+ ¥��xàg�§¿� Xfα Ñ´��m8§K;��� X →

ProjS 3
⋃
α

Xfα þ���´
⋃
α

Xfα �
⋃
α

(ProjS)fα þ���Ó�"1©

b) %º b′) ´w,�§¿� b′) %º a) ´�âúª (3.7.3.1)£k�u ε[ ´ðÓ�
¯¢¤"^� a) %º a′)§Ï�z� x ∈ X Ñk����m�� U ¦� L |U Ó�
u OX |U ¶e f ∈ Γ(X, L ⊗n) ¦� x ∈ Xf ∈ U §K Xf �´d¤k÷v (f |U )(x′) 6=
0 �: x′ ∈ U ¤|¤�8Ü§l
´����m8 (I, 1.3.6)"�
y² a′) %º b)§�
Iy²�����ó§Ó��y (3.8.2) ¥�^� (iv) éu X =

⋃
α

Xfα ´¤á�"��

1©È5µ31 IV Ù� (1.7.14) ¥§d·Kò��U?"



· 84 · 1�Ù Aa����N5�

¯¢�d (I, 9.3.1, (i)) á�"�u (4.5.2) ������ó§du Xfα ´ (ProjS)fα 3
G(ε) → ProjS e�_�§��IA^ (I, 9.3.2)"l
 a), a′), b), b′) Ñ´�d�"

�
y² a′) %º c)§5¿�e Xf ´���£Ù¥ f ∈ Sk¤§K F |Xf
´d§�

�N�¡¤)¤� (I, 1.3.9)¶,��¡ (I, 9.3.1, (ii))§ù����¡ s oäk (t|Xf
)⊗

(f |Xf
)−m �/G§Ù¥ t ∈ Γ(X, F (km)) ¶�â½Â§t �´ Fkm ����¡§l


 s ´ Fkm(−km) 3 Xf þ����¡§ùÒy²
 c)"´� c) %º c′)§��2y
² c′) %º a)",K§� U ´ x ∈ X ���m��§¿� J ´ OX �ù���[và
n��§§¤½Â�4fV/± X − U �.�m (I, 5.2.1)"Kd^� c′) �±íÑµ
�3���ê n > 0 Ú J (n) ����N�¡ f §¦� f(x) 6= 0 "u´´� f ∈ Sn §
¿� x ∈ Xf ⊂ U §ùÒy²
 a)"

e X ´��äk Noether .�m�V/§K (4.5.2) ¥��d^�%ºX X ´�
�©lV/§Ï��ì (4.5.2, b))§§Ó�u©lV/ ProjS ���fV/"

½Â (4.5.3) — ¤¢���_ OX �� L ´´�� (ample)§´� X ´��[
;©lV/¿� L ÷v (4.5.2) ¥��d^�"

d�O{ (4.5.2, a)) ´�§e L ´��´� OX ��§Kéu X �?¿m8 U §
L |U Ñ´��´� (OX |U ) ��"

d (4.5.2) �y²L§��§Ã Xf ¥���m8®²�¤
 X ���ÿÀÄ"?

µ

íØ (4.5.4) — � L ´��´� OX ��"Kéu X �?¿k�f8 Z Ú Z �
?¿�� U §þ�é����ê n Ú�� f ∈ Γ(X, L ⊗n)§¦� Xf ´ Z ����¹
3 U ¥���m��"

�ì (4.5.2, b))§�±�uy²é ProjS �?¿k�f8 Z ′ Ú Z ′ �?¿m�
� U §þ�é���àg� f ∈ S+ §¦� Z ′ ⊂ (ProjS)f ⊂ U (2.4.1)",K§�
â½Â§U 3 ProjS ¥�Ö8 Y ´��48§l
äk V+(J) �/G§Ù¥ J ´ S �
��Ø�¹ S+ �©gn� (2.3.2)¶,��¡§�â½Â§Z ′ ¥�:´ S+ ��
Ø
�¹ J �©g�n� pi (2.3.1)"l
�±é����� f ∈ J §§Øáu?Û�� pi

(Bourbaki,5���êÆ6, II, § 1, n◦ 1, ·K 2)§duÃ pi Ñ´©g�§�
cÚ¥
�y²�{�L²§�±b� f ´àg�¶ù���Ò÷v·���¦"

·K (4.5.5) — b� X ´��[;©lV/½öäk Noether .�m�V/"
K (4.5.2) ¥�^� a) � c′) ��due¡�^�µ

d) é?¿k�.[và OX �� F §þ�é����ê n0 §¦�� n > n0 �§
F (n) Ñ�d§��N�¡¤)¤"

d′) é?¿k�.[và OX �� F §þ�é�ü��ê n > 0, k > 0§¦
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� F Ó�u OX �� L ⊗(−n) ⊗ Ok
X ���û��"

d′′) 5� d′) éu OX �z��k�.[vàn��Ñ¤á"1©

du X ´[;�§��ek��k�.�[vàOX �� F ¦� F (n)£�´
k�.�¤�d§��N�¡¤)¤§K F (n) o�±dk���N�¡¤)¤ (I,

9.4.9)§l
 d) %º d′)"d′) %º d′′) ´w,�"du?Û[vàOX �� G Ñ´§
�k�. OX f���8B4� (I, 9.4.9)§l
�
�y (4.5.2) ¥�^� c′)§�I
é OX �k�.[vàn��?1�y=�§l
 d′′) %º c′)"��2y²e L ´´
��§K5� d) ¤á"�Ä X ���d Xfi (fi ∈ Sni) ¤|¤�k�CX§�±b�
Ã Xfi Ñ´��m8¶dur fi ,p·����Ø¬UC Xfi §��b�¤k� ni Ñ
�Ó���ê� m "�âcJ^�§� F |Xfi

´k�.�§l
�d§3 Xfi þ�k
���¡ hij ¤)¤ (I, 1.3.13)¶u´�3���ê k0 §¦�é?¿�| (i, j) §hij ⊗
f⊗k0

i Ñ�±òÿ� F (k0m) ��N�¡ (I, 9.3.1)"l
� k > k0 �§Ã hij ⊗ f⊗k
i �

Ñ�±òÿ� F (km) ��N�¡§¿� F (km) �dù
�¡¤)¤"éu 0 < p <

m §F (p) �´k�.�§l
�3�ê kp §¦�� k > kp �§F (p)(km) = F (p +

km) Ñ�d§��N�¡¤)¤"� n0 ´��'¤k kpm Ñ���ê§K� n >
n0 �§F (n) Ñ�d§��N�¡¤)¤§Ï�ù�� n o�±�¤ n = km + p �
/ª§Ù¥ k > kp, 0 6 p < m "

·K (4.5.6) — � X ´[;©lV/§L ´���_ OX ��"
(i) � n ´�� > 0 ��ê"K�
¦ L ´´��§7L��I L ⊗n ´´��"
(ii) � L ′ ´���_ OX ��§b�é?¿ x ∈ X §þ�é����ê n >

0 Ú L ′⊗n ����N�¡ s′ §¦� s′(x) 6= 0 "u´e L ´´��§K L ⊗L ′ �´
Xd"

5� (i) ´ (4.5.2) ¥�^� a) �w,íØ§Ï� Xf⊗n = Xf ",��¡§e L ´
´��§Ké?¿ x ∈ X Ú x �?¿�� U §þ�é� m > 0 Ú f ∈ Γ(X, L ⊗m) §¦
� x ∈ Xf ⊂ U (4.5.2, a))¶e f ′ ∈ Γ(X, L ′⊗n) ÷v f ′(x) 6= 0 §Kéu s = f⊗n ⊗
f ′⊗m ∈ Γ(X, (L ⊗ L ′)⊗mn) §·�k s(x) 6= 0 §l
 x ∈ Xs ⊂ Xf ⊂ U §ùÒy²

 L ⊗ L ′ ´´�� (4.5.2, a))"

íØ (4.5.7) — ü�´� OX ���ÜþÈ�´´��"

íØ (4.5.8) — � L ´��´� OX ��§L ′ ´���_ OX ��¶K�±é
����ê n0 > 0§¦�� n > n0 �§L ⊗n ⊗ L ′ Ñ´´��§¿��d§��N
�¡¤)¤"

¯¢þ§d (4.5.5) �§�3���ê m0 ¦�� m > m0 �§L ⊗m ⊗ L ′ �d§
��N�¡¤)¤¶l
�â (4.5.6)§�±� n0 = m0 + 1 "

1©È5µ31 IV Ù� (1.7.14) ¥§d·Kò��U?"
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5) (4.5.9) — � P = H1(X, O∗
X) ´�_ OX ���a+ (0, 5.4.7)§¿� P+ ´

d´���a¤|¤� P �f8"b� P+ Ø´��"Kd (4.5.7) Ú (4.5.8) �§·�
k

P+ + P+ ⊂ P+ § P+ − P+ = P §

�é{`§er P+ ∪ {0}¥���¡� P ¥����§K·��±�� P þ���
OS(�§§� P þ�+(�´�N�§¿�$�´ Archimede �§ù´�â (4.5.8)"
ùÒ´,
©zr´��¡�/��0§¿�r´���_¡�/K�0��Ï£·
�Øæ^ù«�{¤"

·K (4.5.10) — � Y ´����V/§q : X → Y ´��[;©l��§L ´
���_ OX ��"

(i) e L ´ q 4´��§K L ´´��"
(ii) ?
b��� q ´k�.�"K�
¦ L ´´��§7L��I§äke

¡ü��d5���µ
e) �3 n0 > 0 ¦�� n > n0 � L ⊗n Ñ´ q 4´��"
e′) �3 n > 0 ¦� L ⊗n ´ q 4´��"

1���ó�g4´� OX ���½Â (4.4.2)µe A ´ Y ��§Kk�� A �
E Ú��÷Ó�

ψ : q∗
(
(S(E)) ˜ )

−→
⊕
n>0

L ⊗n

¦� i = rL ,ψ ´��??k½Â�E\ X → P = P(Ẽ) §¿�·�k L = i∗(OP (1)) ¶
duÃ D+(f)£f ´ (S(E))+ ¥�àg�¤�¤ P ���ÿÀÄ§¿� i−1(D+(f)) =

Xψ[(f) (3.7.3.1)§�·�w� (4.5.2) ¥�^� a) ��÷v§l
 L ´´��"

e¡y²§e q ´k�.�§¿� L ´´��§K L ÷v^� e)"Äk§d (4.5.2)

��O{ b) Ú (4.4.1, (i)) �§�3���ê k0 > 0 ¦� L ⊗k0 ´ q 4´��",
��¡§�ì (4.5.5)§�3���ê m0 §¦�� m > m0 � L ⊗m Ñ´d§��
N�¡¤)¤�"- n0 = k0 + m0 ¶u´e n > n0 §K·�k n = k0 + m §
Ù¥ m > m0 §�� L ⊗n = L ⊗k0 ⊗ L ⊗m "du L ⊗m �d§��N�¡¤)
¤§�d (4.4.8) Ú (3.4.7) �§L ⊗n ´ q 4´��"��§´� e) %º e′)§¿��
ì (i) Ú (4.5.6, (i))§e′) %º L ´´��"

(4.5.10.1) Ún (4.4.10.1) �y² — - E (n) = E⊗K ⊗n ¶du g ´©l� (4.4.2)§
�� (3.4.8) �y²�{�±¦^§̄ K8(�y²é¿©�� n ;�Ó� g∗g∗(E (n))

→ E (n) Ñ´÷�"?
§du Z ´[;�§l
¦^ (3.4.6) ��{q�±r¯K8
(� Z ´��V/��/",K§�ì (4.5.10, (i))§d� K ´´��§l
d (4.5.5,

d′))Ò�±íÑ(Ø"
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íØ (4.5.11) — � Y ´����V/§q : X → Y ´��k�.©l��§L

´��´���_ OX ��§L ′ ´���_ OX ��"K�±é����ê n0 §¦
�� n > n0 � L ⊗n ⊗ L ′ Ñ´ q 4´��"

¯¢þ§�±é� m0 §¦�� m > m0 � L ⊗m ⊗L ′ Ñ´d§��N�¡¤)
¤� (4.5.8)¶,��¡§�±é� k0 §¦�� k > k0 � L ⊗k Ñ´ q 4´��"l

� k > k0 � L ⊗(k+m0) ⊗ L ′ Ñ´4´�� ((4.4.8) Ú (3.4.7))"

5) (4.5.12) — ·�Ø��XJ�� OX �� L ¦� L ⊗n ´4´��£�é
u q¤§KÓ��(Øé L ⊗n+1 ´Ä¤á"

·K (4.5.13) — � X ´��[;V/§Z ´ X ���4fV/§d OX ��
��"[vàn�� J ¤½Â§j ´;�¹\ Z → X "K�
¦���_ OX �
� L ´´��§7L��I L ′ = j∗L ´��´� OZ ��"

^�´7��"¯¢þ§éu L ⊗n �?¿�N�¡ f §� f ′ ´§�;�� f ⊗
1 §§´ L ′⊗n = L ⊗n ⊗OX

(OX/J ) 3�m Z£��m X ´���¤þ��¡¶´
� Xf = Zf ′ §l
 (4.5.2) ��O{ a) L²§L ′ ´´��"

�
y²^�´¿©�§Äk5¿�¯K�±8(� J 2 = 0 ��/§Ï��
±�ÄV/�£k�¤S� Xk = (X, OX/J k+1) §Ù¥z��Ñ´����4fV
/§¿�d��²��"�n�¤½Â",	 X ´��©lV/§Ï��âcJ^
� Xred ´©l� (4.5.3 Ú I, 5.5.1)"u´ (4.5.2) ��O{ a) L²§·��Iy²

Ún (4.5.13.1) — 3 (4.5.13) �cJ^�e§?
b� J ´²��"�¶�

���_ OX �� L §� g ´ L ′⊗n 3 Z þ����¡§¿¦� Zg ´���"K�
±é����ê m > 0§¦� g⊗m ´ L ⊗nm ����N�¡ f �;��"

·�k OX ����ÜS�

0 −→ J (n) −→ OX(n) = L ⊗n −→ OZ(n) −→ L ′⊗n −→ 0 §

Ï� F (n) �� F �¼f´�Ü�¶�kþÓN�ÜS�

0 −→ Γ(X, J (n)) −→ Γ(X, L ⊗n) −→ Γ(X, L ′⊗n) ∂−→ H1(X, J (n)) "

AO�§g �Ñ���� ∂g ∈ H1(X, J (n)) "

du J 2 = 0 §�·��±r J w�´��[vàOZ ��§¿�é?¿ k §þ
k L ′⊗k ⊗OZ

J (n) = J (n + k) ¶l
é?¿�¡ s ∈ Γ(X, L ′⊗k) §� s �ÜþÈ
�$�Ñ´�� OZ ��Ó� J (n) → J (n + k) §Ï
§�Ñ��þÓN+�Ó
� Hi(X, J (n)) s−→ Hi(X, J (n + k)) "
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Od§·�e¡y²§éu,�¿©�� m > 0 §·�k

(4.5.13.2) g⊗m ⊗ ∂g = 0 "

¯¢þ§Zg ´ Z �����m8§l
·�k H1(Zg,J (n)) = 0 §ùp·�r J (n)

w�´�� OZ �� (I, 5.1.9.2)"AO�§e- g′ = g|Zg §¿�Ä§3N� ∂ : Γ(Zg,

L ′⊗n) → H1(Zg,J (n)) e��§Kk ∂g′ = 0 "�
äN�Ñù�'Xª§5¿�
3 1 �� Abel +��þÓN� Čech þÓN´��� (G, II, 5.9)¶l
�
�Ñ ∂g §
�I�Ä X ���¿©°[�mCX (Uα) §�±b�ù�CX´k��§¿�d�
�m8¤|¤§éz�� α §����¡ gα ∈ Γ(Uα,L ⊗n) ¦�§3 Γ(Uα,L ′⊗n) ¥
�;��´ g|Uα §�Äþ� (gα|β−gβ|α) �a§Ù¥ gα|β ´ gα 3 Uα∩Uβ þ���£ù
�þ���3 J (n) ¥¤"?
�±b� ∂g′ �dCX (Uα ∩Zg) Ú�� gα|(Uα∩Zg) U
ìÓ��{5O�£7��r (Uα) �¤���°[�CX¤¶d�'Xª ∂g′ = 0 ¿
�X§ éz�� α Ñ�±é����¡ hα ∈ Γ(Uα ∩ Zg,J (n)) § ¦� (gα|β−
gβ|α)|(Uα∩Uβ∩Zg) = hα|β − hβ|α §Ù¥ hα|β ´� hα 3 Uα ∩ Uβ ∩ Zg þ��� (G, II,

5.11)"âd§�3���ê m > 0 §¦�é?¿ α §g⊗m ⊗ hα Ñ´,��¡ tα ∈
Γ(Uα,J (n + nm)) 3 Uα ∩ Zg þ��� (I, 9.3.1)¶l
é?¿�é�I α, β §þ
k g⊗m ⊗ (gα|β − gβ|α) = tα|β − tβ|α §ùÒy²
 (4.5.13.2)"

,��¡§5¿�e s ∈ Γ(X, OZ(p)), t ∈ Γ(X, OZ(q)) §K3+ H1(X, J (p +

q)) ¥·�k

(4.5.13.3) ∂(s ⊗ t) = (∂s) ⊗ t + s ⊗ (∂t) "

¯¢þ§�
O��mü�§�±À� X ���mCX (Uα) §¿�éz�� α §
À����¡ sα ∈ Γ(Uα,OX(p))£�A�§tα ∈ Γ(Uα,OX(q))¤§¦�§3 Γ(Uα,

OZ(p))£�A�§Γ(Uα,OZ(q))¤¥�;��Ò´ s|Uα£�A�§t|Uα ¤¶d�d'
Xª

(sα|β ⊗ tα|β) − (sβ|α ⊗ tβ|α) = (sα|β − sβ|α) ⊗ tα|β) + sβ|α ⊗ (tα|β − tβ|α)

£3Ó��PÒe¤Ò�±íÑ (4.5.13.3)"l
ÏLé k?18B�±��

(4.5.13.4) ∂(g⊗k) = (kg⊗(k−1)) ⊗ (∂g) §

2d (4.5.13.2) Ú (4.5.13.4) �±íÑ ∂(g⊗(m+1)) = 0 ¶l
 g⊗(m+1) ´ L ⊗m(m+1) �
,��N�¡ f �;��§ùÒ�¤
 (4.5.13) �y²"

íØ (4.5.14) — � X ´�� Noether ©lV/§j : Xred → X ´;�¹\"K
�
¦���_ OX �� L ´´��§7L��I j∗L ´��´� OXred ��"

ù�g (I, 6.1.6)"
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4.6 �é´��

½Â (4.6.1) — � f : X → Y ´��[;��§L ´���_ OX ��"¤
¢ L �éu f ´´��§½ö�éu Y ´´��§{¡ f ´��§½ö Y ´��£$
��±{¡�´��§��Ø¬� (4.5.3) ¥¤½Â�Vg�)· ¤§´��±é
� Y �����mCX (Uα)§¦�é?¿ α§ L |Xα Ñ´��´� OXα ��§Ù
¥ Xα = f−1(Uα) "

f ´�� OX ����35%ºX f 7,´©l� ((4.5.3) Ú (I, 5.5.5))"

·K (4.6.2) — � f : X → Y ´��[;��§L ´���_ OX ��"u´
e L ´ f 4´��§K L ´ f ´��"

ù´�g4´��ù�Vg�ÛÜ5£3 Y þ¤(4.4.5) ±9½Â (4.6.1) Ú�O
{ (4.5.10, (i))"

·K (4.6.3) — f : X → Y ´��[;��§L ´���_ OX ��"¿� S ´
©g OY �ê�

⊕
n>0

f∗(L ⊗n) "K±eÃ^�´�d�µ

a) L ´ f ´��"
b) S ´[và�§¿�;�Ó� σ : f∗S →

⊕
n>0

L ⊗n (0, 4.4.3) ¦ Y �� rL ,σ :

G(σ) → ProjS = P ¤���??k½Â�<í5mE\"
b′) �� f ´©l�§Y �� rL ,σ ´??k½Â�§¿�´ X �.�m� ProjS

���f�mþ�Ó�"
?
§�ù
^�¤á�§é?¿ n ∈ Z§(3.7.9.1) ¤½Â�;�Ó�

(4.6.3.1) r∗L ,σ(OP (n)) −→ L ⊗n

Ñ´��Ó�"
��§é?¿[và OX �� F §e- M =

⊕
n>0

f∗(F ⊗ L ⊗n)§K (3.7.9.2) ¤

½Â�;�Ó�

(4.6.3.2) r∗L ,σM̃ −→ F

Ñ´��Ó�"

5¿� a) %º f ´©l�§l
 L ´[và� (I, 9.2.2, a))"du rL ,σ ´�
�/??k½Â�E\0ù�5�3 Y þ´ÛÜ5�§��
y² a) %º b)§�±
b� Y ´���¿� L ´´��¶d�ù��ó�g (4.5.2, b))"´� b) %º b′)¶
��§�
y² b′) %º a)§�IÀ� Y �����mCX (Uα) §¿�éz��
� L |f−1(Uα) ¦^�O{ (4.5.2, b′))"
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éu���ü��ó§·��±¦^ σ[ ´ðÓù�¯¢§¿�rÓ� (3.7.9.1) Ú
(3.7.9.2)äN�Ñ5¶ddá� (4.6.3.1) ´��Ó�"�u (4.6.3.2)§�±8(� Y ´
��V/��/§l
 L ´´��¶´�Ó� (4.6.3.2) ´ü�§¿��O{ (4.5.2,

c)) qL²§´÷�§��(Ø"

íØ (4.6.4) — � (Uα) ´ Y ���mCX"K�
¦ L �éu Y ´´��§7
L��Ié?¿ α§L |f−1(Uα) �éu Uα Ñ´´��"

¯¢þ§̂ � b) 3 Y þ´ÛÜ5�"

íØ (4.6.5) — � K ´���_ OY ��§K�
¦ L ´ Y ´��§7L��
I L ⊗ f∗K ´Xd"

ù´ (4.6.4) ���²w�íØ§ ��� Uα ¦�£éz� α¤K |Uα ÑÓ�u
OY |Uα =�"

íØ (4.6.6) — b� Y ´���¶K�
¦ L ´ Y ´��§7L��I L ´
´��"

ù�d½Â (4.6.1) Ú�O{ (4.6.3, b)) 9 (4.5.2, b)) á�§Ï�d� ProjS =

Proj Γ(Y, S ) §ù´�â½Â"

íØ (4.6.7) — � f : X → Y ´��[;��"b��3��[và OY �
� E Ú�� Y �� g : X → P = P(E )§¦� g ´ X �.�m� P ���f�mþ
�Ó�¶K L = g∗(OP (1)) ´ Y ´��"

¯¢þ§�±b� Y ´���¶d�ù�íØ�g�O{ (4.5.2, a)) Úúª
(3.7.3.1) 9 (4.2.3)"

·K (4.6.8) — � X ´��[;©lV/½öäk Noether .�m�V/§f :

X → Y ´��[;©l��"K�
¦���_ OX �� L ´ f ´��§7L��
Ie��d^�����÷vµ

c) é?¿k�.[và OX �� F §þ�é����ê n0 > 0§¦�� n >
n0 �;�Ó� σ : f∗f∗(F ⊗ L ⊗n) → F ⊗ L ⊗n)) Ñ´÷�"

c′) éu OX �z�k�.[vàn�� J §þ�é����ê n > 0§¦�;
�Ó� σ : f∗f∗(F ⊗ L ⊗n) → F ⊗ L ⊗n)) ´÷�"1©

du X ´[;�§�� f(X) �´Xd§l
�±é� f(X) ���d Y ��
�m8¤|¤�k�CX (Ui) "� L ´ f ´��§�
y²^� c)§�±r Y �
¤ Ui §¿r X �¤ f−1(Ui) §Ï�XJéz�� i Ñ�±�����ê ni §¦�^
� c) ´¤á�£éu Ui, f−1(Ui) Ú L |f−1(Ui)¤§K�I� n0 ´Ã ni ¥���ö§Ò

1©È5µ31 IV Ù� (1.7.15) ¥§d·Kò��U?"
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�±���éu Y, X Ú L �^� c)"y3XJ Y ´���§Kk�u (4.6.6)§^
� c) �d (4.5.5, d)) íÑ"c) %º c′) ´w,�"��§�
y² c′) %º L ´ f ´�
�§E,�±�u�Ä Y ´��V/��/µ̄ ¢þ§OX |f−1(Ui) �z�k�.[v
àn�� Ji Ñ´ OX �,�k�.[vàn����� (I, 9.4.7)§¿�^� c′) %
º JI ⊗ (L ⊗n|f−1(Ui)) �d§��N�¡¤)¤£k�u (I, 9.2.2) Ú (3.4.7)¤¶l

�IA^�O{ (4.5.5, d′′))"

·K (4.6.9) — � f : X → Y ´��[;��§L ´���_ OX ��"
(i) � n ´�� > 0 ��ê"K�
¦ L ´ f ´��§7L��I L ⊗n ´ f ´�

�"
(ii) � L ′ ´���_ OX ��§¿b��3���ê n > 0 ¦�;�Ó� σ :

f∗f∗(L ′⊗n) → L ′⊗n ´÷�"u´e L ´ f ´��§K L ⊗ L ′ �´Xd"

¯¢þ§̄ Kw,�±8(� Y ´��V/��/§d�·K�d (4.5.6) á�"

íØ (4.6.10) — ü� f ´� OX ���ÜþÈ�´ f ´��"

·K (4.6.11) — � Y ´��[;V/§f : X → Y ´��k�.��§L ´
���_ OX ��"K�
¦ L ´ f ´��§7L��I§äke¡��d5��
�µ

d) �3 n0 > 0§¦�� n > n0 � L ⊗n Ñ´ f 4´��"
d′) �3 n > 0§¦� L ⊗n ´ f 4´��"

e L ´ f ´��§K�±é� Y ���k���mCX (Ui) §¦�Ã L |f−1(Ui)

Ñ´´��"dd�� (4.5.10)§�3���ê n0 §¦�é?¿ n > n0 Ú?¿ i §
L ⊗n|f−1(Ui) �éu f−1(Ui) → Ui Ñ´4´��§l
 L ⊗n ´ f 4´�� (4.4.5)"
�L5§d d′) �±íÑ L ⊗n ´ f ´�� (4.6.2)§l
 L �´Xd (4.6.9, (i))"

íØ (4.6.12) — � Y ´��[;V/§f : X → Y ´��k�.��§L , L ′

´ü��_ OX ��"e L ´ f ´��§K�±é� n0 §¦�� n > n0 � L ⊗n⊗L ′

Ñ´ f 4´��"

y²�{� (4.6.11) �Ó§¦^ Y ���k���mCX±9 (4.5.11)"

·K (4.6.13) — (i) 3��V/ Y þ§?Û�_ OY ���éuðÓ�� 1Y Ñ
´´��"

(i U) � f : X → Y ´��[;��§ j : X ′ → X ´��[;��§¿�
§´l X ′ �.�m� X ���f�mþ�Ó�"e L ´�� f ´�� OX ��§
K j∗L ´ f ◦ j ´��"

(ii) � Z ´��[;V/§f : X → Y, g : Y → Z ´ü�[;��§L ´�
� f ´�� OX ��§K ´�� g ´�� OY ��§K�3���ê n0 §¦�� n >
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n0 � L ⊗ f∗(K ⊗n) Ñ´ g ◦ f ´��"
(iii) � f : X → Y ´��[;��§ g : Y ′ → Y ´����§¿�- X ′ =

X(Y ′) "u´e L ´�� f ´�� OX ��§K L ′ = L ⊗ OY ′ ´�� f(Y ′) ´�
� OX′ ��"

(iv) � fi : Xi → Yi (i = 1, 2) ´ü�[; S ��"e Li ´�� fi ´�� OXi �
� (i = 1, 2)§K L1 ⊗ L2 ´ fx ×S f2 ´��"

(v) � f : X → Y, g : Y → Z ´ü���§¿¦� g ◦ f ´[;�"u´e�
� OX �� L ´ g ◦ f ´��§¿� g ´©l�½ö X �.�m´ÛÜ Noether �§
K L ´ f ´��"

(vi) � f : X → Y ´��[;��§j ´;�¹\ Xred → X "u´e L ´�
� f ´�� OX ��§K j∗L ´ fred ´��"

Äk5¿� (v) Ú (vi) �d (i), (i U) Ú (iv) �Ñ§�{� (4.4.10) �Ó§��
r (4.4.5) �¤ (4.6.4)¶·�r[!3�Öö£* (J\III, 18) — y²L§I�2²(
�e§Ï�3 (4.4.10) �PÒe§I�ky²E\ Γf ´[;�§â�±¦^ (i U)"�
ì (4.6.4)§�
y² L ´ f ´��§�±�u�Ä Y ´��V/��/"d	§5¿
�3 (v) �z�^�e f Ñ´[;� (I, 6.6.4)",��¡§e g ´©l�§K Γf ´�
�4E\ (I, 5.4.3)§l
´[;� (I, 6.6.4)"
e X ´ÛÜ Noether �§Kdu Y ´
���§¿� f ´[;�§�� X �.�m´[;�§l
´ Noether �§u´E�
¦^ (I, 6.6.4) 5y² Γf ´[;�"* ¤"�ó (i) �d (4.4.10, (i)) Ú (4.6.2) á�"�

y² (i U), (iii) Ú (iv)§·�I�e¡�Únµ

Ún (4.6.13.1) — (i) � u : Z → S ´����§L ´���_ OS ��§s ´
L ����N�¡§s′ ´ u∗L = L ′ �� s ;�éA��N�¡"K·�k Zs′ =

u−1(Ss) "
(ii) � Z, Z ′ ´ü� S V/§p, p′ ´ T = Z ×S Z ′ �ÝK§L£�A�§L ′¤́

���_ OZ ��£�A�§OZ′ ��¤§t£�A�§t′¤́ L£�A�§L ′¤��
��N�¡§s£�A�§s′¤́ p∗L£�A�§p′

∗L ′¤�� t£�A�§t′¤�éA
��N�¡"K·�k Ts⊗s′ = Zs ×S Z ′

t′ "

d½Â�§̄ K�±8(�¤kV/Ñ´��V/��/"?
§3 (i) ¥§�±
b� L = OS §d� (i) �d (I, 1.2.2.2) á�"Ó��§3 (ii) ¥§�±�u�Ä L =

OZ , L ′ = OZ′ ��/§d�T�ó8(�Ún (4.3.2.4)"

e¡y² (i U)"�±b� Y ´��� (4.6.4)§l
 L ´´�� (4.6.6)¶� s �
HÃ Γ(X, L ⊗n) (n > 0) �¿8�§Ã Xs �¤ X ���ÿÀÄ (4.5.2, a))§l
�â
cJ^�§Ã j−1(Xs) �¤ X ′ ���ÿÀÄ¶u´dÚn (4.6.13, (i)) Ú (4.5.2, a))Ò
�±íÑ j∗L ´´��"
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�e5y² (iii)"�±2gb� Y Ú Y ′ Ñ´��� (4.6.4)§l
ÝK h : X ′ →
X ´��� (1.5.5)"du L ´´�� (4.6.6)§�� s �HÃ L ⊗n (n > 0) ¥�@

¦ Xs ¤���m8��N�¡�8Ü�§Ã Xs ´ X ���CX (4.5.2, a′))§l

Ã h−1(Xs) Ñ´��� (1.2.5)§¿�CX
 X ′ ¶l
EdÚn (4.6.13.1, (i)) Ú (4.5.2,

a′)) ��§L ′ ´´��§Ï��� f(Y ′) ´[;� (I, 6.6.4, (iii))"

�
y² (iv)§Äk5¿� f1 ×S f2 ´[;� (I, 6.6.4, (iv))"?
�±b� S, Y1

Ú Y2 Ñ´��� ((4.6.4) Ú (I, 3.2.7))§l
 Li (i = 1, 2) Ñ´´�� (4.6.6)"� si �
H L ⊗ni

i ¥�@
¦ (Xi)si ¤���m8�Ã�¡�§Ãm8 (X1)s1 ×S (X2)s2 �
¤ X1×SX2 ���CX (4.5.2, a′))"d	§r s1 Ú s2 �¤·����¿Ø¬UC (Xi)si §
l
�±b� n1 = n2 "d�d (4.6.13.1, (ii)) Ú (4.5.2, a′))Ò�±íÑ L1 ⊗S L2 ´
´��§��·���ó§Ï� Y1 ×S Y2 ´��� (4.6.6)"

��2y² (ii)"¦^ (4.4.10) ��{§¿|^ (4.6.4)§K�±r¯K8(� Z ´
��V/��/"d� K ´´��§¿� Y ´[;�§��é�k���¡ si ∈
Γ(Y, K ⊗ki) §¦�Ã Ysi Ñ´���§¿�CX Y (4.5.2, a′))¶rÃ si �¤·��
��§K�±?
b�¤k ki Ñ�Ó���ê� k "� s′i ´ f∗(K ⊗k) �� si ;�é
A��N�¡§KÃ Xs′

i
= f−1(Ysi) (4.6.1.13, (i)) �±CX X "du L |Xs′

i
´´�

� (4.6.4 Ú 4.6.6)§�
éz� i Ñ�±é�k�� tij ∈ Γ(X, L ⊗nij ) §¦�Ã Xtij Ñ
´���§�¹3 Xs′

i
¥§¿�CX
 Xs′

i
(4.5.2, a′))¶d	��±b�Ã nij Ñ�

Ó��ê� n "âd§du X ´[;©l�§��é����ê m > 0 §¿éz�
| (i, j) é����¡

uij ∈ Γ(X, L ⊗n ⊗X f∗(K ⊗mk))

¦� tij ⊗ s′i
⊗mÒ´ uij 3 Xs′

i
þ��� (I, 9.3.1)¶?
·�k Xuij = Xtij §l


Ã Xuij Ñ´���§¿�CX
 X "d	��±b� mäk nr �/G¶u´e
- n0 = rk §K (4.5.2, a′)) ·�w� L ⊗OX

f∗(K ⊗n0) ´´��"?
§�3 h0 > 0 §
¦�� h > h0 � K ⊗h Ñ´d§��N�¡¤)¤� (4.5.5)¶l
�â_��½
Â (0, 3.7.1 Ú 4.4.1)§éu h > h0 §f∗(K ⊗h) Ñ�d§��N�¡¤)¤"dd
��§� h > h0 � L ⊗ f∗(K ⊗n0+h) Ñ´´�� (4.5.6)§ùÒ�¤
y²"

5) (4.6.14) — 3 (ii) �^�e§L ⊗ f∗K �7´ g ◦ f ´��§ù�:I�
�%¶̄ ¢þ§du L ⊗f∗(K −1) �´ f ´�� (4.6.5)§l
d L ⊗f∗K ´ g ◦f ´
��ò�íÑ L ´ g ◦ f ´��¶AO�§� g ´ðÓ��§K¤k�_ OX ��Ñ
¤� f ´��§ù3���¹e¿Ø¤á£ëw (5.1.6), (5.3.4, (i)) Ú (5.3.1)¤"

·K (4.6.15) — � f : X → Y ´��[;��§J ´ OX ���ÛÜ�"�
[vàn��§Z ´ X �d J ¤½Â�4fV/§j : Z → X ´;�¹\"K�

¦���_ OX �� L ´ f ´��§7L��I j∗L ´ f ◦ j ´��"



· 94 · 1�Ù Aa����N5�

¯¢þ§̄ K3 Y þ´ÛÜ5� (4.6.4)§��b� Y ´���¶d� X ´[;
�§q�b� J ´�"�"k�u (4.6.6)§·K� (4.5.13) ÃÉ"

íØ (4.6.16) — � X ´��ÛÜ Noether V/§f : X → Y ´��[;��"
K�
¦���_ OX �� L ´ f ´��§7L��I§3;�¹\ Xred → X e
�_� L ′ ´ fred ´��"

·�®²��^�´7�� (4.6.13, (vi))¶�L5§eT^���÷v§K�
y
² L éu f ´´��§�±�u�Ä Y ´��V/��/ (4.6.4)¶d� Yred �´�
��§l
 L ′ ´´�� (4.6.6)§2�ì (4.5.13)§L �´Xd§Ï�d� X ´ Noether

�§¿� Xred �� X �4fV/´d���"�[vàn��¤½Â� (I, 6.1.6)"

·K (4.6.17) — PÒÚcJ^�� (4.4.11) �Ó§K�
¦ L ′′ ´ f ′′ ´��§
7L��I L ´ f ´��¿� L ′ ´ f ′ ´��"

^��7�5�g (4.6.13, (i U))"�
y²^�´¿©�§�±�u�Ä Y ´
��V/��/§d�r�O{ (4.5.2, a)) A^� L ,L ′ Ú L ′′ þÒ�±íÑ L ′′ ´
´��§ùpI���¯µL 3 X þ�?Û�¡Ñ�±£0¤òÿ� L ′′ 3 X ′′ þ�
���¡"

·K (4.6.18) — � Y ´��[;V/§S ´��k�.[và©g OY �ê
�§ X = ProjS § f : X → Y ´(���"K f ´k�.�§¿��3���
ê d > 0§¦� OX(d) ´�_�§¿�´ f ´��"

�ì (3.1.10)§�3���ê d > 0 §¦� S (d) �d Sd )¤"·���3 X �
X(d) = ProjS (d) �;�Ó�e§OX(d) �±�Óu OX(d)(1) (3.2.9, (ii))"l
¯
K�±8(� S ´d S1 ¤)¤�ù��/¶d�·K�g (4.4.3) Ú (4.6.2)£k�
u f ´��k�.���¯¢ (3.4.1)¤"

§5. [����¶[�K��¶;Ü��¶�K��

5.1 [����

½Â (5.1.1) — ¤¢[�� (quasi-affine) V/§´�ù��«V/§§�,�
��V/3Ù[;m8þ¤p��mfV/´Ó��"¤¢���� f : X → Y ´
[���§́ ��±é� Y �����mCX (Uα)§¦� f−1(Uα) Ñ´[��V/§
d�·��¡ X£3 f e¤� Y V/¤́ ��[�� Y V/"

´�[����Ñ´©l (I, 5.5.5 Ú 5.5.8) �[;� (I, 6.6.1)¶����w,´
[���"
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�P�é?¿V/ X §e- A = Γ(X, OX) §KðÓÓ� A → A = Γ(X, OX) Ñ
½Â
���� X → Spec A §¡�;�� (I, 2.2.4)¶d	§§�´ (4.5.1) ¥¤½Â�
;���3 L = OX ��AÏ�/§Ï� ProjA[T ] �±;��Óu Spec A (3.1.7)"

·K (5.1.2) — � X ´��[;©lV/½öäk Noether .�m�V/§A ´
� Γ(X, OX) "K±eÃ^�´�d�µ

a) X ´[��V/"
b) ;��� u : X → Spec A ´��mE\"
b′) ;��� u : X → Spec A �Ñ
d X � Spec A �.�m���f�mþ�

Ó�"
c) OX �� OX ´ u 4´�� (4.4.2) "
c′) OX �� OX ´´�� (4.5.1) "
d) � f �H A ����§Ã Xf �¤ X ���ÿÀÄ"
d′) � f �H A ����§Ã Xf ¥���m8�¤ X ���CX"
e) ?Û[và OX ��Ñ�d§��N�¡¤)¤"
e′) OX �z�k�.[vàn��Ñ�d§��N�¡¤)¤"1©

´� b) %º a)§¿�r (4.4.4) ��O{ b) A^�ðÓ��þ£k�uþ¡�5
)¤Ò�±íÑ a) %º c)¶,��¡§c) %º c′) (4.5.10, (i))§¿�d (4.5.2, b) Ú b′))

�§c′), b) Ú b′) ´�d�"��§�ì (4.5.2, a), a′), c)) Ú (4.5.5, d′′))§c′) �du d),

d′), e), e′) ¥�z��"

?
5¿�3þãPÒe§Xf ¥�@
��m8�¤ X ���ÿÀÄ§¿�
;��� u ´��<í (4.5.2)"

íØ (5.1.3) — � X ´��[;V/"ek��l X ���V/ Y ��� v :

X → Y §¿�§´ X � Y ���mf�mþ�Ó�§K X ´[���"

¯¢þ§�±é� OY ��x�N�¡ (gα) §¦�Ã D(gα) �¤ v(X) ���ÿ
ÀÄ¶e v = (ψ, θ) §¿�- fα = θ(gα) §Kk Xfα = ψ−1(D(gα)) (I, 2.2.4.1)§l

Ã Xfα �¤ X ���ÿÀÄ§¿� (5.1.2) �^� d) ��÷v"

íØ (5.1.4) — e X ´��[��V/§K?Û�_ OX ��Ñ´4´��£�
éu;���¤§�,�´´��"

¯¢þ§��ù���� L o´d§��N�¡¤)¤� (5.1.2, e))§l
 L ⊗
OX = L ´4´�� (4.4.8)"

íØ (5.1.5) — � X ´��[;V/"ek���_ OX �� L §¦� L Ú
L −1 Ñ´´��§K X ´[��V/"

1©È5µ31 IV Ù� (1.7.16) ¥§d·Kò��U?"
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¯¢þ§d� OX = L ⊗ L −1 ´´�� (4.5.7)"

·K (5.1.6) — � f : X → Y ´��[;��"K±eÃ^�´�d�µ
a) f ´[���"
b) OY �ê� f∗OX = A (X) ´[và�§¿�ðÓÓ� A (X) → A (X) ¤é

A�;��� X → Spec A (X) (1.2.7) ´��mE\"
b′) OY �ê� A (X) ´[và�§¿�;��� X → Spec A (X) ´d X �

Spec A (X) ���f�mþ�Ó�"
c) OX �� OX ´ f 4´��"
c′) OX �� OX ´ f ´��"
d) �� f ´©l�§¿�é?¿[và OX �� F §;�Ó� σ : f∗f∗F →

F (0, 4.4.3) Ñ´÷�"
?
§XJ f ´[���§K?Û�_ OX �� L Ñ´ f 4´��"

a) Ú c′) ��d5�g f ´�53 Y þ�ÛÜ5 (4.6.4) ±9½Â (5.1.1) Ú�O
{ (5.1.2, c′))"Ù{5�3 Y þÑ´ÛÜ5�§l
�d (5.1.2) Ú (5.1.4) á�§k�
ue¡�¯¢µe f ´©l�§K f∗F ´[và� (I, 9.2.2, a))"

íØ (5.1.7) — � f : X → Y ´��[����"Kéu Y �?¿m8 U §f �
�� f−1(U) → U Ñ´[���"

íØ (5.1.8) — � Y ´����V/§f : X → Y ´��[;��"K�

¦ f ´[���§7L��I X ´��[��V/"

ù�d (5.1.6) Ú (4.6.6) á�"

íØ (5.1.9) — � Y ´��[;©lV/½öäk Noether .�m�V/§f :

X → Y ´��k�.��"u´e f ´[���§K�±é� A (X) = f∗OX ���
k�. (I, 9.6.2) [và OY f�ê� B§¦�éAu (1.2.7) ;�¹\ B → A (X) �
�� X → Spec B ´��E\"?
§A (X) �?Û���¹ B �k�.[và OY

f�ê� B′ Ñäkù�5�"1©

¯¢þ§A (X) ´§�k�.[vàOY f�ê��8B4� (I, 9.6.5)¶u´ù
�(J´ (3.8.4) ���AÏ�/§k�u Spec A (X) Ú ProjA (X)[T ] ��Ó (3.1.7)"

·K (5.1.10) — (i) e��[;�� X → Y �±�Ñ X �.�m� Y �.�
m���f�mþ�Ó�£AO�§e§´��4E\¤§K§´[���"

(ii) ü�[�����Ü¤�´[���"
(iii) e f : X → Y ´��[�� S ��§Ké?¿Ä*Ü S′ → S §�� f(S′) :

X(S′) → Y(S′) Ñ´[���"

1©È5µ31 IV Ù� (1.7.16) ¥§d·Kò��U?"
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(iv) e f : X → Y Ú g : X ′ → Y ′ ´ü�[�� S ��§K f ×S g ´[���"
(v) � f : X → Y, g : Y → Z ´ü���§�¦� g ◦ f ´[���§u´e g ´

©l�§½ö X �.�m´ÛÜ Noether �§K f ´[���"
(vi) e f ´��[����§K fred �´Xd"

k�u�O{ (5.1.6, c′))§�ó (i), (iii), (iv), (v) Ú (vi) ©O�g (4.6.13, (i U),

(iii), (iv), (v) Ú (vi))"�
y² (ii)§�±�u�Ä Z ´��V/��/§d�r
(4.6.13, (ii)) A^� L = OX Ú K = OY þÒ�±��íÑ(Ø"

5) (5.1.11) — � f : X → Y, g : Y → Z ´ü���§�¦� X ×Z Y ´
ÛÜ Noether �"u´ã�E\ Γf : X → X ×Z Y ´[���§Ï�§´[;� (I,

6.3.5)§¿� (I, 5.5.12) L²§(v) �(Ø3�K g ´©l���^��E,´k��"

·K (5.1.12) — � f : X → Y ´��[;��§g : X ′ → X ´��[���
�"u´e L ´�� f ´�� OX ��§K g∗L ´�� f ◦ g ´�� OX′ ��"

¯¢þ§du OX ´ g 4´��§¿�¯K3 Y þ´ÛÜ5� (4.6.4)§�d (4.6.13,

(ii)) �§£éu��� Y ¤�±é����ê n §¦�

g∗(L ⊗n) = (g∗L )⊗n

´ f ◦ g ´��§l
 g∗L ´ f ◦ g ´�� (4.6.9)"

5.2 Serre �O{

½n (5.2.1)£Serre �O{¤— � X ´��[;©lV/½öäk Noether .
�m�V/"K±eÃ^�´�d�µ

a) X ´��V/"
b) �±é��x�� fα ∈ A = Γ(X, OX)§¦�Ã Xfα Ñ´���§¿�ù


 fα 3 A ¥)¤�n�Ò�u A "
c) ¼f Γ(X, F )£'u F ¤3[và OX ����Æþ´�Ü�§�é{`§e

(∗) 0 −→ F ′ −→ F −→ F ′′ −→ 0

´[và OX ����ÜS�§KS�

0 −→ Γ(X, F ′) −→ Γ(X, F ) −→ Γ(X, F ′′) −→ 0

´�Ü�"
c′) 5� c) éu F Ó�uk�È On

X ��� OX f���@
�ÜS� (∗)£3
[và OX ���Æ¥¤Ñ´¤á�"
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d) é?¿[và OX �� F §þk H1(X, F ) = 0 "
d′) éu OX �z�[vàn�� J §þk H1(X, J ) = 0 "1©

´� a) %º b)¶,��¡§b) %ºÃ Xfα �±CX X §Ï��âcJ^�§�
¡ 1 ´�
 fα ��5|Ü§u´ù
 D(fα) �±CX Spec A "l
 (4.5.2) ����
��ó%ºX X → Spec A ´��Ó�"

·�®²�� a) %º c) (I, 1.3.11)§¿� c) w,%º c′)"e¡y² c′) %º b)"
Äk§d c′) �±íÑ§é?¿4: x ∈ X Ú x �?¿m�� U §þ�é� f ∈ A §¦
� x ∈ Xf ⊂ U "̄ ¢þ§� J£�A�§J ′¤́ OX �ù���[vàn��§§
½Â
 X �± X −U£�A�§(X −U)∪{x}¤�.�m�Q�4fV/ (I, 5.2.1)¶
K´�·�k J ′ ⊂ J §¿� J ′′ = J /J ′ ´��[vàOX ��§± {x}�|8§
¿�÷v J ′′

x = k(x) "r^� c′) A^��ÜS� 0 → J ′ → J → J ′′ → 0 þ§
K�±íÑ Γ(X, J ) → Γ(X, J ′′) ´÷�"l
 J ′′ �@�3 x ?�Þ´ 1x ��
¡Ò´,��¡ f ∈ Γ(X, J ) ⊂ Γ(X, OX) ��§¿��â½Â§fx = 1x §¿�
3 X − U ¥k fy = 0 §ùy²
·���ó"d	§e U ´���§K Xf �´X
d (I, 1.3.6)§l
Ã Xf (f ∈ A) ¥�@
��m8�¿8 Z ´���¹
 X �¤k
4:�m8¶du X ´[;Kolmogroff �m§�7k Z = X (0, 2.1.3)"
Ï� X ´
[;�§¤±·�Ué�k���� fi ∈ A (1 6 i 6 n) §¦�Ã Xfi Ñ´���§
¿�CX
 X "�ÄdÃ�¡ fi ¤½Â�ù�Ó� On

X → OX (0, 5.1.1)¶dué?
¿ x ∈ X §ok�� (fi)x ´�_�§��TÓ�´÷�§l
·������ÜS
� 0 → R → On

X → OX → 0 §Ù¥ R ´ On
X ���[vàOX f��"u´d c′) �§

�A�Ó� Γ(X, On
X) → Γ(X, OX) ´÷�§ùÒy²
 b)"

��§a) %º d) (I, 5.1.9.2)§¿� d) w,%º d′)"��2y² d′) %º c′)",K§
e F ′ ´ On

X ���[vàOX f��§KÈ) 0 ⊂ OX ⊂ O2
X ⊂ . . . ⊂ On

X 3 F ′ þ½
Â
��È)§= F ′

k = F ∩ Ok
X (0 6 k 6 n) §§�Ñ´[vàOX �� (I, 4.1.1)§

¿� F ′
k+1/F ′

k Ó�u[vàOX �� Ok+1
X /Ok

X = OX ��� OX f��§�Ò´
`§Ó�u OX ���[vàn��"l
d^� d′) � H1(X, F ′

k+1/F ′
k) = 0 ¶u´

|^þÓN�ÜS� H1(X, F ′
k) → H1(X, F ′

k+1) → H1(X, F ′
k+1/F ′

k) ·��±é¤
k k 8B/y² H1(X, F ′

k) = 0 "y."

5) (5.2.1.1) — XJ X ´�� Noether V/§K3^� c′) Ú d′′) ¥§·��±
r/[và0Ñ�¤/và0"¯¢þ§3 c′) %º b) �y²¥§J Ú J ′ Ñ´và
n��§¿�,��¡§và��?¿[vàf���Ñ´và� (I, 6.1.1)¶��
(Ø"

íØ (5.2.2) — � f : X → Y ´��[;©l��"K±eÃ^�´�d�µ

1©È5µ31 IV Ù� (1.7.17) ¥§d·Kò��U?"
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a) f ´����"
b) ¼f f∗ 3[và OX ����Æþ´�Ü�"
c) é?¿[và OX �� F §þk R1f∗F = 0 "
c′) éu OX �z�[vàn�� J §þk R1f∗J = 0 "1©

* (¾�III, 19) — ù��ã´�Ø�§̄ ¢þ§̂ � b), c) Ú c′) 3 Y þØ´ÛÜ
5�§Ï�·�Ø��éu Y ���m8 U 5`§��[và (OX |f−1(U)) ��´Ä
o´,�[vàOX ��3 f−1(U) þ���"I�Xe?Uµr/� f : X → Y ´
��[;©l��0U�/� X,Y ´ü�V/§Ù¥ X ´©lV/½ö´äkÛ
Ü Noether .�m�V/§¿� f : X → Y ´��[;��0"3y²¥§5¿��
ì (I, 5.5.5 Ú 5.5.8)§� X ´©lV/� f �´©l�§l
3ü��/eÑ�±¦
^ (I, 9.2.2)"*

du¤kù
^�3 Y þÑ´ÛÜ5�§�
�â¼f R1f∗ �½Â (T, 3.7.3)§
�±b� Y ´���"d�e f ´���§K X �´���§l
5� b) � (I, 1.6.4)

ÃÉ"�L5·�y² b) %º a)µé?¿[vàOX �� F §f∗F Ñ´[vàOY �
� (I, 9.2.2, a))"�âcJ^�§¼f f∗F éu F ´�Ü�§¿�Ï� Y ´��
�§��¼f Γ(Y, G ) éu G ´�Ü�£3[vàOY ���Æþ¤(I, 1.3.11)¶l

 Γ(Y, f∗F ) = Γ(X, F ) éu F ´�Ü�§�ì (5.2.1, c))§ùy²
·���ó"

e f ´���§Kéu Y �?¿��m8 U § f−1(U) Ñ´��� (1.3.2)§l

 H1(f−1(U),F ) = 0 (5.2.1, d))§�â½Â§ùÒL² R1f∗F = 0 "��b�^
� c′) ��÷v¶K Leray ÌS� (G, II, 4.17.1 Ú I, 4.5.1) ¥�$g��±�Ñe¡�
�ÜS�

0 −→ H1(Y, f∗J ) −→ H1(X, J ) −→ H0(Y, R1f∗J ) "

du Y ´���§¿� f∗J ´[và� (I, 9.2.2, a))§�k H1(Y, f∗J ) = 0

(5.2.1)¶u´^� c′) %º H1(X, J ) = 0 §l
d (5.2.1) �§X ´����V/"

íØ (5.2.3) — e f : X → Y ´������§Ké?¿[và OX �� F §
;�Ó� H1(Y, f∗F ) → H1(X, F ) Ñ´���"

¯¢þ§Leray ÌS�¥�$g��Ñe¡��ÜS�

0 −→ H1(Y, f∗F ) −→ H1(X, F ) −→ H0(Y, R1f∗F ) §

l
d (5.2.2)Ò�±íÑ(Ø"

5) (5.2.4) — 31 III Ù § 1 ¥§·�òy²§e X ´���§Ké?¿ i > 0 Ú
?¿[vàOX �� F §þk Hi(X, F ) = 0 "

1©È5µ31 IV Ù� (1.7.18) ¥§d·Kò��U?"
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5.3 [�K��

½Â (5.3.1) — ¤¢���� f : X → Y ´[�K�§½¡ X£3 f e¤� Y V
/¤3 Y þ´[�K�§½¡ X ´��[�K Y V/§´� f ´k�.�§¿��
3�� f ´���_ OX ��"

5¿�ù�Vg3 Y þØ´ÛÜ5�µNagata [26] Ú Hironaka ��~L²§=
¦ X Ú Y Ñ´�ê4�þ��ÛÉ�êV/§¿� Y �z�:Ñk������ U

¦� f−1(U) 3 U þ´[�K�§f E,Ø�½´[�K�"

5¿�[�K���½´©l� (4.6.1)"XJ Y ´[;�§K` f ´[�K�
���u` f ´k�.�¿��3�� f 4´�� OX �� (4.6.2 Ú 4.6.11)"?
µ

·K (5.3.2) — � Y ´��[;©lV/½öäk Noether .�m�V/§X ´
�� Y V/"K±eÃ^�´�d�µ

a) X ´[�K Y V/"
b) X 3 Y þ´k�.�§¿��3��k�.�[và OY �� E §¦� X �

± Y Ó�u P(E ) ���fV/"
c) X 3 Y þ´k�.�§¿��3��[và�©g OY �ê� S §§� S1 ´

k�.�§�U
)¤ S §¿� X �± Y Ó�u ProjS 3§���??È��m
f8þ¤p��mfV/"1©

ù�dc¡�5)±9 (4.4.3), (4.4.6) Ú (4.4.7) á�"

5¿�XJ Y ´�� Noether V/§K3 (5.3.2) �^� b) Ú c) ¥§�±�K X

3 Y þ´k�.�ù�^�§Ï�§gÄ÷v (I, 6.3.5)"

íØ (5.3.3) — � Y ´��[;©lV/§¿��3��´� OY �� L (4.5.3)"
u´�
¦�� Y V/ X ´[�K�§7L��I§3 Y þ´k�.�¿�Ó�u
�Km Pr

Y ��� Y fV/"

¯¢þ§ e E ´��k�.�[vàOY ��§ K E Ó�u,� OY ��
L ⊗(−n) ⊗OY

Ok
Y (4.5.5) �û��§l
 P(E ) Ó�u Pk−1

Y ���4fV/ (4.1.2 Ú
4.1.4)"

·K (5.3.4) — (i) k�.�[����£AO�§[;E\§½ök�.��
���¤Ñ´[�K�"

(ii) e f : X → Y Ú g : Y → Z Ñ´[�K�§¿� Z ´[;�§K g ◦ f ´[�
K�"

(iii) e f : X → Y ´��[�K S ��§Ké?¿Ä*Ü S′ → S §�� f(S′) :

1©È5µ31 IV Ù� (1.7.19) ¥§d·Kò��U?"
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X(S′) → Y(S′) Ñ´[�K�"
(iv) e f : X → Y Ú g : X ′ → Y ′ ´ü�[�K S ��§K f ×S g �´[�K

�"
(v) e f : X → Y, g : Y → Z ´ü���§¿¦� g ◦ f ´[�K�§u´e g ´

©l�½ö X ´ÛÜ Noether �§K f ´[�K�"
(vi) e f ´��[�K��§K fred �´Xd"

(i) �g (5.1.6) Ú (5.1.10, (i))"Ù{�ó�d½Â (5.3.1) Úk�.���5� (I,

6.3.4) ±9 (4.6.13) á�"

5) (5.3.5) — 5¿� fred ´[�K�¿Ø%º f ´Xd§=¦b� Y ´ C þ
�k���ê�Ì§¿�b� f ´;Ü�"

íØ (5.3.6) — e X Ú X ′ ´ü�[�K Y V/§K X
∐

X ′ �´[�K Y V
/"

ù�g (4.6.17)"

5.4 ;Ü��Ú2�4��

½Â (5.4.1) — ¤¢��V/�� f : X → Y ´;Ü� (propre)§´�e¡ü
�^���÷vµ

a) f ´©l�k�.�"
b) é?¿V/ Y ′ Ú?¿�� Y ′ → Y §ÝK f(Y ′) : X ×Y Y ′ → Y ′ Ñ´��4

�� (I, 2.2.6) "

XJù
^�¤á§K·��¡ X£3(��� f e¤� Y V/¤3 Y þ´;
Ü�"

´�^� a) Ú b) 3 Y þÑ´ÛÜ5�"�
�y X ×Y Y ′ ���4f8 Z 3
ÝK q : X ×Y Y ′ → Y ′ e��´ Y ′ ¥�4f8§�Iy²éu Y ′ �?¿��
m8 U ′ §q(Z) ∩ U ′ 3 U ′ ¥Ñ´4�=�¶du q(Z) ∩ U ′ = q(Z ∩ q−1(U ′)) §¿
� q−1(U ′) �±�Óu X ×Y U ′ (I, 4.4.1)§�·�w�§�
�y½Â (5.4.1) ¥�
^� b)§�±�u�Ä Y ′ ´��V/��/"·�3�¡ (5.6.3) òy²§e Y ´Û
Ü Noether �§K$��±��u�Ä Y ′ 3 Y þ´k�.�ù��/£�
�y b)¤"

´�;Ü��Ñ´4�"

·K (5.4.2) — (i) 4E\Ñ´;Ü�"
(ii) ü�;Ü���Ü¤�´;Ü�"
(iii) e X,Y ´ü� S V/§ f : X → Y ´��;Ü S ��§Ké?¿Ä*
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Ü S′ → S §��

f(S′) : X(S′) −→ Y(S′)

Ñ´;Ü�"
(iv) e f : X → Y Ú g : X → Y ′ ´ü�;Ü� S ��§K S �� f ×S g :

X ×S Y → X ′ ×S Y ′ �´;Ü�"

�Iy² (i), (ii) Ú (iii) (I, 3.5.1)"3ùnö¥§(5.4.1) �^� a) Ñ�±d±c
�(J (I, 5.5.1 Ú 6.3.4) íÑ¶���y^� b)"3�/ (i) ù´w,�§Ï�e X →
Y ´��4E\§K X×′

Y → Y ×Y Y ′ = Y ′ �´Xd (I, 4.3.2 Ú 3.3.3)"�
y² (ii)§
�Äü�;Ü�� X → Y, Y → Z §Ú���� Z ′ → Z "du·�k X ×Z Z ′ =

X ×Y (Y ×Z Z ′) (I, 3.3.9.1)§��ÝK X ×Z Z ′ → Z ′ �±©)� X ×Y (Y ×Z Z ′) →
Y ×Z Z ′ → Z ′ "k�umÞ�5)§(ii) �gü�4���Ü¤E´4�ù�¯¢"
��§é?¿�� S′ → S §X(S′) Ñ�±�Óu X ×Y Y(S′) (I, 3.3.11)¶é?¿�
� Z → Y(S′) §þk

X(S′) ×Y(S′) Z = (X ×Y Y(S′)) ×Y(S′) Z = X ×Y Z "

�âcJ^� X ×Y Z → Z ´4�§l
ùÒy²
 (iii)"

íØ (5.4.3) — � f : X → Y, g : Y → Z ´ü���§¿¦� g ◦ f ´;Ü�"
(i) e g ´©l�§K f ´;Ü�"
(ii) e g ´©l�k�.�§¿� f ´N÷�§K g ´;Ü�"

(i) �d (5.4.2) íÑ£¦^ (I, 5.5.12) ��{¤" �
y² (ii)§ �I�y½Â
(5.4.1) ¥�^� b)"é?¿�� Z ′ → Z §ãL

X ×Z Z ′ f×1Z′
//

p
''OOOOOOOOOOO

Y ×Z Z ′

p′

²²

Z ′

£Ù¥ p Ú p′ ´ÝK¤Ñ´��� (I, 3.2.1)¶?
§f×1Z′ ´N÷�§Ï� f ´Xd (I,

3.5.2)§��âcJ^� p ´��4��"u´ Y ×Z Z ′ �?Û4f8 F Ñ´ X ×Z

Z ′ �,�4f8 E 3 f × 1Z′ e��§l
�âcJ^� p′(F ) = p(E) 3 Z ′ ¥´4
�§��(Ø"

íØ (5.4.4) — e X ´��3 Y þ;Ü�V/§¿� S ´��[và OY �ê
�§K?Û Y �� f : X → ProjS Ñ´;Ü�§£�,�´4�¤"

¯¢þ§(��� p : Proj S → Y ´©l�§¿��âcJ^� p◦f ´;Ü�"
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íØ (5.4.5) — � f : X → Y ´��k�.©l��"� (Xi)16i6n£�A
�§ (Yi)16i6n¤́ X£�A�§ Y ¤��xk��4fV/§ ji£�A�§ hi¤́
;�¹\ Xi → X£�A�§Yi → Y ¤"b� X �.�m´ù
 Xi �¿8§¿�é
?¿ i§þk���� fi : Xi → Yi §¦�ãL

Xi
fi //

ji

²²

Yi

hi

²²

X
f

// Y

´���"K�
¦ f ´;Ü�§7L��Iz� fi Ñ´Xd"

e f ´;Ü�§K f ◦ ji �´Xd§Ï� ji ´��4E\ (5.4.2)¶du hi ´4E
\§l
´©l��§�
�â (5.4.3)§fi ´;Ü�"�L5§b�z� fi Ñ´;
Ü�§�ÄÃ Xi �ÚV/ Z ¶� u ´ù����� Z → X §§3z� Xi þ�­Ü
u ji "K f◦u 3z� Xi þ�����u f◦ji = hi◦fi §l
´;Ü�§Ï� hi Ú fi Ñ
´Xd (5.4.2)¶u´d½Â (5.4.1) á� f ◦ u ´;Ü�"�âcJ^�§u ´N÷�§
�
�â (5.4.3)§f ´;Ü�"

íØ (5.4.6) — � f : X → Y ´��k�.©l��¶K�
¦ f ´;Ü�§7
L��I fred : Xred → Yred ´Xd"

ù´ (5.4.5) ���AÏ�/§��� n = 1, X1 = Xred Ú Y1 = Yred (I, 5.1.5)"

(5.4.7) e X Ú Y Ñ´ Noether V/§¿� f : X → Y ´k�.©l��§K�

�y f ´Ø´;Ü�§�±�u�Ä�V/�m�<í5��"̄ ¢þ§� Xi (1 6
i 6 n) ´ X �k��Ø��©|§éz� i §�Ä X �@����± Xi �.�m
�Q�4fV/§·�EP�� Xi (I, 5.2.1)",��¡§� Yi ´ Y �@����
± f(Xi) �.�m�Q�4fV/"e gi£�A�§hi¤́ ¹\�� Xi → X£�A
�§Yi → Y ¤§K·�k f ◦ gi = hi ◦ fi §Ù¥ fi ´��<í Xi → Yi (I, 5.2.2)¶d
� (5.4.5) �^�Ñ��÷v§l
�
¦ f ´;Ü�§7L��IÃ fi Ñ´Xd"

íØ (5.4.8) — � X,Y ´ü�3 S þ©l�k�.� S V/§¿� f : X →
Y ´�� S ��"K�
¦ f ´;Ü�§7L��Ié?¿ S V/ S′ §�� f×S 1S′ :

X ×S S′ → Y ×S S′ Ñ´4�"

Äk5¿�e g : X → S Ú h : Y → S ´(���§Kk g = h ◦ f §ù´�â
½Â§l
 f ´©l�k�.� (I, 5.5.1 Ú 6.3.4)"e f ´;Ü�§K f ×S 1S′ �´X
d (5.4.2)§�, f ×S 1S′Ò´4�"�L5§b�þã^���÷v§¿� Y ′ ´�
� Y V/¶K��±r Y ′ w�´�� S V/§¿�du Y → S ´©l�§�� X×Y
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Y ′ �±�Óu X ×S Y ′ ���4fV/ (I, 5.4.2)"3��ãL

X ×Y Y ′ f×1Y ′
//

²²

Y ×Y Y ′

²²

= Y ′

X ×S Y ′
f(Y ′)

// Y ×S Y ′

¥§ç��ÞÑ´4E\¶ddá�§e f(Y ′) ´��4��§K f × 1Y ′ �´Xd"

5) (5.4.9) — ¤¢���� f : X → Y ´2�4� (universellement fermé)§
´�§÷v½Â (5.4.1) ¥�^� b)"Öö�±wÑ§3·K (5.4.2) � (5.4.8) ¥§r

/;Ü0Ñ�¤/2�40�(ØE,¤á£¿�3 (5.4.3), (5.4.5), (5.4.6) Ú (5.4.8) �
cJ^�¥§�±�Kk�5^�¤"

(5.4.10) � f : X → Y ´��k�.��§"¤¢ X ���4f8 Z 3 Y þ´
;Ü�£½¡ Y ;Ü�§½¡éu f ´;Ü�¤§́ �r f ��� X ���± Z �.
�m�4fV/ (I, 5.2.1) þ�´;Ü�"duù���´©l�§�d (5.4.6) Ú (I,

5.5.1, (vi)) �§þã5�Ø�6u X �± Z �.�m�4fV/�ÀJ"e g : X ′ →
X ´��;Ü��§K g−1(Z) ´ X ′ ���;Üf8µ¯¢þ§e T ´ X ���
± Z �.�m�fV/§Kdu g 3 X ′ �4fV/ g−1(T ) þ��� g−1(T ) → T ´
��;Ü��£ù´�â (5.4.2, (iii))¤§��I¦^ (5.4.2, (ii))",��¡§e X ′′ ´
��3 Y þ©l�k�.�V/§¿� u : X → X ′′ ´�� Y ��§K u(Z) ´ X ′′ �
��;Üf8¶̄ ¢þ§� T ´ X �@�± Z �.�m�Q�4fV/¶Kdu f 3
T þ���´;Ü�§�� u 3 T þ����´Xd (5.4.3, (i))§l
 u(Z) 3 X ′′ ¥
´4�¶� T ′′ ´ X ′′ ���± u(Z) �.�m�4fV/ (I, 5.2.1)§u´ u|T �±©
)�

T
v−→ T ′′ j−→ X ′′ §

Ù¥ j ´;�¹\ (I, 5.2.2)§l
 v ´;Ü�N÷� (5.4.5)¶e g ´(��� X ′′ →
Y 3 T ′′ þ���§K g ´©l�k�.�§¿�·�k f |T = g ◦ v §l
d (5.4.3,

(ii)) � g ´;Ü�§��·���ó"

AO�§d±þ5)��§e Z ´ X ��� Y ;Ü�f8§Kµ
1◦ éu X �?Û4fV/ X ′ §Z ∩ X ′ Ñ´ X ′ ��� Y ;Ü�f8"
2◦ e X ´,�3 Y þ©l�k�.�V/ X ′′ �4fV/§K Z �´ X ′′ ��

� Y ;Ü�f8£AO�§Z 3 X ′′ ¥´4�¤"

5.5 �K��

·K (5.5.1) — � X ´�� Y V/"K±eÃ^�´�d�µ
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a) X �± Y Ó�u,��Km P(E ) �4fV/§Ù¥ E ´��k�.[v
à OY ��"

b) �3��[và�©g OY �ê� S §¦� S1 ´k�.�§��±)¤ S §
¿� X �± Y Ó�u ProjS "

^� a) %º b)§ù´�â (3.6.2, (ii))µe J ´ S(E ) ���[và�©gn�
�§K[và©g OY �ê� S = S(E )/J �d S1 ¤)¤§¿��ö�� E �;
���´��k�. OY ��"̂ � b) %º a) ´�g (3.6.2)£A^� M → S1 ´ð
ÓN���/¤"

½Â (5.5.2) — ¤¢�� Y V/ X 3 Y þ´�K�§½¡ X ´���K Y V
/§´�§÷v (5.5.1) ¥��d^� a) Ú b)"¤¢���� f : X → Y ´�K�§
´� X ´���K Y V/"

´�e f : X → Y ´�K�§K3 X þk�� f 4´�� OX �� (4.4.2)"

½n (5.5.3) — (i) �K��Ñ´[�K�;Ü�"
(ii) �L5§� Y ´��[;©lV/½öäk Noether .�m�V/¶K?Û

[�K�;Ü��� f : X → Y Ñ´�K�"1©

(i) ´�e f : X → Y ´�K�§K§´k�.�[�K�£l
´©l�¤¶,
��¡§d (5.5.1, b)) Ú (3.5.3) á�§e f ´�K�§Ké?¿�� Y ′ → Y §f ×Y

1Y ′ : X ×Y Y ′ → Y ′ Ñ´Xd"l
�
y² f ´2�4�§�±8(�y²�K
�� f o´4�"y3¯K3 Y þ´ÛÜ5�§��b� Y = Spec A §l
 (5.5.1)

X = ProjS §Ù¥ S ´��©g A �ê§¿�d S1 ¥�k����¤)¤"é?
¿ y ∈ Y §n� f−1(y) Ñ�±�Óu ProjS ×T Spec k(y) (I, 3.6.1)§l
�±�
Óu Proj(S ⊗A k(y)) (2.8.10)¶Ï
 f−1(y) ´�8�¿©7�^�´ S ⊗A k(y) ÷
v^� (TN) (2.7.4)§�é{`§� n ¿©�� Sn ⊗A k(y) = 0 ",
 (Sn)y ´��
k�. Oy �§l
�ì Nakayama Ún§þã^�=¿�X� n ¿©�� (Sn)y =

0 "e an ´ A � Sn 3 A ¥�"zf§Kþã^��¿�X� n ¿©�� an ⊂ jy (I,

1.7.4)",K§�âcJ^� SnS1 = Sn+1 §�k an ⊂ an+1 §l
e a ´Ã an �¿
8§K·�w� f(X) = V (a) §ùÒy² f(X) 3 Y ¥´4�§y3e X ′ ´ X �?
Û��4f8§K�±é� X ���± X ′ �.�m�4fV/ (I, 5.2.1)§¿�´
� (5.5.1, a)) �� X ′ → X

f−→ Y ´�K�§l
 f(X ′) 3 Y ¥´4�"

(ii) Y þ�cJ^�Ú f ´[�K���¯¢L²§�3��k�.[vàOY

�� E Ú�� Y E\ j : X → P(E ) (5.3.2)",
 f ´;Ü�§�d (5.4.4) � j ´4
�§l
 f ´�K�"

1©È5µ31 IV Ù� (1.7.19) ¥§d·Kò��U?"
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5) (5.5.4) — (i) � f : X → Y ´����§�÷vµ1◦ f ´;Ü�¶2◦ �3
�� f 4´�� OX �� L ¶3◦ [vàOY �� E = f∗L ´k�.�"K f ´��
�K��µ̄ ¢þ (4.4.4)§d��3�� Y E\ r : X → P(E ) §�du f ´;Ü�§
�� r ´��4E\ (5.4.4)"·�ò31 III Ù § 3 ¥w�µXJ Y ´ÛÜ Noether �§
Kþ¡�^� 3◦ �d,	ü�^�íÑ5§l
^� 1◦ Ú 2◦Ò�Ñ
�K���
����£ã§¿�e Y ´[;�§K��±r^� 2◦ �¤e¡�^�µ�3�
� f ´�� OX �� (4.6.11)"

(ii) � Y ´��[;©lV/§¿��3��´� OY ��"K�
¦��©
l Y V/ X ´�K�§7L��I§�± Y Ó�u�Km Pr

Y ���4 Y fV/"
^�w,´¿©�"�L5§e X 3 Y þ´�K�§K§´[�K�§l
�3�
�l X � Pr

Y � Y E\ (5.3.3)§¿��â (5.4.4) Ú (5.5.3)§§´4�"

(iii) (5.5.3) ¥�ínL²§é?¿V/ Y Ú?¿�ê r > 0 §(��� Pr
Y →

Y Ñ´N÷�§Ï�e- S = SOY
(Or+1

Y ) §K´� Sy = Sk(y)((k(y))r+1) (1.7.3)§
l
é?¿ y ∈ Y Ú?¿ n > 0 §þk (Sn)y 6= 0 "

(iv) Nagata [26] �~fL²§�3ù��;Ü��§§Ø´[�K�"

·K (5.5.5) — (i) 4E\Ñ´�K��"
(ii) e f : X → Y Ú g : Y → Z ´ü��K��§¿� Z ´��[;©lV/½

öäk Noether .�m�V/§K g ◦ f ´�K�"
(iii) e f : X → Y ´���K S ��§Ké?¿Ä*Ü S′ → S §�� f(S′) :

X(S′) → Y(S′) Ñ´�K�"
(iv) e f : X → Y Ú g : X ′ → Y ′ Ñ´�K S ��§K f ×S g �´Xd"
(v) e g ◦ f ´���K��§¿� g ´©l�§K f ´�K�"
(vi) e f ´�K�§K fred �´Xd"

(i) �d (3.1.7) á�"y3·�7Lr (iii) Ú (iv) �y²©m5?n§Ï�3 (ii)

¥é Z N\
��^�£ë� (I, 3.5.1)¤"�
y² (iii)§�±8(� S = Y ��
/ (I, 3.3.11)§d�d (5.5.1, b)) Ú (3.5.3) á�(Ø"�
y² (iv)§�±á=8(
� X = P(E ), X ′ = P(E ′) ��/§�Ù¥ E£�A�§ E ′¤́ ��k�.[v
àOY ��£�A�§OY ′ ��¤"� p, p′ ©O´ T = Y ×S Y ′ � Y Ú Y ′ �;�ÝK¶
�â (4.1.3.1)§·�k P(p∗E ) = P(E ) ×Y T, P(p′∗E ′) = P(E ′) ×Y ′ T ¶l
r T �
¤ Y ×S Y ′ ¿¦^ (I, 3.3.9.1) ��

P(p∗E ) ×T P(p′∗E ′) = (P(E ) ×Y T ) ×T (T ×Y ′ P(E ′)) =

= P(E ) ×Y (T ×Y ′ P(E ′)) = P(E ) ×S P(E ′) "

,K§p∗E Ú p′
∗E ′ 3 T þÑ´k�.� (0, 5.2.4)§l
 p∗E ⊗OT

p′
∗E ′ �´Xd¶d
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u
P(p∗E ) ×T P(p′∗E ′)

�±�Óu P(p∗E ⊗OT
p′

∗(E ′)) ���4fV/ (4.3.3)§ùÒy²
 (iv)"�
y
² (v) Ú (vi)§�±A^ (I, 5.5.13)§Ï��â (5.5.1, a))§�K Y V/�4fV/�
´�K Y V/"

��2y² (ii)¶�âZ þ�cJ^�§ù�g (5.5.3), (5.3.4, (ii)) Ú (5.4.2, (ii))"

·K (5.5.6) — e X Ú X ′ ´ü��K Y V/§K X
∐

X ′ �´�K Y V/"

ù�d (5.5.2) Ú (4.3.6) á�"

·K (5.5.7) — � X ´���K Y V/§ L ´�� Y ´�� OX ��¶Ké
u L �?¿�N�¡ f §Xf 3 Y þÑ´���"

¯K3 Y þ´ÛÜ5�§��b� Y = Spec A ¶?
 Xf⊗n = Xf §l
r L �
¤·�� L ⊗n §q�b� L �éu(��� q : X → Y ´4´�� (4.6.11)"l

;�Ó� σ : q∗q∗L → L ´÷�§¿�éA���

r = rL ,σ : X −→ P = P(q∗L )

´��E\§�÷v L = r∗(OP (1)) (4.4.4)¶?
§du X 3 Y þ´;Ü�§��
E\ r ´4� (5.4.4)"d	§�â½Â f ∈ Γ(Y, q∗L ) §¿� σ[Ò´ q∗L �ðÓ¶u
´dúª (3.7.3.1) �§·�k Xf = r−1(D+(f)) ¶Ï
 Xf ´��V/ D+(f) ���
4fV/§l
���´����V/"

AO�§XJ� Y = X §K£k�u (4.6.13, (i))¤�±��e¡�íØ§§��
±��y²µ

íØ (5.5.8) — � X ´��V/§L ´���_ OX ��"Kéu L �?¿�
N�¡ f §Xf 3 X þÑ´���£l
XJ X ´��V/§K Xf �´��V/¤"

5.6 Chow Ún

½n (5.6.1)£Chow Ún¤— � S ´��V/§X ´��3 S þ©l�k�.
�V/"b�eã^�����÷vµ

a) S ´ Noether �"
b) S ´[;©lV/§¿��kk��Ø��©|"
K3ù��^�eµ
(i) �3��[�K S V/ X ′ Ú���K�N÷� S �� f : X ′ → X "
(ii) �±� X ′ Ú f ÷ve¡�^�µ�3��m8 U ⊂ X §¦� U ′ = f−1(U)

3 X ′ ¥´È��§¿� f 3 U ′ þ���´��Ó� U ′ ∼−→ U "
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(iii) e X ´Q�£�A�§Ø��§�¤�§K�±b� X ′ �´Q�£�A�§
Ø��§�¤�"

y²©�A�Ú½"

A) Äk�±8(� X Ø����/"¯¢þ§3^� a) ¥§X ´ Noether �§
l
3?Û�«�/e§X �Ø��©| Xi Ñ´k��"XJé X �z�± Xi �
.�m�Q�4fV/Ñy²
½n�(Ø§¿�� X ′

i Ú fi : X ′
i → Xi ´éA

u Xi �@�V/Ú��§�ÄÃ X ′
i �ÚV/ X ′ §±9ù����� f : X ′ → X §

§3z� X ′
i þ���Ñ�u ji ◦ fi£ji ´;�¹\ Xi → X¤§ùü�Ò÷v·�

��¦"̄ ¢þ§́ �XJÃ X ′
i Ñ´Q��§K X ′ �´Q��¶,��¡§� U ´

Ã8Ü Ui ∩ (X −
⋃
j 6=i

Xj �¿8§K (ii) ��÷v"��§duÃ X ′
i 3 S þÑ´[�

K�§�� X ′ �´Xd (5.3.6)¶Ó��§�â (5.5.5, (i) Ú (ii))§Ã�� X ′
i → X Ñ

´�K�§l
 f ´�K� (5.5.6)§¿�d½Â´�§´N÷�"

B) y3b� X ´Ø���"du(��� r : X → S ´k�.�§��é� S �
��k���mCX (Si) §±9éz� i §é� r−1(Si) ���k���mCX (Tij) §
Ã�� Tij → Si Ñ´���k�.�§l
´[�K� (5.3.4, (i))¶du3^� a),

b) �?Û�«�/e§E\ Si → S Ñ´[;�§��§´[�K�� (5.3.4, (i))§l

 r 3 Tij þ���´��[�K�� (5.3.4, (ii))"·�rù
 Tij P� Uk (1 6 k 6
n) "Kéz��I k §þ�é���mE\ ϕk : Uk → Pk §Ù¥ Pk 3 S þ´�K
� (5.3.2 Ú 5.5.2)"� U =

⋂
k

Uk ¶du X ´Ø���§¿�Ã Uk ÑØ´��§�

� U Ø´��§¿�Ï
3 X ¥´??È��¶Ã ϕk 3 U þ���½Â
���
�

ϕ : U −→ P = P1 ×S P2 × . . . ×S Pn §

¿¦ãL

(5.6.1.1)

U
ϕ

//

jk
²²

P

pk

²²

Uk ϕk

// Pk

¤����§ùp jk ´�;�¹\ U → Uk §pk ´�;�ÝK P → Pk "e j ´
;�¹\ U → X §K�� ψ = (j, ϕ)S : U → X ×S P ´��E\ (I, 5.3.14)"3^
� a) e§X×SP ´ÛÜ Noether �£(3.4.1) Ú (I, 6.3.7 9 6.3.8)¤¶3^� b) e§X×S

P ´��[;©lV/ (I, 5.5.1 Ú 6.6.4)¶u´3?Û�/e§ψ 3 X ×S P ¥�N�
fV/ Z£± ψ(U) �.�m¤�V4� X ′ Ñ´�3�§¿� ψ �±©)�

(5.6.1.2) ψ : U
ψ′

−→ X ′ h−→ X ×S P §
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Ù¥ ψ′ ´��mE\§h ´��4E\ (I, 9.5.10)"� q1 : X ×S P → X Ú q2 : X ×S

P → P ´;�ÝK¶·�-

(5.6.1.3) f : X ′ h−→ X ×S P
q1−→ X §

(5.6.1.4) g : X ′ h−→ X ×S P
q2−→ P "

e¡·�y² X ′ Ú fÒ÷v�¦"

C) Äky² f ´�K�N÷�§¿� f 3 U ′ = f−1(U) þ���´ U ′ � U þ�
��Ó�"duÃ Pk 3 S þÑ´�K�§�� P �´Xd (5.5.5, (iv))§l
 X ×S

P 3 X þ´�K� (5.5.5, (iii))§¿� X ′ �´Xd§Ï�§´ X ×S P ���4fV
/",��¡§·�k f ◦ ψ′ = q1 ◦ (h ◦ ψ′) = q1 ◦ ψ = j §l
 f(X ′) �¹ X �
??È��mf8 U ¶,
 f ´��4�� (5.5.3)§l
 f(X ′) = X "y35¿
� q−1

1 (U) = U×S P ´ X×S P ���mfV/§¿��â½Â§U ′ = h−1(U×S P )Ò
´ X ′ �mfV/¶Ï
§Ò´V/ Z 3 U ×S P ¥�V4� (I, 9.5.8)"d�E\ ψ �
±©)� U

Γϕ−→ U×S P
j×1−→ X×S P §�du P 3 S þ´©l�§��ã��� Γϕ ´

��4E\ (I, 5.4.3)§l
 Z ´ U ×S P ���4fV/§dd�� U ′ = Z "d	d
u ψ ´��E\§�� f 3 U ′ þ���´��N� U þ�Ó�§¿�´ ψ′ �_¶�
�§�âX ′ �½Â§U ′ 3 X ′ ¥´È��"

D) e¡y² g ´��E\§ddÒ�±íÑ X ′ 3 S þ´[�K�§Ï� P 3 S

þ´�K�"-
Vk = ϕk(Uk) £Pk �m8¤ §

Wk = p−1
k (Vk) £P �m8¤ §

U ′
k = f−1(Uk) § U ′′

k = g−1(Wk) £X ′ �m8¤ "

´�ù
 U ′
k �¤ X ′ ���mCX¶·�Äky² U ′

k ⊂ U ′′
k §ùòL² U ′′

k ��
¤ X ′ ���mCX"�d�Iy²ãL

(5.6.1.5)

U ′
k

g|U′
k //

f |U′
k

²²

P

pk

²²

Uk ϕk

// Pk

´���",KV/ U ′
k = h−1(Uk ×S P ) ´ X ′ �mfV/§l
´ Z = U ′ ⊂

U ′
k 3 U ′

k ¥�V4� (I, 9.5.8)"l
�
y²ãL (5.6.1.5) ���5§�I£Ï� Pk

3 S þ´©l�¤y²TãL�;�¹\ U ′ → U ′
k �Ü¤£½�d�§� ψ �Ü¤§
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k�u U ′ Ú U �m�Ó�¤�±�Ñ����ãL (I, 9.5.6)",
�â½Â§�¡
ù�ãL� (5.6.1.1) ÃÉ§��·���ó"

l
Ã Wk �¤ g(X ′) ���mCX¶�
y² g ´��E\§�Iy²z��

� g|U ′′
k

Ñ´��N� Wk ¥�E\ (I, 4.2.4)"�d§�Ä�� uk : Wk
pk−→ Vk

ϕ−1
k−→

Uk → X ¶du X 3 S þ´©l�§��ã��� Γuk
: Wk → X ×S Wk ´��4E

\ (I, 5.4.3)§l
ã� Tk = ΓUk
(Wk) ´ X ×S Wk ���4fV/¶e·�Uy²ù

�fV/�±ñ- U ′ §K�â (I, 9.5.8)§§��±ñ- X ′ 3m8 X ′′
k þ¤p��m

fV/§du q2 3 Tk þ���´��N� Wk þ�Ó�§�� g 3 X ′′
k þ���´

��N� Wk ¥�E\§ùÒy²
·���ó"� vk ´;�¹\ U ′ → X ×S Wk ¶
K·�I�y²§�3���� wk : U ′ → Wk ¦� vk = Γuk

◦ wk "�ân�È�½
Â§�Iy² q1 ◦ vk = uk ◦ q1 ◦ vk (I, 3.2.1)§½ö§lm>Ü¤þÓ� ψ′ : U → U ′ §
Ò´ q1 ◦ ψ = uk ◦ q2 ◦ ψ ",
du q1 ◦ ψ = j, q2 ◦ ψ = ϕ §�·���ó�gã
L (5.6.1.1) ���5§k�u uk �½Â"

E) ´� U Ú U ′ Ñ´Ø���§��þ¡�Ñ� X ′ �´Xd§l
�� f ´V
kn� (I, 2.2.9)"?
e X ´Q��§K U ′ �´Xd§l
 X ′ ´Q�� (0, 9.5.9)"
ùÒ�¤
y²"

íØ (5.6.2) — b� (5.6.1) ¥�^� a), b) ����÷v"K�
¦ X 3 S þ
´;Ü�§7L��I�3��3 S þ�K�V/ X ′ Ú��N÷� S �� f : X ′ →
X£§�´�K�§ù´�â (5.5.5, (v))¤"XJþã^�¤á§K?
�±ÀJ f ÷
ve¡�^�µ�3 X ���È�m8 U §¦� f 3 f−1(U) þ���´��Ó�
f−1(U) ∼−→ U §¿� f−1(U) 3 X ′ ¥´È��"?
e X ´Ø��£�A�§Q
�¤�§K�±b� X ′ �´Xd¶XJ X Ú X ′ Ñ´Ø���§K f ´��Vkn�
�"

�ì (5.5.3) Ú (5.4.3, (ii))§̂ �´¿©�"§�´7��§Ï�3 (5.6.1) �PÒ
e§e X 3 S þ´;Ü�§K X ′ 3 S þ�´;Ü�£Ï�§3 X þ´�K�§l

´;Ü� (5.5.3)¤§Ï
·���ó�g (5.4.2, (ii))¶?
§du X 3 S þ´[�K
�§��ì (5.5.3)§§3 S þ´�K�"

íØ (5.6.3) — � S ´��ÛÜ Noether V/"X ´��3 S þ©l�k�.
�V/§f0 : X → S ´(���"K�
¦ X 3 S þ´;Ü�§7L��Ié?¿
k�.�� S′ → S §(f0)(S′) : X(S′) → S′ Ñ´4��"¿��IT^�éu¤k/
X S′ = S ⊗Z Z[T1, . . . , Tn]£Ti ´�½�¤� S V/¤á=�"

^�w,´7��§e¡y²§�´¿©�"du¯K3 S Ú S′ þÑ´ÛÜ
5� (5.4.1)§��b� S Ú S′ Ñ´��� Noether �"�ì Chow Ún§�3���
K S V/ P §��E\ j : X ′ → P §Ú���K�N÷��� f : X ′ → X §¦�ã
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L

X

f0
²²

X ′f
oo

j
²²

S Pr
oo

´���"du P 3 S þ´k�.�§�d1��^��§ÝK q2 : X ×S P → P ´
��4��",
E\ j ´ q2 ��� f × 1 : X ′ ×S P → X ×S P �Ü¤¶� f ´�
K�§l
´;Ü� (5.5.3)§�� f × 1 ´4�"dd��§j ´��4E\§l

´;Ü� (5.4.2, (i))"?
(��� r : P → S ´�K�§l
´;Ü� (5.5.3)§l

 f0 ◦ f = r ◦ j ´;Ü� (5.4.2, (ii))¶��§du f ´N÷�§��ì (5.4.3)§f0 ´
;Ü�"

�
31��^�ey²ù�·K§�Iy²§%º1��^�=�",K§
e S′ ´���§¿�3 S = Spec A þ´k�.�§Kk S′ = Spec A[c1, . . . , cn] (I,

6.3.3)§l
 S′ Ó�u S′′ = Spec A[T1, . . . , Tn]£Ti ´�½�¤���4fV/"3�
�ãL

X ×S S′ 1X×j
//

(f0)(S′)
²²

X ×S S′′

(f0)(S′′)
²²

S′
j

// S′′

¥§j Ú iX×j Ñ´4E\ (I, 4.3.1)§¿��âcJ^�§(f0)(S′) ´4�§l
 (f0)(S′′)

�´Xd"

§6. �.��Úk���

6.1 3V/þ�.�V/

½Â (6.1.1) — � X ´�� S V/§f : X → S ´(���"¤¢ X 3 S þ´
�.� (entier)§½¡ f ´���.��§´��±é� S �����mCX (Sα)§
¦�é?¿ α§mfV/ f−1(Sα) Ñ´��V/§¿�§�� Bα 3 Sα �� Aα þ´
�.�"¤¢ X 3 S þ´k��§½¡ f ´��k���§´� X 3 S þ´�.�
k�.�"

XJ S ´���§�� A §K·��r/3 S þ´�.£�A�§k�¤�0¡
�/3 A þ´�.£�A�§k�¤�0"

(6.1.2) ´�e X 3 S þ´�.�§K§3 S þ´���"�
¦��3 S þ�
��V/ X 3 S þ´�.£�A�§k�¤�§7L��I§�N�[vàOS �ê
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� A (X) ÷ve¡�^�µ�±é� S �����mCX (Sα) §¦�é?¿ α §Γ(Sα,

A (X) Ñ´��3 Γ(Sα,OS) þ�.£�A�§�.�k�.¤��ê§e��[v
àOS �ê�äkþã5�§K·��¡§3 OS þ´�.£�A�§k�¤�"l

�Ñ��3 S þ�.£�A�§k�¤�V/�Ò��u (1.3.1) �Ñ��3 OS þ�
.£�A�§k�¤�[vàOS �ê�"5¿���[vàOS �ê� B ´k��
��=�§´��k�. OS �� (I, 1.3.9)¶ù���u` B ´���.�k�.
� OS �ê�§Ï�� A þ����.¿�k�.��ê�½´k�. A �"

·K (6.1.3) — � S ´��ÛÜ Noether V/"K�
¦��3 S þ���V
/ X 3 S þ´k��§7L��I OS �ê� A (X) ´và�"

k�uþ¡�5)§̄ K�±8(�e¡�¯¢µe S ´ÛÜ Noether �§Kk
�.�[vàOS ���vàOS ��ÃÉ (I, 1.5.1)"

·K (6.1.4) — � X ´��3 S þ�.£�A�§k�¤�V/"f : X → S ´
(���"Ké?¿��m8 U ⊂ S §�� A§f−1(U) Ñ´��V/§¿�§�
� B ´��3 A þ�.£�A�§k�¤��ê"

·�Äky²e¡�Únµ

Ún (6.1.4.1) — � A ´���§M ´�� A �§(gi)16i6m ´ A �k����§
¿� D(gi) (1 6 i 6 m) �±CX Spec A "u´eé?¿ i§Mgi Ñ´k�. Agi �§
K M ´k�. A �"

¯¢þ§�±b� Mgi ´dk���� (mij/gn
i ) (mij ∈ M) ¤)¤�§¿� n é

¤k�I i Ñ��Ó��"e¡y²Ã mijÒ�±)¤ M "� M ′ ´dù
��3 M

¥¤)¤� A f�§¿� m ´ M ¥�����"�âcJ^�§éz� i §þ�é
� aij ∈ A Ú���ê p£Ø�6u i¤§¦�3 Mgi ¥k m/1 =

( ∑
i

aijmij

)
/gp

i ¶ù

L²�3���ê r > p §¦�é?¿ iþk gr
i m ∈ M ′ ",K§duÃ D(gr

i ) =

D(gi) CX
 Spec A §��dù
 gr
i 3 A ¥¤)¤�n�Ò�u A §�é{`§�

±é��� ai ∈ A ¦�
∑
i

aig
r
i = 1 ¶Ï
 m =

( ∑
i

aig
r
i

)
m ∈ M ′ §��Ún"

Od§·�®²�� (1.3.2) f−1(U) ´���"e ϕ ´ f ¤éA�Ó� A → B §
K�±é� U ���dm8 D(gi) (gi ∈ A) ¤|¤�k�CX§¦�z� Bhi Ñ´�
�3 Agi þ�.£�A�§�.�k�¤��ê§ùp hi = ϕ(gi) "¯¢þ§�±é
� U ���d��m8 Vα ⊂ U ¤|¤�CX§¦�z� Bα = A(f−1(Vα)) Ñ´��
3 Aα = A(Vα) þ�.£�A�§k�.¤��ê"z� x ∈ U Ñáu,� Vα §l

�±é� g ∈ A ¦� x ∈ D(g) ⊂ Vα ¶e gα ´ g 3 Aα ¥��§Kk A(D(g)) = Ag =

(Aα)gα ¶� h = ϕ(g) §¿� hα ´ gα 3 Bα ¥��¶Kk

A(D(h)) = Bh = (Bα)hα "
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du Bα 3 Aα þ´�.£�A�§k�¤�§�� (Bα)hα 3 (Aα)gα þ´�.£�A
�§k�¤�"y3�I¦^ U ´[;�ù�¯¢Ò�±��¤I�CX"

·�kb� Bhi 3 Agi þÑ´�.�k��§du Bhi �� Agi ���±�¤ Bgi §
�dÚn (6.1.4.1) �§d� B ´��k�. A �"

y3=b�z� Bhi 3 Sgi þÑ´�.�¶� b ∈ B §¿� C ´ b 3 B ¥¤)¤
� A f�ê"Ké?¿ i §Chi Ñ´ b/1 3 Bhi ¥¤)¤� Agi f�ê¶�âcJ^�§
z� Chi Ñ´k�. Agi �§l
 (6.1.4.1) C ´k�. A �§ùÒy²
 B 3 A þ
´�.�"

·K (6.1.5) — (i) 4E\Ñ´k��£�,�Ò´�.�¤"
(ii) ü�k�£�A�§�.¤���Ü¤�´k�£�A�§�.¤�"
(iii) e f : X → Y ´��k�£�A�§�.¤S ��§Ké?¿Ä*Ü S′ → S §

�� f(S′) : X(S′) → Y(S′) Ñ´k�£�A�§�.¤�"
(iv) e f : X → Y Ú g : X ′ → Y ′ ´ü�k�£�A�§�.¤S ��§K f ×S g :

X ×S Y → X ′ ×S Y ′ �´Xd"
(v) e f : X → Y Ú g : Y → Z ´ü���§¿¦� g ◦ f ´k�£�A�§�

.¤�§� g ´©l�§K f ´k�£�A�§�.¤�"
(vi) e f : X → Y ´��k�£�A�§�.¤��§K fred �´Xd"

�ì (I, 5.5.12)§�Iy² (i), (ii) Ú (iii)"�
y²��4E\ X → S ´k�
�§�±�u�Ä S = Spec A ��/§d�¯K8(�e¡�¯¢µû� A/J o´�
�ü� A �"�
y²ü�k�£�A�§�.¤�� X → Y, Y → Z �Ü¤�´k
�£�A�§�.¤�§E,�±b� Z ´���£l
 X,Y Ñ´��� (1.3.4)¤§d
�þã�ó�due¡�·Kµe B ´��k�£�A�§�.¤A �ê§¿� C ´
��k�£�A�§�.¤B �ê§K C ´��k�£�A�§�.¤A �ê§ù´
w,�"��§�
y² (iii)§�±�u�Ä S = Y ��/§Ï� X(S′) �±�Ó
u X ×Y Y(S′) (I, 3.3.11)¶?
�±b� S = Spec A, S′ = Spec A′ ¶d� X ´�
�� (1.3.4)§�� B §X(S′) �´���§�� A′ ⊗A B §l
�I¦^e¡�¯
¢µe B ´��k�£�A�§�.¤A �ê§K A′ ⊗A B ´��k�£�A�§�
.¤A′ �ê"

��±5¿�§e X Ú Y ´ü� S V/§¿�3 S þÑ´k�£�A�§�
.¤�§K§��ÚV/ X

∐
Y �´��3 S þk�£�A�§�.¤�V/§Ï�

¯K�±8(�e¡�¯¢µe B Ú C ´ü�3 A þk�£�A�§�.¤� A �
ê§K B × C �´Xd"

íØ (6.1.6) — e X ´��3 S þ�.£�A�§k�¤�V/§Ké?¿m
8 U ⊂ S §f−1(U) 3 U þÑ´�.£�A�§k�¤�"
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ù´ (6.1.5, (iii)) ���AÏ�/"

íØ (6.1.7) — � f : X → Y ´��k���"Ké?¿ y ∈ Y §n� f−1(y) Ñ
´��3 k(y) þk��©l�êV/§�,§�.�mÒ´lÑ�k��"

¯¢þ§�� k(y) V/§f−1(y) �±�Óu X ×Y Spec k(y) (I, 3.6.1)§§3
Spec k(y) þ´k�� (6.1.5, (iii))¶l
´����V/§¿�§��´ k(y) þ��
�k����ê (6.1.4)"u´·K�g (I, 6.4.4)"

íØ (6.1.8) — � X,S ´ü��V/§f : X → S ´��<í5��"e f ´
�.£�A�§k�¤�§K X �kn¼ê� R(X) 3 S �kn¼ê� R(S) þ´�
ê£�A�§k���ê¤�"

¯¢þ§� s ´ S ���:¶K k(s) V/ f−1(s) 3 Spec k(s) þ´�.£�A�§
k�¤� (6.1.5, (iii))§��âcJ^�§§�¹ X ���: x ¶l
 x 3 f−1(s) ¥�
ÛÜ�£�u k(x) (I, 3.6.5)¤́ ���.£�A�§k�¤k(s) �ê�ÛÜ� (6.1.4)§
��(Ø"

5) (6.1.9) — g ´©l�ù�^�éu (6.1.5, (v)) 5`´'��µ¯¢þ§
e Y 3 Z þØ´©l�§KðÓ 1Y ´Ü¤�� Y

∆Y−→ Y ×Z Y
p1−→ Y §,
 ∆Y Ø

´�.��§ù�d (6.1.10) ��µ

·K (6.1.10) — �.��Ñ´2�4�"

� f : X → Y ´���.��¶�ì (6.1.5, (iii))§�Iy² f ´4�"� Z ´ X

���4f8¶K X k��± Z �.�m�fV/ (I, 5.2.1)§l
d (6.1.5, (i) Ú (ii))

�§�±�uy² f(X) 3 Y ¥´4�"�ì (6.1.5, (vi))§�±b� X Ú Y Ñ´
Q��¶?
§e T ´ Y �± f(X) �.�m�Q�4fV/ (I, 5.2.1)§K·��
� f �±©)� X → T

j−→ Y §Ù¥ j ´¹\�� (I, 5.2.2)§�du j ´©l� (I,

5.5.1, (i))§�d (6.1.5, (v)) � g ´���.��"l
�±b� f(X) 3 Y ¥´È�
�"��§¯K3 Y þ´ÛÜ5�§���u�Ä Y = Spec A ��/"d� X =

Spec B §Ù¥ B ´��3 A þ�.� A �ê (6.1.4)¶?
 A ´Q�� (I, 5.1.4)§¿
�du f(X) 3 Y ¥´È��§�� f ¤éA�Ó� ϕ : A → B ´ü� (I, 1.2.7)"3
ù
^�e§̀ f(X) = Y =¿�X` A �?Û�n�Ñ´ B �,��n�� A �
�8§ù� Cohen-Seidenberg 1�½n ([13], t. I, p. 257, ½n 3) ÃÉ"

íØ (6.1.11) — k��� f : X → Y Ñ´�K�"

¯¢þ§du f ´���§�� OX ´ f 4´�� OX �� (5.1.2)¶?
 f∗OX ´
��k�.�[vàOY �� (6.1.2)¶ �� f ´©lk�.�§ ¿�´2�4�
(6.1.10)§l
�O{ (5.5.4, (i)) ¥�^�Ñ��
÷v"
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·K (6.1.12) — � f : X ′ → X ´��k���§¿� B = f∗OX′£§´��
[và OX �ê�§¿�´k�. OX ��¤"� F ′ ´��[và OX′ ��¶K�

¦ F ′ ´ r �ÛÜgd�§7L��I f∗F ′ ´�� r �ÛÜgd B ��"

´�e (f∗F ′)|U Ó�u Br|U£U ´ X �m8¤§K F ′|f−1(U) Ó�u Or
X′ |f−1(U)

(1.4.2)"�L5§b� F ′ ´ r �ÛÜgd�§e¡y² f∗F ′ �� B ���±ÛÜÓ
�u Br "� x ´ X ��:¶u´� U �H x �,�Ä�����|�§Ã f−1(U) �
Hk�8Ü f−1(x) ���Ä�����| (1.2.5)§Ï� f ´4� (6.1.10)"u´·K
�ge¡�Únµ

Ún (6.1.12.1) — � Y ´��V/§E ´�� r �ÛÜgd OY ��§Z ´ Y �
��k�f8§��¹3����m8 V �¥"u´�±é� Z ����� U ⊂ V §
¦� E |U Ó�u Or

Y |U "

w,�±b� Y ´���¶é?¿ zi ∈ Z §34� {zi}¥���3��4: z′i

(0, 2.1.3)¶e Z ′ ´dÃ z′i ¤|¤�8Ü§K Z ′ �z����´ Z ���§l
�
±b� Z 3 Y ¥´4�§¿�´lÑ�"�Ä Y �± Z �.�m�Q�4fV/ (I,

5.2.1)§¿� j : Z → Y ´;�¹\¶K j∗E = E ⊗Y OZ 3lÑV/ Z þ´ r �ÛÜg
d�§l
Ó�u Or

Z ¶�é{`§�±é� E ⊗Y OZ 3 Z þ� r ��¡ si (1 6 i 6 r)

¦�dù
�¡¤½Â�Ó� Or
Z → E ⊗Y OZ ´���",
 Y = Spec A ´�

��§�� Z ´d A �,�n� J ¤½Â�§¿� E = M̃ §Ù¥ M ´�� A �¶
Ã si Ñ´ M ⊗A (A/J) ¥���§l
§�´ M = Γ(Y, E ) ¥� r ��� ti ��"u
´é?¿ zj ∈ Z §þ�é� zj ����� Vj §¦� ti 3 Vj þ���½Â
��Ó
� Or

Y |Vj → E |Vj (0, 5.5.4)¶l
ù
 Vj �¿8 UÒ´·�¤I��"

·K (6.1.13) — � g : X ′ → X ´V/m����.��§Y ´���5�Û
Ü�V/§f ´ Y � X ′ ���knN�§¿¦� g ◦ f ´��??k½Â�knN
� (I, 7.2.1) ¶K f ´??k½Â�"

e f1 Ú f2 ´a f ¥�ü���£l Y �È�m8� X ′¤§K´� g ◦ f1 Ú g ◦
f2 ´�d���§l
�±^ g ◦ f 5L«§���da"�P�XJ·�?
b
� Y ´ÛÜ Noether �§Kd Y �5�ù�^�Ò�±íÑ Y ´ÛÜ�� (I, 6.1.13)"

�
y² (6.1.13)§Äk5¿�¯K3 Y þ´ÛÜ5�§Ï
�±b�3a g ◦
f ¥�3���� h : Y → X "�Ä_� Y ′ = X ′

(h) = X ′
(Y ) §¿5¿��� g′ =

g(Y ) : Y ′ → Y ´�.� (6.1.5, (iii))"|^ Y � X ′ �knN�Ú Y ′ �kn Y �¡�
m���éA (I, 7.1.2)§·���¯K�±8(� X = Y ��/§�é{`§8(
�

íØ (6.1.14) — � X ´���5�ÛÜ�V/§g : X ′ → X ´���.�
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�§f ´ X ′ ���kn X �¡"K f ´??k½Â�"

¯K3 Y þ´ÛÜ5�§��b� X ´��§d� f �±�Óu��l X �
m8 U � X ′ ��� (I, 7.2.2)§§�´ g−1(U) ��� U�¡"du g ´©l�§�
� f ´l U � g−1(U) ���4E\ (I, 5.4.6)¶� Z ´ g−1(U) �N�u f �4fV
/ (I, 4.2.1)§K§Ó�u U §l
´��¶� X1 ´ X ′ �± Z 3 X ′ ¥�4� Z �
.�m�Q�fV/ (I, 5.2.1)¶K Z ´ X1 3§���m8þ¤p��mfV/ (I,

5.2.3)§�du Z ´Ø���§�� X1 �´Xd§l
§´��"u´�±r�� f w
�´ X1 ���kn X�¡¶du g 3 X1 þ���´���.�� (6.1.5, (i) Ú (ii))§
�
 (6.1.14) �y²�ª8(� X ′ = X1 ��/§�é{`§8(�

íØ (6.1.15) — � X ´���5�V/§X ′ ´���V/§g : X ′ → X ´�
��.��"u´e X ′ k��kn X �¡ f §K g ´��Ó�"

¯K3 X þ´ÛÜ5�§��b� X ´���§�� A §d� X ′ �´���§
¿�§�� A′ 3 A þ´�.� (6.1.4)§
�´��¶?
§(6.1.14) �ínL²§�
±é� X ���È�m8§§� X ′ �,�È�m8´Ó��§l
 A Ú A′äk�
Ó�©ª�",��¡§�ì (I, 8.2.1.1) ±9Ã Ox Ñ´�4�ù�^�§� A ´�
4�§l
 A′ = A §ùÒ�¤
 (6.1.13) �y²"

6.2 [k���

·K (6.2.1) — � f : X → Y ´��ÛÜk�.��§x ´ X ��:"K±e
Ã^�´�d�µ

a) : x 3§�n� f−1(f(x)) ¥´�á�"
b) � Ox ´��[k� Of(x) � (0, 7.4.1)"

¯Kw,3 X Ú Y þÑ´ÛÜ5�§��b� X = Spec A Ú Y = Spec B Ñ´
���§¿� A ´k�. B �ê (I, 6.3.3)"?
§r X �¤ X ×Y Spec Of(x) Ø¬
UCn� f−1(f(x)) §�Ø¬UCÛÜ� Ox (I, 3.6.5)¶l
�±b� B ´��ÛÜ
�£�u Of(x)¤¶e n ´ B �4�n�§K f−1(f(x)) ´����V/§�� A/nA §
¿�3 k(f(x)) = B/n þ´k�.� (I, 6.4.11)"âd§e a) ¤á§K�±?
b
� f−1(f(x)) �k��: x ¶l
 A/nA 3 B/n þ´k��� (I, 6.4.4)§�é{`§
A ´��[k� B �"�L5§eù�^���÷v§K f−1(f(x)) ´�� Artin ��
V/§l
´lÑ� (I, 6.4.4)¶Ï
 x 3§�n�¥´�á�§ùÒL² b) %º a)"

íØ (6.2.2) — � f : X → Y ´��k�.��"K±eÃ^�´�d�µ
a) z�: x ∈ X 3§�n� f−1(f(x)) ¥Ñ´�á� £�é{`§ f�m

f−1(f(x)) ´lÑ�¤"
b) é?¿ x ∈ X §V/ f−1(f(x)) Ñ´��k� k(f(x)) V/"
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c) é?¿ x ∈ X §� Ox Ñ´��[k� Of(x) �"

a) Ú c) ��d5�g (6.2.1)",��¡§du f−1(f(x)) ´���ê k(f(x)) V
/ (I, 6.4.11)§�� a) Ú b) ��d5�g (I, 6.4.4)"

½Â (6.2.3) — XJ f : X → Y ´��k�.��§¿�÷v (6.2.2) ¥��d
^�§K·�¡ f ´[k��§½¡ X 3 Y þ´[k��"* (J\ III, 20) — ¤¢
���� f : X → Y 3: x ∈ X ?´[k��§́ ��±é� y = f(x) �����
m�� V Ú x �����m�� U §÷v f(U) ⊂ V §¿¦� f ����� U → V ´
[k��"¤¢���� f : X → Y ´ÛÜ[k��§́ �§3 X �¤k:?Ñ´
[k��"*

´�k���Ñ´[k�� (6.1.8)"

·K (6.2.4) — (i) ��E\ X → Y 3e¡ü«�¹e´[k����µ§´
4�§½ö X ´ Noether �"

(ii) e f : X → Y Ú g : Y → Z Ñ´[k����§K g ◦ f �´Xd"
(iii) e X Ú Y Ñ´ S V/§ f : X → Y ´��[k� S ��§Ké?¿Ä*

Ü g : S′ → S §�� f(S′) : X(S′) → Y(S′) Ñ´[k��"
(iv) e f : X → Y Ú g : X ′ → Y ′ ´ü�[k� S ��§K

f ×S g : X ×S Y −→ X ′ ×S Y ′

�´[k��"
(v) � f : X → Y Ú g : Y → Z ´ü���§¿¦� g ◦ f ´[k��¶u´

e g ´©l�§½ö X ´ Noether �§½ö X ×Z Y ´ÛÜ Noether �§K f ´[k�
�"

(vi) e f ´[k��§K fred �´Xd"

e f : X → Y ´��E\§K§�¤kn�Ñ�¹�:§l
�ó (i) �g (I,

6.3.4 (i) Ú 6.3.5)"�
y² (ii)§Äk5¿� h = g ◦ f ´k�.� (I, 6.3.4 (ii))¶?

§e z = h(x) � y = f(x) §K y 3 g−1(z) ¥´�á�§l
�±é� y 3 Y ¥�
��m�� V §§Ø�¹ g−1(z) ¥�?ÛØÓu y �:¶l
 f−1(V ) ´ x ���m
��§¿�� f−1(y′) vk�:§Ù¥ y′ 6= y ´ g−1(z) ¥��:¶du x 3 f−1(y) ¥
´�á�§��§3 h−1(z) = f−1(g−1(z)) ¥´�á�"�
y² (iii)§�±�u�
Ä Y = S ��/ (I, 3.3.11)¶ÄkE,5¿� f ′ = f(S′) ´k�.� (I, 6.3.4, (iii))¶
,��¡§e x′ ∈ X ′ = X(S′) §¿�- y′ = f ′(x′), y = g(y′) §K f ′−1(y′) �±�Ó
u f−1(y) ⊗k(y) k(y′) (I, 3.6.5)¶du�âcJ^� f−1(y) 3 k(y) þ´k���§�
� f ′−1(y′) 3 k(y′) þ´k���§l
´lÑ�"�ó (iv), (v), (vi) Ñ�d (i), (ii),

(iii) íÑ5§Uì (I, 5.5.12) ¥����{§�´ù��¹ (v) ¥/ g ´©l�0ù�
�/¶�
?nÙ¦��/§5¿�e x 3 f−1(g−1(g(f(x)))) ¥´�á�§K§�



· 118 · 1�Ù Aa����N5�

,3 f−1(f(x)) ¥�´�á�¶d� f ´k�.�ù�¯¢�g (I, 6.3.6)"

·K (6.2.5) — � A ´���� Noether ÛÜ�§X ´��ÛÜk�.�©l
A V/§ x ´ X ��� u Y = Spec A �4: y �þ�:§¿b� x 3§�n�
f−1(y) ¥´�á�£f ´�(��� X → Y ¤"K Ox ´��k�. A �§¿� X �
± Y Ó�u X ′ = Spec Ox£ù´��k� Y V/¤Ú,��©l A V/ X ′′ �Ú (I,

3.1)"

d (6.2.1) �§Ox ´��[k�� A �"du Ox ´ Noether � (I, 6.3.7)§¿�Ó
� A → Ox ´ÛÜ�§�d A ´���ù�^��±íÑ Ox ´��k�. A � (0,

7.4.3)"� X ′ = Spec Ox ´ X 3: x ?�ÛÜV/ (I, 2.4.1)§¿� g : X ′ → X ´;�
��"KduÜ¤�� X ′ g−→ X

f−→ Y ´k�� (6.1.1)§¿� f ´©l�§�� g ´
k�� (6.1.5, (v))§l
 g(X ′) 3 X ¥´4� (6.1.10)¶,��¡§du g ´k�.�§
��ì g �½ÂÚ (I, 6.5.4)§g 3 X ′ �4: x′ ?´��ÛÜÓ�¶,
 X ′ ´ x′ ��
���m��§ùÒ¿�X g ´��mE\§l
 g(X ′) 3 X ¥�´m�§ùÒ�¤

y²"

íØ (6.2.6) — � A ´���� Noether ÛÜ�§Y = Spec A§f : X → Y ´
��©l�[k����"K X �± Y Ó�u��ÚV/ X ′ ∐ X ′′ §Ù¥ X ′ ´�
�k� Y V/§X ′′ ´��3 Y þ©l�[k��V/§¿�éu Y �4: y§·�
k X ′′ ∩ f−1(y) = ∅ "

¯¢þ§�âcJ^�§n� f−1(y) ´k��lÑ�§l
ù�íØ�g (6.2.5)§
��éù�n��:��ê?18B=�"

5) (6.2.7) — 31 IV Ù·�òw�§e Y ´ÛÜ Noether �§K��©l�
[k���� X → Y 7,´[���"

6.3 V/��é�4�

·K (6.3.1) — � (X, A ) ´���È�m§B ´��£��¤A �ê�§f ´
B ����N�¡"K±eÃ5�´�d�µ

a) Ã fn (n > 0) 3 B ¥¤)¤� A f�� (0, 5.1.1) ´k�.�"
b) �±é� B ��� A f�� C §§´k�. A ��§¿� f ∈ Γ(X, C ) "
c) é?¿ x ∈ X §fx 3ª^ Ax þÑ´�.�"

duÃ fn (n > 0) 3 B ¥¤)¤� A f��´�� A �ê�§�´� a) %
º b)",��¡§b) %ºé?¿ x ∈ X §Ax � Cx Ñ´k�.�§ùqL²�ê Cx ¥
�?Û��3 Ax þÑ´�.�§AO� fx 3 Ax þ´�.�"��§eé,� x ∈
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X §·�k��'Xª

fn
x + (a1)xfn−1

x + · · · + (an)x = 0 §

Ù¥ ai (1 6 i 6 n) Ñ´ A 3 x �,�m�� U þ��¡§K�¡ fn|U +a1.f
n−1|U +

· · · + an 3 x �,��� V ⊂ U þ´"§ddá�§¤k fk|V (k > 0) Ñ´Ã f j |V
(0 6 j 6 n − 1) � Γ(V, A ) Xê�5|Ü¶ùÒL² c) %º a)"

XJ (6.3.1) ¥��d^���÷v§K·�¡�¡ f 3 A þ´�.�"

íØ (6.3.2) — 3 (6.3.1) �cJ^�e§B ¥k£��¤�� A f�� A ′ §¦
�é?¿ x ∈ X §A ′

x Ñ´d@
3 Ax þ�.�Þ fx ∈ Bx ¤|¤�8Ü"�é?
¿m8 U ⊂ X §A ′ 3 U þ��¡Ò´d@
3 A |U þ�.��¡ f ∈ Γ(U,B) ¤
|¤�8Ü"

A ′ ��35´w,�§��� Γ(U,A ′)Ò´ù��
 f ∈ Γ(U,B) ¤|¤�8
Ü§=é?¿ x ∈ U §fx 3 Ax þÑ´�.�"1���ó�d (6.3.1) á�"

´� A ′ ´ B ��� A f�ê�¶·�¡�� A 3 B ¥��é�4� (fermeture

intégrale)"

(6.3.3) � (X, A ), (Y, B) ´ü��È�m§

g = (ψ, θ) : X −→ Y

´����"� C£�A�§D¤́ �� A �ê�£�A�§B �ê�¤§¿�

u : D −→ C

´�� g �� (0, 4.4.1)"u´e A ′£�A�§B′¤́ A£�A�§B¤3 C£�A
�§D¤¥��é�4�§K u 3 B′ þ���´�� g ��

u′ : B′ −→ A ′ "

¯¢þ§e j ´;�¹\ B′ → D §K�Iy²

v = u] ◦ g∗(j) : g∗B′ −→ C ′

r g∗B′ N� A ′ ¥=�",K§�âB′ �½Â§(g∗B′)x = B′
ψ(x) ⊗Bψ(x) Ax ¥��

���3 Ax þ´�.�§l
§3 vx e���´Xd§ùÒy²
·���ó"

·K (6.3.4) — � X ´��V/§A ´��[và OX �ê�"K OX 3 A ¥
��é�4� O ′

X ´��[và OX �ê�§¿�éu X �?¿m8 U §Γ(U,O ′
X) Ñ

´ Γ(U,OX) 3 Γ(U,A ) ¥��é�4�"
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�±�u�Ä X = Spec B ´��V/��/§d� A = Ã §Ù¥ A ´�� B �
ê¶� B′ ´ B 3 A ¥��é�4�"K¯K8(�y²é?¿ x ∈ X §Ax �?Û
��3 Bx þ�.���7,áu B′

x §ù�ge¡�¯¢µéu�����ê C 5
`§3 C �ê¥��é�4��$���©ª�£'u C ���¦5f8¤�$�
´���� ([13], t, I, p. 261 Ú 257)"

±e·�r X V/ X ′ = Spec O ′
X ¡� X �éu A£½ö�éu Spec A ¤��

4�¶́ � X ′ 3 X þ´�.� (6.1.2)"

d (6.3.4) á�§e f : X ′ → X ´(���§Kéu X �?¿m8 U §f−1(U) Ñ
´ X �mfV/ U �éu A |U ��4�"

(6.3.5) � X,Y ´ü�V/§f : X → Y ´����§A£�A�§B¤́ �
�[vàOX �ê�£�A�§OY �ê�¤§¿� u : B → A ´�� f ��"u´
d (6.3.3) �§·�k�� f �� u′ : O ′

Y → O ′
X §Ù¥ O ′

X£�A�§O ′
Y ¤́ OX£�

A�§OY ¤3 A£�A�§B¤¥��é�4�"l
e X ′£�A�§Y ′¤́ X£�
A�§Y ¤�éu A£�A�§B¤��4�§K�±d u ;�/�Ñ���� f ′ =

Spec(u′) : X ′ → Y ′ (1.5.6)§¿¦e¡�ãL¤����

(6.3.5.1)

X ′ f ′
//

²²

Y ′

²²

X
f

// Y "

(6.3.6) b� X �kk��Ø��©| Xi (1 6 i 6 r) §©Oäk��: ξi §¿
�·��Ä X �éu��[vàR(X) �ê� A£�� OX �ê�´[và���
� R(X) �ê�´[và�§ùüö´�d�¤��4�"·��� (I, 7.3.5)§A ´
r �[vàOX �ê� Ai ��Ü§Ù¥ Ai �|8�¹3 Xi ¥§¿� Ai 3 Xi þp�
��´��~��§§�ª^ Ai ´ Oξi þ����ê"d�´� (6.3.4) OX 3 A ¥
��é�4� O ′

XÒ´ OX 3z�� Ai ¥��é�4� O
(i)
X ��Ü§l
 X �é

u A ��4� X ′ = Spec O ′
XÒ´Ã Spec O

(i)
X = X ′

i (1 6 i 6 r) �Ú X V/"

?
b� OX �ê� A ´Q��§ù���u`§z��ê Ai Ñ´Q��§l

�±�w�´� k(ξi)£�u X �± Xi �.�m�Q�4fV/�kn¼ê�¤þ
����ê¶d� (1.3.8) z� X ′

i Ñ´Q�V/§�3 X þ´©l�§¿� X ′ �
´ Xred ��é�4�"?
b�z��ê Ai Ñ´k��� Kij (1 6 j 6 si) ��
Ü¶e Kij ´ Ai �� Kij �éA�f�ê�§K´� O

(i)
X Ò´ OX 3z� Kij ¥�

�é�4� O
(ij)
X ��Ü"Ï
 X ′

iÒ´Ã X V/ X ′
ij = Spec O

(ij)
X (1 6 j 6 si) �Ú

V/"?
§3ù
cJ^�ÚPÒeµ
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·K (6.3.7) — z� X ′
ij Ñ´���5� X V/§¿�§�kn¼ê� R(X ′

ij)

�±;��Óu k(ξi) 3 Kij ¥��é�ê4� K ′
ij §

�ìþ¡¤ã§�±b� X ´��§l
 r = 1 � s1 = 1 §u´ù�����
ê A1 ´��� K ¶� ξ ´ X ���:§¿� f : X ′ → X ´(���"éu X �?
¿����m8 U §f−1(U) Ñ�±�Óu�� BU = Γ(U,OX) 3� K ¥��é�
4� B′

U (6.3.4)¶du� B′
U ´���4�§��§3Ì¥�?¿:?�ÛÜ�Ñ´

Xd§l
�â½Â f−1(U) ´�����5�©lV/ ((0, 4.1.4) Ú (I, 5.1.4))"?

§du (0) ´ B′

U � u BU ��n� (0) �þ����n� ([13], t, I, p. 259)§�
� f−1(ξ) �¹�: ξ′ §¿� k(ξ′)Ò´ B′

U �©ª� K ′ §§�� k(ξ) 3 K ¥��é
�ê4�ÃÉ"��§X ′ ´Ø���§Ï�� U �H X �����m8�8Ü�§
Ã f−1(U) �¤ X ′ ���mCX§¿�´dØ��m8¤|¤�¶?
?¿ù�ü
�m8��8 f−1(U ∩ V ) Ñ�¹ ξ′ §l
Ø´��§u´d (0, 2.1.4)Ò�±íÑ(
Ø"

íØ (6.3.8) — � X ´��Q�V/§�kk��Ø��©| Xi (1 6 i 6
r)§¿� ξi ´ Xi ���:"K X �éu R(X) ��4� X ′ ´ r ����5� X V
/ X ′

i �ÚV/§z� X ′
i 3 X þÑ´©l�"e f : X ′ → X ´(���§K f−1(ξi)

��¹�:§= X ′
i ���: ξ′i §¿�·�k k(ξ′i) = k(ξi)§�é{`§f ´Vkn

�"

d�·�r X ′ ¡�Q�V/ X ��5z¶5¿�du f ´Vkn��.�§�
�§´N÷� (6.1.10)"�
¦ X ′ = X §7L��I X ´�5�"XJ X ´���
V/§Kd (6.3.8) �§§��5z X ′ �´��"

(6.3.9) � X,Y ´ü��V/§ f : X → Y ´��<í§ L = R(X), K =

R(Y ) ´ X Ú Y �kn¼ê�¶K f ;�/éAX��¹\ K → L §¿�XJr K

£�A�§L¤�Óu~�� R(Y )£�A�§R(X)¤§KT¹\´�� f ��"� K1

£�A�§L1¤́ K£�A�§L¤���*Ü§¿�b��
��i\ K1 → L1 §
¦�ãL

K1
// L1

K //

OO

L

OO

´���¶e·�r K1£�A�§L1¤w�´ Y£�A�§X¤þ�~��§l
�
´�� R(Y ) �ê�£�A�§R(X) �ê�¤§Kù�¿�X K1 → L1 ´�� f �
�"âd§e X ′£�A�§Y ′¤́ X£�A�§Y ¤�éu L1£�A�§K1¤��
4�§K X ′£�A�§Y ′¤́ �����5�V/ (6.3.6)§Ùkn¼ê��±;�
�Óu L£�A�§K¤3 L1£�A�§K1¤¥��é�ê4�§¿��3��;
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���£7,´<í¤f ′ : X ′ → Y ′ §¦�ãL (6.3.5.1) ´���"

�­�����/´µ·�� L1 = L §l
 K1 ´ K ����¹3 L ¥�*Ü§
2b� X ´���5�§l
 X ′ = X "d�þ¡¤ãL²§XJ X ´�5�§¿
� Y ′ ´ Y �éu� K1 ⊂ L = R(X) ��4�§K?Û<í f : X → Y Ñ�±©)
�

f : X
f ′

−→ Y ′ −→ Y §

Ù¥ f ′ ´<í¶d	§XJi\ K1 → L ´�½�§K f ′ 7,´���§Ï��±8
(� X Ú Y Ñ´��V/��/"l
·�w�§éu�½� Y, L Ú K i\ K1 →
L §Y �éu K1 ��4� Y ′ ´��Ê·¯K�)"

5) (6.3.10) — £� (6.3.6) �cJ^�§?
b�z��ê Ai 3 k(ξi) þÑ
´k���£ùL² Ai ´k�����Ü¤¶K3,
�/e�±y²§(��
� X ′ → X Ø=´�.�§$�´k��"·��u�Ä X ´Q�V/��/¶d
u¯K3 Y þ´ÛÜ5�§��?
b� X ´���§�� C §¿� C �kk��
4��n� pi (1 6 i 6 r) §Ci = C/pi Ñ´��¶d�eÃ Ci 3§�©ª��z�
k�*Ü¥��é�4�Ñ´k�. C �§K X ′ 3 X þ´k�� (6.3.4)"·���
XJ C ´�þ�k�.�ê ([13], t, I, p. 267, ½n 9)§½ö´ Z þ�k�.�ê [9,

I, p. 93, ½n 3]§½ö´�� Noether ÛÜ�þ�k�.�ê ([25], p. 298)§Kþ
ã^�o´¤á�"dd��§e X 3,��£½ö Z §½ö,��� NoetherÛÜ
�¤þ´k�.�©l�§K X ′ → X ´��k���"

6.4 OX ���gÓ��1�ª

(6.4.1) � A ´��£��¤�§E ´�� n �gd A �§u ´ E ���gÓ�¶
�P��
½Â u �A�õ�ª§·�I��Ä n �gd A[T ] � E ⊗A A[T ]£T ´
�½�¤§¿�-

(6.4.1.1) P (u, T ) = det
(
T.I − (u ⊗ 1)

)
£Ù¥ I ´� E ⊗A A[T ] �ðÓgÓ�¤"u´

(6.4.1.2) P (u, T ) = Tn − σ1(u)Tn−1 + · · · + (−1)nσn(u) §

Ù¥ σi(u) ´ A ¥�����§�u u 3 E �?¿��Ä.e�Ý
������
£�Xê¤i gàgõ�ª¶·�rù
 σi ¡� u �Ä�é¡¼ê§AO�§σ1 =

Tr u � σn = det u "�P��ì Hamilton-Cayley ½n§·�k

(6.4.1.3) P (u, u) = un − σ1(u)un−1 + · · · + (−1)nσn(u) = 0 "
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ù��±�¤

(6.4.1.4) (detu).1E = uQ(u)

£1E ´ E �ðÓgÓ�¤§Ù¥

(6.4.1.5) Q(u) = (−1)n+1(un−1 − σ1(u)un−1 + · · · + (−1)n−1σn−1(u)) "

� ϕ : A → B ´���Ó�§§¦ B ¤��� A �ê¶�Ä B � E(B) = E⊗AB §
§´ n �gd�§¿� u �±*Ü� E(B) ���gÓ� u ⊗ 1 ¶´�é?¿�I i §
þk σi(u ⊗ 1) = ϕ(σi(u)) "

(6.4.2) y3b� A ´����§©ª�� K §¿� E ´��k�. A �£�
7gd¤"� n ´ E ��§�Ò´`§§´ K � E ⊗A K ��¶K E �?ÛgÓ
� u Ñ;�/éAX E ⊗A K �gÓ� u ⊗ 1 ¶·�·^�eâ�§·��rõ�
ª P (u⊗1, T ) ¡� u �A�õ�ª§¿P� P (u, T ) §§�Xê σi(u⊗1)£áu K¤E
P� σ(u) §¿�¡�� u �Ä�é¡¼ê¶AO�§det u = det(u⊗ 1) §ù´�â½
Â"3ù
PÒe§úª (6.4.1.3) � (6.4.1.5) 3,«¿ÂeE,´k��§��·�
r uj)º���Ó� E → E ⊗A K §= E ⊗A K �gÓ� uj ⊗ 1 = (u⊗ 1)j �;�Ó
� x 7→ x ⊗ 1 �Ü¤"

e F ´ E �L�§¿� E0 = E/F §Kk u(F ) ⊂ F §l
 u ÏL�û�±�
Ñ E0 ���gÓ� u0 ¶?
 E ⊗A K �±�Óu E0 ⊗A K §¿� u ⊗ 1 �±�Ó
u u0 ⊗ 1 §l
 σi(u) = σi(u0) (1 6 i 6 n) "

e E ´ÃL�§K E �±;��Óu E ⊗A K ��� A f�§¿�'Xª u ⊗
1 = 0 �du u = 0 "XJ E ´��gd A �§K�âþ¡¤ã§σi(u) �ü�½
Â (6.4.1) Ú (6.4.2) ´���§ù�`²
¤æ^�PÒ´Ün�"

��±5¿�§e E ´��L�§�é{`§E0 = {0}§K E0 �	�ê{z
� K §¿� E0 ���gÓ� u0 �1�ª�u 1 "

·K (6.4.3) — � A ´����§E ´��k�. A �§u ´ E ���gÓ�¶
K u �Ä�é¡¼ê σi(u)£AO� det u¤Ñ´ K ���3 A þ�.���"

� A′ ´ A ��4�¶du A′[T ] ´���4�� ([24], p. 99)§��§´ A[T ] 3
Ù©ª� K[T ] ¥��4�"r u �¤ T.I−u⊗1 ¿r A �¤ A[T ] §K·�w�§̄ K
8(�y² det u 3 A þ´�.�"e n ´ E ��§Kk det u = det(∧nu) Ú (∧nu)⊗
1 = ∧n(u⊗1) §l
�±b� n = 1 "d�N� u 7→ det u ´ A � HomA(E,E) � K �
��Ó�¶du E ´k�.�§�� HomA(E,E) Ó�u,�k�. A � En �f
�£'X E �d n ���¤)¤¤§l
�� det u á3 K ���k�. A f��¥§
Ï
3 A þ´�.�"
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* (¾�III, 21) — ù�y²´Øé�§Ï� K �k�. A f����3 A þ�
7´�.�"?UXeµ

�±b� E ´ÃL�§l
´§¢�§K E �´��§¢ A[u] �£r A i\ E �
gÓ��¥¤"du E ´��k�. A �§�� u 3 A þ´�.�£Bourbaki, 5�
��êÆ6, V, § 1, n◦ 1, Ún 1¤"ddá�§u⊗ 1 �ÃA��£3 K ����ê4
�¥¤3 A þÑ´�.�§l
 σi(u) �´Xd"*

íØ (6.4.4) — 3 (6.4.3) �cJ^�e§e?
b� A ´�4�§KÃ σi(u)

£AO� Tr u Ú det u¤Ñáu A "

·K (6.4.5) — � A ´����§E ´��k�. A �§�� n§u ´ E ��
�gÓ�§¿¦�Ã σi(u) Ñá3 A ¥"K�
¦ u ´ E ���gÓ�§7L det u �
3 A ¥´�_�§XJ E ´ÃL�§Kù�^��´¿©�"

^�´¿©�§Ï�cJ^�Úúª (6.4.1.4), (6.4.1.5)£3 E þ�´¤á�§Ø
=´3 E ⊗A K þ¤á§Ï� E ´ÃL�¤L²§(detu)−1Q(u)Ò´ u �_"

^�´7��§Ï�e u ´�_�§Kd (6.4.3) �§det(u−1) á3 A 3Ù©ª
� K ¥��4� A′ �¥§¿�w,´ det u 3 A′ ¥�_"u´·���ó�gµ

Ún (6.4.5.1) — � A ´� A′ ���f�§¿� A′ 3 A þ´�.�"u´e�
� x ∈ A 3 A′ ¥´�_�§K§3 A ¥�´�_�"

XJù´Øé�§K x áu A �,�4�n� m §¿�d Cohen-Seidenberg 1�
½n ([13], t, I, p. 257, th, 3) �§�±é� A′ ���4�n� m′ §¦� m = m′ ∩ A ¶
l
·�k x ∈ m′ §ù´�¸�"

íØ (6.4.6) — � A ´���4��§E ´��ÃL�k�. A �§u ´ E �
��gÓ�"K�
¦ u ´ E ���gÓ�§7L��I det u 3 A ¥´�_�§

ù�g (6.4.4) Ú (6.4.5)"

5) (6.4.7) — ·�3�¡ò¬I�þã(J���í2"�Ä�� Noether Q
�� A ¶� pα (1 6 α 6 r) ´§�4��n�§Kα ´�� A/pα �©ª�§K ´ A �
�©ª�§§´ù
� Kα ��Ü"� E ´��k�. A �§¿b� E ⊗A K ´
�� n �gd K �£d�§ØUdÙ§^�íÑ¤¶ù��u`§¤k Kα �þ�
m E ⊗A Kα = Eα Ñäk�Ó�� n ¶u´e u ´ E ���gÓ�§KE,�±
- P (u, T ) = P (u ⊗ 1, T ) Ú σj(u) = σj(u ⊗ 1) §AO�§det u = det(u ⊗ 1) ¶l

Ã σj(u) Ñ´ K ¥���"́ � E ⊗A K ´Ã Eα ��Ú§¿�ù
 Eα 3 u ⊗ 1 e
Ñ´­½�¶d	§ u ⊗ 1 3 Eα þ���� u 3ù� Kα �þ�mþ�òÿ uα Ã
É¶dd��§σj(u) ´ K ¥�ù�����§§3 Kα ¥�©þ�Ð´ σj(uα) "d
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u A 3 K ¥��é�4�Ò´ A 3ù
 Kα ¥��é�4���Ü§��ù
 σj(u)

3 A þÑ´�.�"

Ún (6.4.7.1) — � u �H HomA(E,E) �§d¤k�� σj(u) (1 6 j 6 n) 3 K

¥¤)¤� A f�ê´��k�. A �"

�Iy²Ã P (u, T ) 3 K[T ] ¥¤)¤� A[T ] f�ê´��k�. A[T ] f�§Ï
�e Fi(T ) (1 6 i 6 m) �¤ù� A[T ] ����)¤�|§Kù
 Fi(T ) �Xê
3 A þÑ´�.�§l
)¤�� A �ê§¿�§´k�. A � ([13], t, I, p. 255,

½n 1)"u´�±r A �¤ A[T ]£§´ Noether �¤¿r E �¤ E⊗A A[T ] = E′ §5
¿� E′ ⊗A[T ] K[T ] = E ⊗A K[T ] ´�� n ��gd K[T ] �"£��Ð�PÒ§l

�Iy²§� u �H HomA(E,E) �§d�� det u ¤)¤� A �´k�.�¶g
,£Ï�k�. A ��f��´k�.�¤�Iy²� v �H∧nE �gÓ�8Ü�§
dÃ det v ¤)¤� A �´k�.�¶�é{`§E,�±8(� n = 1 ��/"d
�·K�ge¡�¯¢µHomA(E,E) ´��k�. A �§¿� v 7→ det v ´T�
� K ¥���Ó�"

� F ´;�Ó� E → E ⊗A K �Ø§¿� E0 = E/F ¶K·�3þ¡®²w
�§E ⊗A K �±�Óu E0 ⊗A K §u(F ) ⊂ F §¿�e u0 ´ E0 �ù���gÓ�§
§´d u ÏL�û
�Ñ�§K u⊗ 1 �±�Óu u0 ⊗ 1 §¿�é?¿ jþk σj(u) =

σj(u0) "e F = 0 §Kúª (6.4.1.3) � (6.4.1.5) 3,«¿ÂeE,´k��§��·
�r E �Óu E ⊗A K ���f�§¿�r uj �Óu��Ó� E → E ⊗A K ¶u´
·K (6.4.5) 9Ùy²Ñ�±*Ð�ù��/"

(6.4.8) � (X, A ) ´���È�m§E ´��£k��¤ÛÜgd A ��§u ´
E ���gÓ�"�âcJ^�§�±é� X ���ÿÀÄ B §¦�é?¿ V ∈
B §E |V ÑÓ�u A n|V £n �±�X V 
Cz¤"� u ´ E ���gÓ�¶Ké?
¿ V ∈ B §uV Ñ´ Γ(V, A ) � Γ(V, E )£�âcJ^�§§´gd�¤���gÓ�§
l
1�ª det uV ´k½Â�§�áu Γ(V, A ) "?
§e e1, . . . , en �¤ Γ(V, E ) �
��Ä.§K§����?¿m8 W ⊂ V þÑ�¤ Γ(W,E ) 3 Γ(W,A ) þ���Ä
.§l
 det uW ´ det uV 3 W þ���"Ï
3 A þk����ù���N�¡§
§3z� V ∈ B þ���Ñ�u det uV §·�P�� det u §¿�¡�� u �1�
ª"́ �é?¿ x ∈ X §þk (detu)x = det ux ¶éu E �ü�gÓ� u, v §·�k

(6.4.8.1) det(u ◦ v) = (det u)(det v) §

¿�

(6.4.8.2) det(1E ) = 1A "

e E ��´~��£'X X ´ëÏ� (0, 5.4.1)¤§¿��u n §Ké?¿ s ∈ Γ(X, A ) §
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þk

(6.4.8.3) det(s.u) = sn det u

£5¿� n > 1 � det(0) = 0A §�´ n = 0 � det(0) = 1A ¤"?
§�
¦ u ´ E �
��gÓ�§7L��I det u 3 Γ(X, A ) ¥´�_�"

e E ��´~��§K�±Ó�/½ÂÄ�é¡¼ê σi(u) §§�Ñ´ Γ(X, A )

¥���¶
�'Xª (6.4.1.3) � (6.4.1.5) E,¤á"

u´·�½Â
��¦{üü 1©�Ó� det : HomA (E ,E ) → Γ(X, A ) ¶5¿
��â½Â HomA (E ,E ) = Γ(X, HomA (E ,E )) §�·�w�§3þã½Â¥�±
r X �¤?¿�m8 U ⊂ X §dd½ÂÑ��¦{üü��Ó� det : HomA (E ,E )

→ A "XJ E ��´~��§KÓ��±½Â8Ü��Ó� σi : HomA (E ,E ) → A ¶
éu i = 1 §Ó� σ1 = Tr ´�� A ��Ó�"

� (Y, B) ´,���È�m§¿� f : (X, A ) → (Y, B) ´���È�m��¶
e F ´��ÛÜgd B ��§K f∗F ´��ÛÜgd A ��£§Ú Fäk�Ó�
�§�� F ��´~��¤(0, 5.4.5)"éu F �?¿gÓ� v §f∗(v) Ñ´ f∗F �
gÓ�§¿�d½Âá�§det f∗(v) ´ A = f∗B �ù����N�¡§§;�éA
X det v ∈ Γ(Y, B) "·���±`Ó� f∗(det) : f∗HomB(F ,F ) → f∗B = A ´e
¡ù�Ü¤

f∗HomB(F ,F )
γ]

−→ HomA (f∗F , f∗F ) det−→ A

(0, 4.4.6)"aq(Jé σi �¤á"

(6.4.9) y3b� X ´��ÛÜ�V/§u´ X þ�kn¼ê� R(X) ´��
ÛÜ~���� (I, 7.3.4)§¿��� OX ��´[và�"e E ´��k�.�[
vàOX ��§K E ′ = E ⊗OX

R(X) ´��ÛÜgd R(X) �� (I, 7.3.6)¶u´é
u E �?¿gÓ� u §u⊗1R(X) Ñ´ E ′ ���gÓ�§¿� det(u⊗1) ´ R(X) ��
��N�¡§·��¡�� u �1�ª§¿P� det u "d (6.4.3) �§det u ´ OX 3
R(X) ¥��é�4�����¡ (6.3.2)¶?
e X ´�5�§K det u ´ OX ��N
�¡§e?
b� E ´ÃL�§K�ì (6.4.6) §�
¦ u ´ E ���gÓ�§7L�
�I det u ´�_�"úª (6.4.8.1) � (6.4.8.3) E,´k��¶rÓ� u 7→ det u A^
� HomOX

(E ,E ) ��¡�þ§K�±�Ñ���Ó� det : HomOX
(E ,E ) → R(X) §

¿�� X �5�§ù�Ó���3 OX ¥"XJ E ′ ��´~��§KéuÄ�é¡
¼ê σj(u) �kaq�½ÂÚ(J¶?
e X ´�5�§KÃ σj(u) Ñ´ OX ��N
�¡"

��§� X,Y ´ü��V/§ f : X → Y ´��<í"K·�k;�Ó�
1©È5µüü =/monöıde0"
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f∗R(Y ) → R(X) (I, 7.3.8 �¾�)§dd��§éz�k�.[vàOY �� F §
þk;�Ó� θ : f∗(F ⊗OY

R(Y )) → (f∗F ) ⊗OX
R(X) "e v ´ F ���gÓ�§

K f∗(v ⊗ 1R(Y )) ´ f∗(F ⊗OY
R(Y )) ���gÓ�§¿�·�k����ãL

f∗(F ⊗OY
R(Y ))

f∗(v⊗1)
//

θ
²²

f∗(F ⊗OY
R(Y ))

θ
²²

(f∗F ) ⊗OX
R(X)

f∗(v)⊗1
// (f∗F ) ⊗OX

R(X) "

dd´�§det f∗(v)Ò´ R(Y ) ��¡ det v 3Ó� f∗R(Y ) → R(X) e�;�
�¶¯¢þ§¯Kw,�±8(�e¡��/µX = Spec A, Y = Spec B Ñ´��
�§A Ú B Ñ´��§©ª�©O´ K Ú L §Ó� B → A ´ü�§l
�±òÿ�
��i\ L → K ¶e F = M̃ §Ù¥ M ´��k�. B �§K M ⊗B L 3 L þ��
�u (M ⊗B A)⊗A K 3 K þ��§¿�éu M �?¿gÓ� u §det((u⊗ 1)⊗ 1) Ñ
´ det(u ⊗ 1) 3 K ¥��§��(Ø"

(6.4.10) ��b� X ´��Q�ÛÜ Noether V/§l
 X þ�kn¼ê�
R(X) E,´��[vàOX �� (I, 7.3.4)¶,��¡§� E ´��và OX ��§
¿¦� E ′ = E ⊗OX

R(X) £́k��¤ÛÜgd�"K�ì (6.4.7)§e E ′ ��´~
��§Kéu E �?¿gÓ� u §Ñ�±½Â σj(u) §¿�§�Ñ´ R(X) ��N�
¡"=¦Øb� E ′ ��´~��§E,�±½ÂÓ� det : HomOX

(E ,E ) → R(X) "

6.5 �_���ê

(6.5.1) � (X, A ) ´���È�m§B ´��£��¤A �ê�"K A �� B

�±;��Óu HomA (B,B) ��� A f��§B 3 X �m8 U þ����¡ f

�±�Óu¦±T�¡�$�¤½Â�Ó�"e (X, A ) Ú B ÷v (6.4.8), (6.4.9) ½
(6.4.10) ¥¤�Þ�^���§K�±½Â det(f)£3,
�¹e��±½Â σj(f)¤§
§´ A ½ R(X) 3 U þ��¡§¡� f ��ê£�A�§f �Ä�é¡¼ê¤§¿�
P� NB/A (f) "·�y3b�e¡ü�^���´÷v�µ

(I) B ´��£k��¤ÛÜgd A ��"
(II) (X, A ) ´��Q�ÛÜ Noether V/§B ´��và A ��§b� B ⊗A

R(X) ´��ÛÜgd R(X) ��§¿�éum8 U ⊂ X þ�?¿�¡ f ∈ Γ(U,B)§
NB/A (f) Ñ´ A 3 U þ����¡"

5¿�XJÛÜ Noether V/ X ´�5�§K���^�gÄ÷v (6.4.9)"

,��¡§B⊗A R(X) ´ÛÜgd�ù�^���±^e¡��{5��µ·
�^ Xα 5IP X �@
±Ø��©|�.�m�Q�4fV/ (I, 5.2.1)§l
§�
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Ñ´ÛÜ Noether �V/"?Û x ∈ X Ñ�Uá3k�� Xα �¥¶,��¡§B⊗A

R(Xα) ´��äk~ê� kα �ÛÜgd R(Xα) �� (I, 7.3.6)¶̀ B⊗A R(X) ´�
�ÛÜgd R(X) ��=¿�Xé?¿ x ∈ X §÷v x ∈ Xα �@
�I α ¤éA�
� kα Ñ´���"̄ ¢þ§̄ K´ÛÜ5�§��8(�e¡��/µX = Spec C §
Ù¥ C ´�� Noether Q��§B = D̃ §Ù¥ D ´�� C �ê§¿�´��k�
. C �¶e pi (1 6 i 6 m) ´ C ��N4��n�§K C ��©ª� LÒ´Ã�
� C/pi �©ª� Ki ��Ü§¿� D ⊗C LÒ´Ã D ⊗C Ki ��Ú§��(Ø"

´�3^� (I) ½ (II) e§�±½Â��¦{üü��Ó� NB/A : B → A §E
P� N£��Ø¬E¤Ø)¤§�¡��êÓ�"l
éu B 3Ó��m8 U þ�
ü��¡ f, g §·�k

(6.5.1.1) NB/A (fg) = NB/A (f) NB/A (g) §

��u A 3 U þ��¡8Ü¶

(6.5.1.2) NB/A (1B) = 1A "

��§éu A 3 U þ�?¿�¡ s §þk

(6.5.1.3) NB/A (s.1B) = sn §

ùpb� B ��´~��§¿��u n£éu s = 0A §Túª3 n > 1 ��Ñ N(0B)

= 0A §
3 n = 0 ��Ñ N(0B) = N(1B) = 1A ¤"

3^� (I) e§�
¦ f ∈ Γ(U,B) ´�_�§7L��I N(f) ∈ Γ(U,A ) ´X
d"3^� (II) e§ù�^��´7��¶XJ2b� B → B ⊗A R(X) ´ü�§¿
�e¡ù��r^���÷v§Kù�^�´¿©�£�â (6.4.7)¤µ

(II U) (X, A ) ´��Q�ÛÜ Noether V/§B ´��và A ��§b� B⊗A

R(X) ´��ÛÜgd R(X) ��§¿�éu?¿¦� B ⊗A R(X)|U 3 R(X)|U ä
k~ê� n �m8 U §Ú?¿�¡ f ∈ Γ(U,B)§Ã σj(f) (1 6 j 6 n) Ñ´ A 3 U þ
��¡"

£5¿�e X ´�5�§Kù�^�oU��÷v"¤

(6.5.2) b� (6.5.1) �^� (I), (II) ����÷v§¿� L ′ ´���_ B ��"
·�y3�r L ′ ;�/éA����_ A �� L£�������Ó�¤§�{
´ù��µ± A ∗£�A�§B∗¤5P A£�A�§B¤�ù���f�§é?¿m
8 U ⊂ X §Γ(U,A ∗)£�A�§Γ(U,B∗)¤Ñ´ Γ(U,A )£�A�§Γ(U,B)¤̄ ��
_��8Ü¶§�Ñ´¦{+�§¿� NB/A 3 B∗ þ���´��+�Ó� B∗ →
A ∗ (6.5.1)"� L ´ù��
��| (Uλ, ηλ) ¤|¤�8ÜµUλ ´ X ���m8§ηλ
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´�� (B|Uλ
) ��Ó� : L ′|Uλ

∼−→ B|Uλ
"�âcJ^�§Ã Uλ �¤ X ���C

X¶é?¿ü��I λ, µ §·�- ωλµ = (ηλ|Uλ∩Uµ)◦(ηµ|Uλ∩Uµ)−1 §§´ B|Uλ∩Uµ �
gÓ�§¿��±;��Óu B∗ 3 Uλ ∩ Uµ þ����¡§u´ (ωλµ) ´CX U =

(Ui) �����3 B∗ ¥� 1�þ� (0, 5.4.7)"d NB/A : B → A ´��Ó��¯
¢�±íÑ§(NB/A ωλµ) ´ U �����3 A ∗ ¥� 1�þ�§l
§éAX£��
�����Ó�¤���_ A �� L (0, 5.4.7)§·�P�� NB/A (L ′) §¿�¡�
�_ B �� L ′ ��ê"

� M ´ L ���f8§Ù¥� Uλ E,�¤ X ���CX§¿� VÒ´ù�C
X¶Kþ� (ωλµ) 3 V þ���½Â
 V �����3 A ∗ ¥� 1�þ�§§´ U þ
� 1�þ� (NB/A ωλµ) 3 V þ���¶́ �·�k��l V þ�ù� 1�þ�¤½
Â��_ A ��� NB/A (L ′) þ�;�Ó�§ùL²T�_ A ���±^ U �?
¿��fCX5½Â"dd´�§e L ′

1,L
′
2 ´ü��_ B ��§K�ì (6.5.1.1) Ú

(6.5.1.2)§·�k

(6.5.2.1) N(L ′
1 ⊗B L ′

2) = N(L ′
1) ⊗A N(L ′

2)

�

(6.5.2.2) NB/A (B) = A "

�k

(6.5.2.3) N(L ′−1) = (N(L ′))−1 §

����;�Ó�"?
§d (6.5.1.3) �§e L ´���_ A ��§¿�3^� (I)

e§B 3 A þ��´~ê n£�A�§3^� (II) e§B ⊗A R(X) 3 R(X) þ��
´~ê n¤§Kk

(6.5.2.4) NB/A (L ⊗A B) = L ⊗n §

����;�Ó�"

(6.5.3) e¡·�y² NB/A (L ′) ´�_ B ���Æþ����C¼f"¯¢
þ§� h′ : L ′

1 → L ′
2 ´�_ B �����Ó�§¿� V = (Uλ) ´ X ���mC

X§�¦�é?¿ λ §þkü� (B|Uλ
) Ó� η

(1)
λ : L ′

1|Uλ

∼−→ B|Uλ
Ú η

(2)
λ : L ′

2|Uλ

∼−→
B|Uλ

¶u´éz� λ §Ñk B|Uλ
���gÓ� h′

λ §¦� h′
λ ◦η

(1)
λ = η

(2)
λ ◦ (h′|Uλ

) §w
,�±r h′

λ �Óu B 3 Uλ þ����¡ (0, 5.1.1)"l
é?¿�|�I (λ, µ) §
(η(2)

λ )−1 ◦ h′
λ ◦ η

(1)
λ Ú (η(2)

µ )−1 ◦ h′
µ ◦ η

(1)
µ 3 Uλ ∩ Uµ þ���Ñ´­Ü�"dd��§

e (ω(1)
λµ ) Ú (ω(2)

λµ ) ´��3 B∗ ¥�ü� 1�þ�§©OéAu L ′
1 Ú L ′

2 §Kk'X
ª

ω
(2)
λµ h′

µ = h′
λω

(1)
λµ "
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l
e- hλ = N(h′
λ) §Kkaq�'Xª

N(ω(2)
λµ )hµ = hλN(ω(1)

λµ ) "

Ï
Ã hλ ½Â
��Ó� N(L ′
1) → N(L ′

2) §·�P�� NB/A (h′) ½ N(h′) "3^
� (I) e§�
¦ h′ ´��Ó�§7L��I NB/A (h′) ´Xd£Ï�¯K´ÛÜ5
�¤"3^� (II) e§ù�^�E,´7��¶eb½ (II U) ¤á§¿� B → B ⊗A

R(X) ´ü�§Kù�^��´¿©�"

AO�§� L ′
1 = B ¶KÓ� B → L ′ �±�Óu (0, 5.1.1) L ′ ��N�¡§�

k��;�N�

NB/A : Γ(X, L ′) −→ Γ(X, NB/A (L ′)) "

Ed (6.5.1.1) ��§e f ′
1 ∈ Γ(X, L ′

1), f ′
2 ∈ Γ(X, L ′

2) §Kk

(6.5.3.1) N(f ′
1 ⊗ f ′

2) = N(f ′
1) ⊗ N(f ′

2) "

k�u (6.5.2.4)§é?¿�_ A �� L Ú?¿ f ∈ Γ(X, L ) §þk

(6.5.3.2) NB/A (f ⊗ 1B) = f⊗n §

ùp·�b�3^� (I) e B ��´~ê n£�A�§3^� (II) e B ⊗A R(X) �
�´~ê n¤"��§�
¦ L ′ ����N�¡ f ′ ¤éA�Ó� B → L ′ ´��Ó
�§7L��Ié?¿ x ∈ X §f ′

x Ñ´ L ′
x ���Ä.¶u´3^� (I) e§ù�^

��dué?¿ x ∈ X §(N(f ′))x Ñ´ (N(L ′))x ���Ä.§3^� (II) e§ù�^
�E,´7��§XJb� (II U) ¤á§¿� B → B ⊗A R(X) ´ü�§Kù�^
��´¿©�"

(6.5.4) � (X, A ), (X ′,A ′) ´ü��È�m§

f : X ′ −→ X

´����§B ´�� A �ê�§B′ = f∗B ´Ù_� A ′ �ê�"b�e�^�
����÷vµ

1◦ B ÷v (6.5.1) ¥�^� (I)"
2◦ (X, A ) Ú B ÷v (6.5.1) ¥�^� (II)§(X ′,A ′) ´��Q�ÛÜ Noether V

/§¿�e- Xα Ú X ′
β ´@
± X Ú X ′ �Ø��©|�.�m�Q�4fV/§

K f 3z� X ′
β þ���Ñ´ X ′

β �,� Xα þ���<í"

3ù
^�e§B′ ©O÷v (6.5.1) ¥�^� (I) Ú^� (II)¶1���ó´w,
�"�
y²1��§�Iy²é?¿ x′ ∈ X ′ §éu@
÷v x′ ∈ X ′

β ��I β 5`§
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Ã B′ ⊗OX′ R(Xβ′) ��Ñ´�Ó�",K§e f 3 X ′
β þ���´��N� Xα �<

í§K B′⊗OX′ R(Xβ′) ��Ò�u B⊗OX
R(Xα) ��£Ï�w,�±Uì (6.4.9) �

�{8(�����/¤§l
�â^� (II) Ú (6.5.1)Ò�±íÑ·���ó"

Od§d (6.4.8), (6.4.9) Ú (6.4.10) �§e s ´ B 3,�m8 U ⊂ X þ����
¡§s′ ´��éA� B′ 3 f−1(U) þ��¡§K NB′/A ′(s′) ´ A ′ 3 f−1(U) þ��
��¡§¿�éAu A 3 U þ��¡ NB/A (s) "

e M ´���_ B ��§Kdþ¡¤ã�§e- M ′ = f∗M£§´���
_ B′ ��¤§Kk NB′/A ′(M ′) = f∗(NB/A (M )) §����;�Ó�"

(6.5.5) ±eb� (X, A ) ´V/"u´�Ñ��Ó�´[vàA �ê�Úk�
. A ��� B §�du�Ñ��k��� g : X ′ → X �¦� g∗OX′ = B §���
� X Ó� (6.1.2 Ú 1.3.1)"?
§�Ñ��[vàOX′ �� F ′ �du�Ñ��[v
àB �� F �¦� g∗F ′ = F (1.4.3)§¿��
¦ F ′ ´�_�§7L��I F ´
Xd (6.1.12)"l
�
rc¡�(J=z�'uk��� g ��ã§�±b�§�
o g∗OX′ ´��£k�.¤ÛÜgd OX ��§�o (X, OX) Ú g∗OX′ ÷v^� (II)"
d�é?¿�_ OX′ �� L ′ §·�-

(6.5.5.1) NX′/X(L ′) = N(g∗OX′ )/OX
(g∗L ′) §

¿�¡�� L ′ ��ê£�éu g¤"Ó��§e h′ : L ′
1 → L ′

2 ´�_ OX′ ����
�Ó�§K·�-

(6.5.5.2) NX′/X(h′) = N(g∗OX′ )/OX
(g∗(h′)) : NX′/X(L ′

1) −→ NX′/X(L ′
2) "

AO�§éu L ′
1 = OX′ §�±����;�N�

(6.5.5.3) NX′/X : Γ(X ′,L ′) −→ Γ(X, NX′/X(L ′)) "

·�r�Ü©�=zó�3�Öö§ùp��Ñe¡�·Kµ

·K (6.5.6) — � g : X ′ → X ´��k���§¿b�§�o g∗OX′ ´��ÛÜ
gd OX ��§�o (X, OX) Ú g∗OX′ ÷v (II U)£AO�§e X ´ÛÜ Noether �
�5�§Kù�^�¤á¤"u´31��^�e§�
¦���_ OX′ ��Ó� h′ :

L ′
1 → L ′

2 ´��Ó�§7L��I NX′/X(h′) ´��Ó�¶31��^�e§T^
�E,´7��§¿�XJÓ� g∗OX′ → (g∗OX′)⊗OX

R(X) ´ü�§KT^��´
¿©�"

5¿�ùp�¦^e¡�¯¢µ�
¦ g∗(h′) ´��Ó�§7L��I h′ ´X
d (1.4.2)"
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íØ (6.5.7) — � g : X ′ → X ´��k���§¿b�§�o g∗OX′ ´��Û
Ügd OX ��§�o (X, OX) Ú g∗OX′ ÷v (II U)§¿� g∗OX′ → (g∗OX′) ⊗OX

R(X) ´ü�"y3� L ′ ´���_ OX′ ��§ f ′ ´ L ′ ����N�¡§ f =

NX′/X(f ′) ´ L = NX′/X(L ′) ���éA��N�¡ (6.5.5.1) "K·�k g(X ′ −
X ′

f ′) = X − Xf §¿� Xf ´ X �÷v g−1(U) ⊂ X ′
f ′ �@
m8 U ¥���ö"

¯¢þ§g(X ′−X ′
f ′) 3 X ¥´4� (6.1.10)¶l
�Iy²�����ó",K

'Xª U ⊂ Xf �du f |U ¤½Â�Ó� OX |U → L |U ´��Ó�"�ì (6.5.6)§ù
��du` f ′|g−1(U) ¤½Â�Ó� OX′ |g−1(U) → L ′|g−1(U) ´��Ó�§�Ò´`§
�du'Xª g−1(U) ⊂ X ′

f ′ "

·K (6.5.8) — � g : X ′ → X ´��k���§ f : Y → X ´����¶
� Y ′ = X ′

(Y ), g′ = g(Y ), f ′ = f(X′) §u´·�k��ãL

X ′

g
²²

Y ′f ′
oo

g′

²²

X Y
f

oo "

b�§�o g∗OX′ ´ÛÜgd�§�o (X, OX) Ú g∗OX′ ÷v (II)§¿� Y ´��Q
�ÛÜ Noether V/§Ó� f 3 Y �?ÛØ��©|þ���Ñ´N� X �,�Ø
��©|þ�<í"Ké?¿�_ OX′ ��§þk

NY ′/Y (f ′∗L ′) = f∗(NX′/X(L ′)) §

����;�Ó�"

5¿��ì (1.5.2)§·�k f∗g∗L ′ = g′∗f
′∗L ′ §AO� g′∗OY ′ = f∗g∗OX′ ¶l


e g∗OX′ ´ÛÜgd�§K g′∗(OY ′) �´Xd§u´d½Â9 (6.5.4)Ò�±íÑ(
Ø"

5) (6.5.9) — ·�3�¡¬r�ê�Vg?1í2§¿r§�Øf�^��
VgïáéX"

6.6 A^µ́ �5�O{

·K (6.6.1) — � Y ´��V/§f : X → Y ´��[;��§g : X ′ → X ´�
�k��N÷���"b�§�o g∗OX′ ´ÛÜgd OX ��§�o (X, OX) Ú g∗OX′

÷v (II U)"Ké?¿ f ◦ g ´���_ OX′ �� L ′ §NX′/X(L ′) = L Ñ´ f ´�
�"

�±b� Y ´��� (4.6.4)§u´�ì (4.6.6)§ù�·K�duµ
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íØ (6.6.2) — � X ´��[;V/§g : X ′ → X ´��k��N÷���§
¦� g∗OX′ ´��ÛÜgd OX ��§½ö (X, OX) Ú g∗OX′ ÷v (II U)"Ké?¿
�´� OX′ �� L ′ §L = NX′/X(L ′) �´´��"

31��^�¥§�±?
b�;�Ó� g∗OX′ → (g∗OX′) ⊗OX
R(X) ´ü�"

¯¢þ§XJ§Ø¤á§� T ´TÓ��Ø§K§´ g∗OX′ = B ���vàn�
� (I, 6.1.1)§·�- X ′ = Spec(B/T ) ¶l
k����ãL

X ′′

g′
¿¿

::
::

:

h // X ′

g
££¦¦

¦¦
¦

X §

Ù¥ h ´��4E\ (1.4.10)"?
§·��� T �|8´��3 X ¥DÕ (I, 7.4.6)

�48 (0, 5.2.2)§dd��§éu X �?Û��Ø��©|���: x §þ�é
� x �����m�� U §¦� B|U = (B/T )|U "du�âb� g ´N÷�§�
� x ∈ g′(X ′′) ¶l
 g′ ´��<í§¿�du§´k���§l
´N÷� (6.1.10)¶
u´�â½Â§·�k (g′∗OX′′) ⊗OX

R(X) = (R/T ) ⊗OX
R(X) = (g∗OX′) ⊗OX

R(X) §l
 (X, OX) Ú g′∗OX′′ ÷v (II U)§?
 g′∗OX′′ → (g′∗OX′′)⊗OX
R(X) ´ü

�§��§h∗L ′ = L ′′ ´��´� OX′′ �� (4.6.13, (i U))§¿�·�k NX′′/X(L ′′)

= NX′/X(L ′) "̄ ¢þ§�
½Âùü��_ OX ��§�±¦^ X �Ó����m
CX (Uλ) §¦� g∗L ′ Ú g′∗L

′′ 3z� Uλ þ���©OÓ�u B|Uλ
Ú (B/T )|Uλ

"
ddá�§?Û��Ó� ηλ : (g∗L ′)|Uλ

→ B|Uλ
Ñ;�/éAu��Ó�

η′
λ : (g′∗L

′′)|Uλ
−→ (B/T )|Uλ

¿÷v±e^�µe (ωλµ) Ú (ω′
λµ) ´éAuÓ�| (ηλ) Ú (η′

λ) � 1�þ� (6.5.2)§
K ω′

λµÒ´ ωλµ ∈ Γ(Uλ ∩Uµ,B) 3 Γ(Uλ ∩Uµ,B/T ) ¥�;��"u´�ì T �½
Â§�±ddíÑ

NB/A ωλµ = N(B/T )/A ω′
λµ §

£Ù¥ A = OX ¤§��þã�ª"

l
3^� (II U) eo�±b�Ó� g∗OX′ → (g∗OX′) ⊗OX
R(X) ´ü�"y

3�Iy²� f �H L ⊗n (n > 0) ��N�¡�8Ü�§Ã Xf �±�¤ X ���
ÿÀÄ (4.5.2)",K§� x ∈ X §¿� U ´ x �?¿����¶du g−1(x) ´k�
� (6.1.7)§¿� L ′ ´´��§��é����ê n > 0 Ú L ′⊗n ����N�¡ f ′ §
¦� X ′

f ′ ´ g−1(x) ����¹3 g−1(U) ¥��� (4.5.4)"du

L ⊗n = NX′/X(L ′⊗n) §
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��I� f = NX′/X(f ′) =�¶¯¢þ§d� X − Xf = g(X ′ − X ′
f ′) (6.5.7)§l


 x ∈ Xf ⊂ U "

íØ (6.6.3) — 3 (6.6.1) �cJ^�e§�
¦���_ OX �� L ´ f ´�
�§7L��I L ′ = g∗L ´ f ◦ g ´��"

^�´7��§Ï� g ´��� (5.1.12)"�
y²^�´¿©�§�±b� Y ´
��� (4.6.4)§l
 X Ú X ′ Ñ´[;�§¿� L ′ ´´�� (4.6.6)§u´�Iy² L

´´��",K§�Ä X ¥�ù��
: x §§äk����§¦�31��^�
e g∗OX′£�A�§31��^�e (g∗OX′) ⊗OX

R(X)¤3T��þ´ n ��§K
ù
:|¤�8Ü3 X ¥´Qmq4�§l
 X ´k��ù«m8�V/Ú§Ï

�±b� XÒ�uÙ¥�� (4.6.17)",
d�·�k NX′/X(L ′) = L ⊗n §l
�
ì (6.6.2)§L ⊗n ´´��§l
 L �´Xd (4.5.6)"

íØ (6.6.4) — b� (6.6.1) ¥�cJ^���÷v§?
b� f : X → Y ´k
�.�"K�
¦ f ´[�K�§7L��I f ◦ g ´Xd"e2b� Y ´��[;
©lV/½öäk Noether .�m�V/§K�
¦ f ´�K�§7L��I f ◦g ´
Xd"

cJ^�L² f ◦ g ´k�.�"k�u[�K���½Â (5.3.1)§1���ó
�g (6.6.1) Ú (6.6.3)"Äuù�(JÚ (5.5.3, (ii))§��2y²e f ´[�K�§K
�
¦ f ´;Ü�§7L��I f ◦ g ´Xd",
d� f ´©l (5.3.1) �k�.�§
¿� g ´N÷�§l
·���ó�g (5.4.2, (ii)) Ú (5.4.3, (ii))"

AO�µ

íØ (6.6.5) — � X ´��3� K þk�.�V/§K ′ ´ K ���k�*Ü"
K�
¦ X 3 K þ´�K£�A�§[�K¤�§7L��I X ′ = X⊗K K ′ 3 K ′ þ
´�K£�A�§[�K¤�"

¯¢þ§̂ �w,´7�� (5.3.4, (iii) Ú 5.5.5, (iii))"�L5§b�^�´¤á
�§¿� g : X ′ → X ´;�ÝK"K´� g ´��k� (6.1.5, (iii)) �N÷ (I, 3.5.2,

(ii)) ���"?
§g∗OX′ ´��ÛÜgd OX ��§Ï�§Ó�u OX⊗KK ′ (1.5.2)"
u´dcJ^�Ú (6.1.11), (5.5.5, (ii)) �§X ′ 3 K þ´�K£�A�§[�K¤�¶
l
d (6.6.4)Ò�±íÑ X 3 K þ´�K£�A�§[�K¤�"

31 IV Ù·�òy²§(6.6.5) �(Øéu K �?¿*Ü K ′ Ñ´¤á�"

ù��!���Ü©ò�åuy²�O{ (6.6.11)§§´é (6.6.1) ���Eâ5
U?¶1�H�Ö��±ÑL"

Ún (6.6.6) — � X ´�� Noether Q�V/§ E ´��và OX ��§¿¦
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� E ⊗OX
R(X) ´�� n �ÛÜgd R(X) ��"K�3�� Noether Q�V/ Z Ú

��Vkn�k��� h : Z → X §÷ve¡�^�µ8Ü���� σi : HomOX
(E ,

E ) → R(X) (1 6 i 6 n)£ë� (6.4.10)¤r HomOX
(E ,E ) N�và OX �ê� h∗OZ

�¥"

¯¢þ§�Ä X �����m8 U §�� A(U) = A ¶� E = Γ(U,E ) §¿�
� u �H HomA(E,E) �§� CU ´Ã σi(u) 3 R(U) ¥¤)¤�f�ê¶Kd (6.4.7.1)

�§ù� A �ê´k���"?
§́ ��ê CU ��E���m8 U �,����
m8 U ′ ⊂ U ���$�´����"l
ùÒ½Â
 R(X) ���k� OX f�ê
� C §¦�é X �?¿��m8 U §þk Γ(U,C ) = CU "� Z = Spec C §¿� h ´
(���§l
§´k�� (6.1.2)¶du C ´Q��§�� Z ´�� Noether Q�V
/ (1.3.8)"��§�â½Â§CU ��©ª�´ R(U) §�du CU �¹3 A(U) 3 R(U)

¥��é�4��¥§��3 A(U) �4��n�� CU �4��n��mk���
�éA ([13], t, I, p. 259)§ùÒy²
 h ´Vkn�§l
��¤
y²"

íØ (6.6.7) — 3 (6.6.6) �cJ^�e§� W ´ X ���m8§¿b�é?
¿ x ∈ W §�o X 3: x ?´�5�§�o Ex ´��gd Ox �"K��±b� h ÷
ve¡�^�µh 3 h−1(W ) þ���´��l h−1(W ) � W þ�Ó�"

¯¢þ§ùü�cJ^�ÑL²§e U ⊂ W ´����m8§K3 (6.6.6) �P
Òe§é?¿ x ∈ U §þk (σi(u))x ∈ Ax (6.4.3)§l
 σi(u) ∈ A §u´d (6.6.6) ¥
¤�Ñ� h �½ÂÒ�±íÑ(Ø"

(6.6.8) � X ´�� Noether Q�V/§g : X ′ → X ´k��N÷���§l

 B = g∗OX′ ´��và OX �ê�¶?
b� B ⊗OX

R(X) ´�� n �ÛÜg
d R(X) ��"u´�±rÚn (6.6.6) A^� E = B þ§l
3 (6.6.6) �PÒe§
·�k��¦{üü��Ó� σn : HomOX

(B,B) → h∗OZ §¿�rù�Ó��;
�Ó� B → HomOX

(B,B) (6.5.1) Ü¤§q����¦{üü��Ó�

(6.6.8.1) N′ : B = g∗OX′ −→ h∗OZ = C "

âd§é?¿�_ OX �� L ′ §g∗L ′ Ñ´�_ B �� (6.1.12)§¿�¦^ (6.5.2)

��{q�±l L ′ ¼f5/�Ñ���_ C ��§·�P�� N′(g∗L ′) "

Ún (6.6.9) — � X ´�� Noether Q�V/§g : X ′ → X ´��N÷�k�
��§�¦� (g∗OX′)⊗OX

R(X) ´����~ê�ÛÜgd R(X) ��"K�3�
� Noether Q�V/ Z Ú��Vkn�k��� h : Z → X §äke¡�5�µé?
¿´� OX′ �� L ′ §÷v h∗M = N′(g∗L ′)£PÒ�g (6.6.8) ¤�@��_ OZ �
� M Ñ´´��"

Äkb�Ó� B → B ⊗OX
R(X) ´ü�"Uì (6.6.6) ��{5½Â Z Ú h£�
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E = g∗OX′¤"� z ∈ Z ¶K�Iy²�3���ê m > 0 Ú M⊗m 3 Z þ��
��¡ t §¦� Zt ´���¹ z ���m8 (4.5.2)"� x = h(z) §U ´ X ����
¹ x ���m8¶K h−1(U) ´ z �����m��§l
�Ié��� t ¦� z ∈
Zt ⊂ h−1(U) §Ï�d� Zt �½´��� (5.5.8)"�âcJ^�§�3���ê n >

0 Ú L ′⊗n 3 X ′ þ����¡ s′ §¦�

(6.6.9.1) g−1(x) ⊂ X ′
s′ ⊂ g−1(U)

ù´�â (4.5.4)"�â½Â§s′ �´ g∗L ′ ����N�¡§l
Uì (6.5.2) ��{§
§éAX N′(g∗L ′) ����N�¡ s = N ′(s′) "·�e¡y²§e- t ´�¡ s §�
´r§w�´ M 3 Z þ��¡§K tÒ÷v·���¦"̄ ¢þ§-

(6.6.9.2) V = X − g(X ′ − X ′
s′) §

K�ì (6.6.9.1) Ú (6.1.10)§V ´ X ����¹ x ¿��¹3 U ¥�m8"·�5y
²

(6.6.9.3) h−1(V ) ⊂ Zt ⊂ h−1(U) §

dd=�±�¤y²"þª���u`¦ sy �_�@
 y ∈ Y ¤|¤�8Ü T ´�
¹ V ��¹3 U �¥�"�
y²ù�:§Äk�Ä���¹3 V ¥���m8 W ¶
K g−1(W ) ´ X ′ ¥���m8§¿��ì (6.6.9.2)§é?¿ y′ ∈ g−1(W ) §s′y′ Ñ´�
_�¶�ì X Ú B þ�cJ^�§·��±A^ (6.4.7) ¥�(J§��e y = g(y′) §
K sy ´�_�§�é{`§V ⊂ T ",��¡§d (6.4.7) q�±íÑµ�L5e sy ´
�_�§K s′y′ �´Xd§�â (6.6.9.1)§ùÒ%ºX y′ ∈ g−1(U) §l
 y ∈ U §�

3d�/e·�k T ⊂ U "

¦^� (6.6.2) �Ó��{Ò�±dþã�/LÞ����/§��r X ′ �¤
X ′′ §¦� g′∗(OX′′) → g′∗(OX′′) ⊗OX

R(X) ´ü�§¿r L ′ �¤��´� OX′′ �
� L ′′ §¦� N′(g∗L ′) = N′(g′∗(L

′′)) "l
3?Û�¹e£éu·�ÀJ� h¤Ñ
y²
Ún (6.6.9)"

íØ (6.6.10) — b� (6.6.9) ¥�cJ^���÷v§Ké?¿�_ OX �� L §
�� g∗L ´´��§h∗L Ò´´��"

¯¢þ§e- L ′ = g∗L §K·�k g∗L ′ = L ⊗OX
B (0, 5.4.10)§l


N ′(g∗L ′) = (L ⊗OX
C )⊗n

£� (6.5.2.4) Ón¤"dd��§M = (h∗L )⊗n §�du M ´´��§�� h∗L �
´Xd (4.5.6)"
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·K (6.6.11) — � Y ´����V/§X ´�� Noether Q�V/§f : X →
Y ´��[;��§g : X ′ → X ´��N÷�k���"� W ´ X ���mf8§
b�é?¿ x ∈ W §�o X 3: x ?´�5�§�o�3 x ���m�� T ⊂ W §
¦� (g∗OX′)|T ´��ÛÜgd OX |T ��"K�3��Q� Y V/ Z Ú��Vk
n�k�� Y �� h : Z → X §¦� h 3 h−1(W ) þ���´��Ó� h−1(W ) ∼−→
W ¿�äke¡�5�µé?¿�_ OX �� L §�� g∗L ´ f ◦g ´��§h∗L Ò
´ f ◦ h ´��"

du Y ´���§�� g∗L ´´��§u´�Iy²é,�·�ÀJ� h §h∗L

´´�� (4.6.6)"·�e¡y²§�±r g �¤��N÷�k��� g′ : X ′′ → X §
¦� g′

∗L ´´��§¿� g′∗(OX′′) ⊗OX
R(X) ´����~ê�ÛÜgd R(X) �

�¶ù��5¯K8(� (6.6.10) �^�e§·K�ò�y"

�d§� B = g∗OX′ ¶± Xi (1 6 i 6 n) 5IP X �±ÃØ��©|�.�
m�Q�4fV/ (I, 5.2.1)¶�âcJ^�§§�Ñ´��"� X ′

i ´ X ′ �4fV
/ g−1(Xi) §gi : X ′

i → Xi ´�� g 3 X ′
i þ���§§´k� (6.1.5, (iii)) �N÷

�¶� ki ´ OXi �ê� Bi = (gi)∗(OX′
i
) ��"du Bi ⊗OXi

R(Xi) ´��~�ý
� (I, 7.3.5)§�� ki �´ (OX |U ) �ê� B|U ��§ùp U ´ X �?Û����Ø
��©| Xi k�:�m8"e T ´ X ���m8§�¦� B|T Ó�u Om

X |T §K
dþ¡�5)�§é?¿��÷v T ∩ Xi 6= ∅ ��I i §�ê ki Ñ�u m "y3
� U ´ X �ù���m8§d¤k÷veã^��: x ¤|¤µB 3 x ���þ´
ÛÜgd� OX ��§2� Uj (1 6 j 6 s) ´ U �ëÏ©|§§�Ñ´ X ¥�m
8§¿�ê8k�£Ï� U ´ Noether �¤¶·�^ Vj 5IP X ′ �ù���4fV
/§§´m8 g−1(Uj) þ�p�fV/�V4� (I, 9.5.11)"�âþ¡¤ã§é?¿�
�÷v Xi ∩Uj 6= ∅ ��I i §� ki Ñ�uÓ���ê mj ¶d	5¿�Ó�� Xi Ø
�U�ü�ØÓ�I� Uj Ñk�:"� iλ ´÷v Xi ∩U = ∅ �@
�I i "�Ä¤
k ki �¦È k §- ni = k/ki §¿� X ′′ ´e¡¤½Â�V/"éz� j (1 6 j 6 s) §
�Ä k/mj �Ó�u Vj �V/§¿�éz� λ §�Ä k/kiλ

= niλ
�Ó�u X ′

iλ
�V

/¶X ′′Ò´¤kù
V/�Ú"�±½Â���� g′′ : X ′′ → X ′ §§3 X ′′ �z
��©þþÑ´;�¹\¶́ � g′′ ´��<í5�k���§l
´N÷�£Ï�
k���o´4� (6.1.10)¤¶- g′ = g ◦ g′′ §K§´��N÷�k��� X ′′ → X ¶
·�k g′

∗L = g′′
∗
g∗L §l
 g′

∗L ´��´� OX′′ �� (5.1.12)"d�´�§é
uù�#V/ X ′′ 5`§� X ′ þ�@
� ki �éA��Ñ�u k ¶ddá�£k�
u (I, 7.3.3)¤§éu X �?¿��m8 T § (g′∗(OX′′) ⊗OX

R(X))|T Ñ´��Ó�
u (R(X)|T )k � (R(X)|T ) ��"

íØ (6.6.12) — XJ3 (6.6.11) ¥§·�k W = X §K�
¦���_ OX �
� L ´ f ´��§7L��I g∗L ´ f ◦ g ´��"
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5) (6.6.13) — 31 III Ù·�òw�§e Y ´ Noether �§f ´k�.�§¿
� f 3 X �± X − W �.�m�Q�4fV/þ���´;Ü�§K (6.6.12) �(
ØE,k�",
·�31 V Ù¬�Ñ��~f§3Ù¥ X ´� K þ���©l
�êV/£(��� X → Spec K Ø´;Ü�¤§¿�§��5z X ′ ´[���§
� X ��Ø´[���£Xd�5 OX Ø´´��§¦+ OX′ ´´�� (5.1.2)§¿�
�� X ′ → X �´N÷�k�� (6.3.10)¤"·�ò3e��!y²§XJr/[�
�0�¤/��0§Kþ¡ù«�¹Ø¬u)"

6.7 Chevalley ½n

·�y35y²e¡�½n£/Ï Serre �O{ (5.2.1)¤§§�@´d Chevalley

¤y²�§¦^
,�«�{§¿�´�é�ê©lV/�"

½n (6.7.1) — � X ´����V/§Y ´�� Noether V/§f : X → Y ´�
�N÷�k���"K Y �´��V/"

´� fred : Xred → Yred ´k�� (6.1.5, (vi))¶du Xred ´����V/§¿�
` Y ´����` Yred ´���´�d�£Ï� Y ´ Noether � (I, 6.1.7)¤§�·�
w�§�±b� Y ´Q��"éu Y �?¿4f8 Y ′ §þk Y �����± Y ′ �.
�m�Q�fV/ (I, 5.1.2)¶§�_� f−1(Y ′)£;�Ó�u X×Y Y ′ (I, 4.4.1)¤́ �
��£�� X �4fV/¤§¿� f 3 f−1(Y ′) þ���£�±�Óu f ×Y 1Y ′¤́
��N÷�k��� (6.1.5, (iii))"l
�âNoether 8B{§¯K�±£k�u (I,

6.1.7)¤8(�ù��� Y þ§=é?¿4f8 Y ′ 6= Y §Y �± Y ′ �.�m�?Û4
fV/Ñ´���"3ù«�¹e§é?¿và OY �� F §��§�|8 Z£4¤Ø
Óu Y §Òk H1(Y, F ) = 0 "¯¢þ§�±é� Y ���± Z �.�m�4fV
/ Y ′ §¦�e j : Y ′ → Y ´;�¹\§Kk F = j∗j

∗F (I, 9.3.5)¶l
 (5.2.3)§
H1(Y, F ) = H1(Y ′, j∗F ) = 0 §ù´�â (I, 5.1.9.2)"

Äkb� Y Ø´Ø���§¿� Y ′ ´ Y ���Ø��©|§Y ′′ = Y − Y ′ ¶
·�r Y �± Y ′ �.�m�Q�4fV/EP� Y ′ §¿� j ´;�¹\ Y ′ → Y "
� F ´��vàOY ��§�Ä;�Ó�

ρ : F −→ F ′ = j∗j
∗F

(0, 4.4.3)¶�ì (0, 5.3.10) Ú (0, 5.3.12)§F ′ ´��vàOY ��§Ï�·�k j∗OY ′ =

OY /J §Ù¥ J ´� OY �½Â
fV/ Y ′ �@�n��"u´ G = Ker ρ Ú K =

Im ρ �Ñ´vàOY �� (0, 5.3.4)¶,K�â½Â§F ′ 3 Y ′ ���: y ?�ª^ F ′
y

Ò�u Fy §Ï� y 3 Y ′ �SÜ§l
·�k Jy = 0£Y ´Q��¤"dd��§y v
k�¹3 G �|8£4¤�¥¶d	§F ′ �|8£l
 K �|8¤�¹3 Y ′ ¥¶�
é{`§G �|8Ú K �|8Ñ� Y ØÓ"dd��§H1(Y, G ) = H1(Y, K ) = 0 §¿
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�rþÓN�ÜS�A^��ÜS� 0 → G → F → K → 0 þÒ�� H1(Y, F ) =

0 "u´2d Serre �O{ (5.2.1)Ò�±íÑ(Ø"

l
�±b� Y ´Ø���§Ï
´��"·���±b� X ´��µ¯¢
þ§XJ^ Xi 5IP X �±ÃØ��©|�.�m�Q�4fV/ (I, 5.2.1)§¿
�^ gi 5IP g 3 Xi þ���§K��k�� gi ´<í5�§qÏ�§´k��
� (6.1.5)§l
´N÷� (6.1.10)¶,��¡§Xi ´����V/§u´�±^ Xi 5
O� X "

Ún (6.7.1.1) — � X,Y ´ü� Noether �V/§x£�A�§y¤́ X£�A
�§Y ¤���:§f : X → Y ´��N÷�k���"� L ´���_ OX ��§
¿�é� y �����m�� U Ú���¡ g ∈ Γ(X, L )§¦� x ∈ Xg ⊂ f−1(U) "
K�±é�ü��ê m > 0, n > 0 Ú��Ó� u : Om

Y → f∗(L ⊗n) ±9 y ���m
�� V §¦� u|V ´ Om

Y |V � f∗(L ⊗n)|V þ���Ó�"

� C ´ U ��£§´��¤§k = Oy ´§�©ª�µdu f ´k��§�� U ′ =

f−1(U) ´��� (1.3.2)¶� D ´§��£�´��¤§©ª�� K = Ox ¶�âcJ
^�§D ´��k�. C � (6.1.4)§l
 K ´ k ���k�*Ü"n� f−1(y) =

X ⊗Y Spec k(y) = X ⊗Y Spec Oy �±�Óu Spec K (I, 3.6.6)¶� si (1 6 i 6 m)

´ D ¥��|��§��¤ K 3 k þ���Ä."K�3�ê n > 0 §¦� L ⊗n 3
Xg þ�ù
�¡ (si|Xg )g⊗n Ñ�±*Ü� L ⊗n ��N�¡ bi (1 6 i 6 m) (I, 9.3.1)"
�â½Â§Ã bi �´ f∗(L ⊗n) 3 X þ��¡§l
§�½Â
��Ó� u : Om

Y →
f∗(L ⊗n) (0, 5.1.1)¶y3·�y² uÒ÷v�¦"̄ ¢þ§L ⊗n|U ′ = M̃ §Ù¥ M ´
��k�. D �§l
e ϕ ´ f ��� f−1(U) → U ¤éA�¹\ C → D §K M[ϕ]

´��k�. C �¶Ï


f∗(L ⊗n)|U = (M[ϕ]) ˜
(I, 1.6.3) ´và�§�du U ´ Y �?¿����m8§�� f∗(L ⊗n) ´và�¶
?
§u|U = θ̃ §Ù¥ θ ´�� C Ó� Cm → M[ϕ] §¿� uy = θy ´Ó� θ⊗ 1 : Km =

Cm ⊗ K → M[ϕ] ⊗ K ¶,K�â½Â§�¡ù�Ó�´��Ó�§Ï�Ã (bi)x �
¤ M[ϕ] ⊗ K 3 k þ���Ä.£�âcJ^�§gx ´ (L ⊗n)x ���)¤�¤"d
d��§OY �� Ker u Ú Coker u �|8ÑØ�¹ y ¶duù
 OY ��Ñ´và
� (0, 5.3.3)§l
§��|8Ñ´4� (0, 5.2.2)§��Ún"

Od§Ún (6.7.1.1) �cJ^�3·�¤�Ä��/e´¤á�£� L = OX ¤§
Ï� X ´��� (I, 1.1.10)¶·�- A = OY , B = f∗OX "�ì Serre �O{ (5.2.1)§
�Iy²é?¿vàOY �� F §þk H1(Y, F ) = 0 ¶$��Ié@
 F ⊂ OY ?
1y²=�§ùÒ¿�X F ´ÃL�§Ï� Y ´��¶·�y3é¤k�ÃLv
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àOY �� F 5y² H1(Y, F ) = 0 "d�Ó� u : A m → B ½Â
��Ó�

v : G = HomA (B,F ) −→ HomA (A m,F ) = Fm "

Äky² v ´ü�µ�âcJ^�§T = Coker u �|8� V Ø��§l
 T ´
��L OY �� (I, 7.4.6)¶�â¼f HomA ���Ü5§�ÜS�

A m −→ B −→ T −→ 0

�Ñ
�ÜS�

0 −→ HomA (T ,F ) −→ G
v−→ Fm "

,
du F ´ÃL�§�k HomA (T ,F ) = 0 (0, 5.2.6)§ùÒíÑ
·��
�ó"l
·�k�ÜS�

0 −→ G −→ Fm −→ Coker v −→ 0 §

Ù¥ G Ú Coker v Ñ´vàOY �� (0, 5.3.4 Ú 5.3.5)¶�ìþÓN�ÜS�§��U

y² H1(Y, G ) = H1(Y, Coker v) = 0 §Ò�±�Ñ H1(Y, Fm) = (H1(Y, F ))m = 0 §
Ï
 H1(Y, F ) = 0 ",K v|V ´��Ó�§l
 Coker v �|8� Y Ø��§�
�
Ð�^�§·�k H1(Y, Coker v) = 0 ",��¡§G ´��vàOX �� (I, 9.6.4)¶d
u X 3 Y þ´���§��é���[vàOX �� K §¦� G Ó�u f∗K (1.4.3)¶
du X ´���§�k H1(X, K ) = 0 (I, 5.1.9.2)§l
�â (5.2.3)§·��k H1(Y, G ) =

0 §ùÒ�¤
½n (6.7.1) �y²"

íØ (6.7.2) — � X ´�� Noether V/§(Xi)16i6n ´ X ���d48¤|¤
�k�CX"K�
¦ X ´���§7L��Iéz�� i§X Ñk��± Xi �.
�m�4fV/§¿��ö´���"

¯¢þ§b�ù�^�´¤á�§� X ′ ´Ã Xi �ÚV/¶K´� X ′ ´���§
¿��±½Â��N÷��� f : X ′ → X §§��3z�� Xi Ñ´;�¹\"�
ì (6.7.1)§̄ K8(�y² f ´k��§ù�d (6.1.5) íÑ"

íØ (6.7.3) — �
¦�� Noether V/ X ´���§7L��I X �±z�
Ø��©|�.�m�Q�4fV/Ñ´���"

§7. D��O{

3�!¥§·�ò�Ñ'u���©l5Ú;Ü5�D��O{§�Ò´`§§
�´ù��«�O{§Ù¥Ñy
�
/X Spec A �9ÏV/§¿� A ´D��"
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XJÚ\·��/ Noether 0b�§K3ù
�O{¥��±��Ä A ´lÑD��
��/"ÎÃ¦¯ù�´·�8�ò¬^�����/§¿�=¦3���/e§·
��Ø�?Ø?¿�D��§Ø�´�
�Ñ��;nØ�'X"

7.1 D���ES

(7.1.1) 3D�� (anneau de valuation) �¯õ�d½Â�¥§·�ò¦^e¡
ù��µ¤¢��� A ´D��§´�§´�����Ø´�§¿�e�Ä A �
©ª� K ¥�¤kØÓu K �ÛÜ�¤|¤�8Ü§Kéu«÷'X (I, 8.1.1) 5
`§A 3Ù¥´4��"·���D��Ñ´�4�"e A ´��D��§Ké
u A �?¿�"�n� p §Ap �´��D��"

(7.1.2) � K ´���§A ´ K ���ÛÜf�§¿�Ø´�¶K�±é���
D��§§± K �©ª�§¿�«÷ A ([1], p. 1-07, Ún 2)"

,��¡§� B ´��D��§k ´§��{a�§K ´§�©ª�§L ´ k �
��*Ü"K�±é�����D�� C §§�±«÷ B §¿��{a�´ L "̄ ¢
þ§L ´��X��*Ü L′ = k(Tµ)µ∈M ��ê*Ü¶·��� K þéAu B �D�
�±òÿ� K ′ = K(Tµ)µ∈M ���D�§¿¦� L′Ò´ù�D���{a� ([24],

p. 98)¶r B �¤�¡ù�D�¤éA�D�����z§u´·��±�u�
Ä B ´���¿� L ´ k ��ê4���/"e K ´ K ����ê4�§K�±
r B ¤éA�D�òÿ� K þ§¿��A��{a�´ k ����ê4�§ù��
r k[T ] ¥���Ä�õ�ªJ,��� K Xê�õ�ªÒ�±w�ù�:"l
¯
K�ª8(� L = k ��/§d��I� C ´ B ���z=�"

(7.1.3) � K ´���§A ´ K ���f�¶K A 3 K ¥��é�4� A′ ´¤
k�¹ A ¿�± K �©ª��@
D����8 ([11], p. 51, ½n 2)"·K (7.1.2) �
±U�¤e¡ù��d�AÛ/ªµ

·K (7.1.4) — � Y ´��V/§p : X → Y ´����§x ´ X ��:§y =

p(x)§¿� y′ 6= y ´ y ���AÏz (0, 2.1.2) "K�±é���ÛÜV/ Y ′ §§
´,�D���Ì§¿��3��©l�� f : Y ′ → Y §¦�e a ´ Y ′ ���4
:§b ´ Y ′ ���:§Kk f(a) = y′, f(b) = y "?
�±b�e¡ü�N\^��
���÷vµ

(i) Y ′ ´����D���Ì§TD����{a�´�ê4�§¿��3�
� k(y) Ó� k(x) → k(b) "

(ii) �3�� k(y) Ó� k(x) ∼−→ k(b) "

� Y1 ´ Y �± {y}�.�m�Q�4fV/ (I, 5.2.1)§¿� X1 ´Ù_�4f
V/ p−1(Y1) ¶�âcJ^�§y′ ∈ {y}§¿� X ¥� k(x) � X1 ¥� k(x) ´���§
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��b� Y ´��§��:� y ¶d� Oy′ ´���ÛÜ�§�Ø´�§Ù©ª�
´ Oy = k(y) §¿� k(x) ´ k(y) ���*Ü"�
U4^� f(a) = y′, f(b) = y ±9
N\^� (i)£�A�§(ii)¤��÷v§�±� Y ′ = Spec A′ §Ù¥ A′ ´��U
«
÷ Oy′ �D��§§´���§¿��{a�´ k(x) ����ê4�*Ü£�A�§
U
«÷ Oy′ �D��§¿��{a�´ k(x)¤¶A′ ��355
u (7.1.2)"

(7.1.5) �P�¤¢��ÛÜ� A ´ 1 ��§́ � A ¥kØÓu4�n� m ��
n�§� A �¤kØÓu m ��n�Ñ´4��n�¶XJ A ´��§Kù���u
` A �k m Ú (0) ü��n�§¿� m 6= (0) ¶�é{`§Y = Spec A �kü�: a, b

µÙ¥ a ´���4:§·�k ja = m §¿� k(a) = k ´�{a� k = A/m ¶b ´ Y �
��:§jb = (0) §8Ü {b}´ Y �����ØÓu ∅ Ú Y �m8£l
§´??È
��¤§¿� k(b) = KÒ´ A �©ª�"

(7.1.6) éu�� 1 � NoetherÛÜ� A 5`§·���±eÃ^�´�d� ([1],

p. 2-08 Ú 17-01)µa) A ´�5�¶b) A ´�K�¶c) A ´D��¶?
§d� A ´��
lÑD��"u´éulÑD��5`§·�ke¡�
aqu·K (7.1.2) Ú (7.1.3)

�(Jµ

·K (7.1.7) — � A ´�� Noether �ÛÜ�§�Ø´�§K ´§�©ª�"L

´ K ���k�.*Ü¶K�±é���lÑD��§§± L �©ª�§¿��±
«÷ A "

Äkb� L = K "� m ´ A �4�n�§(x1, . . . , xn) ´ m ����")¤�
|§ B ´ K �f� A[x2/x1, . . . , xn/x1] §§´ Noether �"´� B �n� mBÒ´
Ìn� x1B ¶e p ´ x1B ���4��n�§K·��� p ´ 1 �� ([13], t. I, p.

277)¶�é{`§Bp ´�� 1 � NoetherÛÜ�¶́ � pBp ∩A ´ A ����¹ m �
Ø�¹ 1 �n�§l
§�u m §Ï
 Bp �±«÷ A (I, 8.1.1)"d Krull-Akizuki ½
n ([25], p. 293) �§Bp ��4� C ´�� Noether �£¦+ C Ø�½´��k�
. Bp �¤¶e n ´ C ���4�n�§K Cn ´�� 1 ��5 NoetherÛÜ� ([25], p.

295)§l
´��lÑD��§¿�«÷ Bp §�,�«÷ A "

y3e L ´ K ���k�.*Ü§K�âþ¡¤ã§�±�u�Ä A ´lÑD
����/"� w ´ K ���N�u A �D�§K�±é� L ���lÑD� w′ §
§´ w �òÿµ̄ ¢þ§�±ÏLé L �)¤��ê?18B
8(� L = K(α) �
�/§d�·K´���;�(J ([24], p. 106)"

íØ (7.1.8) — � A ´�� Noether ��§K ´§�©ª�§L ´ K ���k
�.*Ü"K A 3 L ¥��é�4�Ò´¤k�¹ A ¿�± L �©ª��lÑD�
���8"
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¯¢þ§duù��lÑD��o´�5�§�,Ò�¹
 L �¤k3 A þ
�.���"l
�Iy²e x ∈ L 3 A þØ´�.�§K�±é���± L �
©ª��lÑD�� C §§�¹ A �Ø�¹ x "¯¢þ§ x þ�^�¿�X·�
k x /∈ B = A[1/x] §�é{`§1/x 3 Noether � B ¥Ø´�_�"l
3 B ¥k�
��n� p �¹ 1/x "�ÛÜ� Bp ´ Noether �§��¹3 L ¥§Ó� L ´ Bp �©ª
�£�¹ K¤���k�.*Ü"l
�ì (7.1.7)§�3��lÑD�� C §§�±
«÷ Bp §¿�± L �©ª�¶du q/x ∈ pBp á3 C �4�n��¥§�k x /∈ C §
ùÒ�¤
y²"

(7.1.7) �AÛ/ª´e¡ù�µ

·K (7.1.9) — � Y ´��ÛÜ Noether V/§p : X → Y ´��ÛÜk�.
��§x ´ X ��:§y = p(x)§¿� y′ 6= y ´ y ���AÏz"K�±é���Û
ÜV/ Y ′ §§´,�lÑD���Ì§4:� a§��:� b§¿��3��©l�
� f : Y ′ → Y Ú��l Y ′ � X � Y knN� g§¦� f(a) = y′, f(b) = y, g(b) = x§
�3��ãL

(7.1.9.1)

k(x)
γ

zzuuuuuuu

k(b) k(y)
ϕ

oo

π

OO

£Ù¥ π, ϕ, γ ©O´éAu p, f, g �Ó�¤¥§γ ´����N�"

� (7.1.4) Ó�§̄ K�±8(� Y ´��¿�± y ���:��/£k�u (I,

6.3.4, (iv))¤§�du¯K3 X Ú Y þÑ´ÛÜ5�§��b� p ´k�.�¶u´
·�q£�
 (7.1.4) ��¹§¿ëÓü�Ö¿5�µk(x) ´ k(y) �k�.*Ü (I,

6.4.11)§� Oy′ ´ Noether �¶y3�±A^ (7.1.7)§=� Y ′ = Spec A′ §Ù¥ A′ ´
��U
«÷ Oy′ �lÑD��§¿± k(x) �©ª�"l
·�½ÂÑ����ã
L (7.1.9.1)§Ù¥ γ ´����N�§¿� π Ú ϕ ©OéAu�� p Ú f "?
§d
u X Ú Y Ñ´ÛÜ Noether � (I, 6.6.2)§¿� Y ′ ´��"�k����l Y ′ � X �
Y knN� g §§�Ó� γ �éA (I, 7.1.15)§ùÒ�¤
y²"

7.2 ©l5�D��O{

·K (7.2.1) — � X,Y ´ü�V/§f : X → Y ´��[;��"K±eÃ^
�´�d�µ

a) �� f ´4�"
b) é?¿ x ∈ X Ú y = f(x) �?¿��ØÓu y �AÏz y′ §þ�é� x ��

�AÏz x′ §¦� f(x′) = y′ "
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^� b) ��u` f({x}) = {y}§l
§´ a) �íØ"�
y² b) %º a)§·
��Ä X �.�m���4f8 X ′ ¶� Y ′ = f(X ′) §e¡y² Y ′ = f(X ′) "©
O�Ä X Ú Y �± X ′ Ú Y ′ �.�m�Q�4fV/ (I, 5.2.1)¶d�·�k���
� f ′ : X ′ → Y ′ §¦�ãL

X ′ f ′
//

²²

Y ′

²²

X
f

// Y

´��� (I, 5.2.2)§�du f ´[;�§�� f ′ �´Xd"l
8(�y²e f ´�
�[;�<í5��§K^� b) %º f(X) = Y "y3� y′ ´ Y ��:§¿� y ´ Y

����¹ y′ �Ø��©|���:¶�ì b)§�Iy² f−1(y) Ø´��",
·
���§ù�5��d f ´[;<í5���¯¢íÑ5 (I, 6.6.5)"

íØ (7.2.2) — � f : X → Y ´��[;�E\��"K�
¦ X �.�m
3 Y ¥´4�§7L��I§�¹§�z�:£3 Y ¥¤�z�AÏz"

·K (7.2.3) — � Y ´��V/£�A�§ÛÜ Noether V/¤§f : X → Y ´
����£�A�§ÛÜk�.��¤"K±eÃ^�´�d�µ

a) f ´©l�"
b) é���� X → X ×Y X ´[;�§¿�é?¿/X Y ′ = Spec A � Y V/§

Ù¥ A ´��D��£�A�§lÑD��¤§ü�l Y ′ � X � Y ����3 Y ′ �
��:þ´���§§�Ò´���"

c) é���� X → X ×Y X ´[;�§¿�é?¿/X Y ′ = Spec A � Y V
/§Ù¥ A ´��D��£�A�§lÑD��¤§X ′ = X(Y ′) �ü� Y ′ �¡��
3 Y ′ ���:þ´���§§�Ò´���"

b) Ú c) ��d5�g Y ′ � X � Y ��� X ′ � Y ′�¡�m���éA (I, 3.3.14)"
e X 3 Y þ´©l�§K�ì (I, 7.2.2.1)§̂ � b) ´¤á�§Ï� Y ′ ´��"��
2y²d b) �±íÑé���� ∆ : X → X ×Y X ´4�§=8(�y²§÷
v (7.2.2) ��O^�",K§� z ´é�� ∆(X) ¥��:§z′ 6= z ´ z 3 X×Y X ¥
���AÏz"K�±é� (7.1.4) ��D�� A Ú��l Y ′ = Spec A � X ×Y X �
�� f §§r Y ′ �4: a N� z′ §¿r Y ′ ���: b N� z ¶ù���¦ Y ′ ¤��
� (X ×Y X) V/§�,�´�� Y V/"er f � X ×Y X �ü�ÝK?1Ü¤§
K�±��ü�l Y ′ � X � Y �� g1, g2 §�âcJ^�§§�3: b þ´­Ü
�¶l
§��uÓ���� g §ùÒ¿�X (I, 5.3.1) f �±©)� f = ∆ ◦ g §Ï

 z′ ∈ ∆(X) "XJb� Y ´ÛÜ Noether �§f ´ÛÜk�.�§K X ×Y X ´Û
Ü Noether � (I, 6.6.7)¶d��ì (7.1.9)§3þãy²L§¥�±b� A ´��lÑ
D��"
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5) (7.2.4) — (i) XJb� Y ´ÛÜ Noether �§ f ´ÛÜk�.�§K�
� ∆ ´[;�ù�^�o´¤á�§Ï�d� X ×Y X ´ÛÜ Noether � (I, 6.6.4,

(i))"3���/e§ù�^��¿�Xéu X �?¿��mCX (Uα) §Ã8Ü Uα∩
Uβ Ñ´[;�"

(ii) �
¦ f ´©l�§�I^� b) ½^� c) éu���äk�ê4��{a
��D�� A ´¤á�¶̄ ¢þ§ù�d (7.2.3) �y²9 (7.1.4) íÑ5"

7.3 ;Ü5�D��O{

·K (7.3.1) — � A ´��D��§Y = Spec A§b ´ Y ���:§X ´��
�©lV/§ f : X → Y ´��4��§b� f−1(b) �¹�: x§¿�éA�Ó
� k(b) → k(x) ´���"K f ´��Ó�"

du f ´4�<í5�§�k f(X) = Y ¶u´�I (I, 4.2.2) y²éu Y ¥�?
¿ y′ 6= b §þ�é����: x′ §¦� f(x′) = y′ §¿�éA�Ó� Oy′ → Ox′ ´��
�§Ï�d� f ò´��Ó�",K§e f(x′) = y′ §K Ox′ ´ù���ÛÜ�§§�
¹3 K = k(x) = k(b) ¥§¿�«÷X Oy′ ¶�¡ù��Ò´ÛÜ� Ay′ §l
´��
± K �©ª��D�� (7.1.1)"d	§·�k Ox′ 6= K §Ï� x′ Ø´ X ���: (0,

2.1.3)¶dd��§Ox′ = Oy′ "du X ´��©l�V/§��'Xª Ox′ = Ox′′ ¿
�X x′ = x′′ (I, 8.2.2)§ùÒ�¤
y²"

(7.3.2) � A ´��D��§Y = Spec A §b ´ Y ���:§l
 Ob = k(b)Ò
�u A �©ª� K ¶� f : X → Y ´����"·��� (I, 7.1.4)§X � Y kn�
¡��éAu: b ?� Y �¡Þ£½Â3 b ���þ¤§����;�N�

(7.3.2.1) Γrat(X/Y ) = Γ(f−1(b)/Spec K) "

d	§�â½Â (I, 3.4.5)§Γ(f−1(b)/Spec K) ¥����±�Óu f−1(b) � K kn
:"XJ f ´©l�§Kd (I, 5.4.7) �§N� (7.3.2.1) ´ü�§Ï� Y ´��©l�
V/"

r (7.3.2.1) �;�N� Γ(X/Y ) → Γrat(X/Y ) (I, 7.1.2)?1Ü¤§K�±��
��;�N�

(7.3.2.2) Γ(X/Y ) = Γ(f−1(b)/Spec K) "

XJ f ´©l�§Kù�N��´ü� (I, 5.4.7)"

·K (7.3.3) — � A ´��D��§©ª�� K §Y = Spec A§b ´ Y ���
:§f : X → Y ´��©l�4��"K;�N� (7.3.2.2) ´���£ù���u`
§´÷�§¿�¿�X X � Y kn�¡Ñ´??k½Â�¤"
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·�� x ´ f−1(b) ��:§3 K þ´kn�"du f ´©l�§�� f ¤éA
��� f−1(b) → Spec K �´Xd (I, 5.5.1, (iv))§�du f−1(b) �¤k�¡Ñ´4
E\ (I, 5.4.6)§�� {x}3 f−1(b) ¥´4�"�Ä X �± {x}3 X ¥�4� {x}�
.�m�Q�4fV/"K´� f 3 X ′ þ���÷v (7.3.1) ¥�cJ^�§l
§
´ X ′ � Y ���Ó�§¿�§�_Ó�Ò´·�¤��@� X � Y �¡"

(7.3.4) �
�ãe¡�(J§·��å^��#�¶c§§�?�Ú?ØòÑ
y1 IV Ù¥¶� F ´V/ Y ���f8§¤¢ F 3 Y ¥�{�ê§P� codimY F §
´�Ã�ê dimOz �e(.§Ù¥ z �H F "

íØ (7.3.5) — � Y ´��Q��ÛÜ Noether V/§N ´d@
¦ Y 3T?
Ø�K�: y ∈ Y ¤|¤�8Ü (0, 4.1.4)¶·�b� codimY N > 2 "� f : X → Y ´
��k�.©l4��§g ´ X � Y kn�¡¶e Y ′ ´d@
¦ g 3T?vk½Â
�: y ∈ Y ¤|¤�8Ü£ù�8Ü´4� (I, 7.2.1)¤§Kk codimY Y ′ > 2 "

�Iy²3?Û÷v dimOz 6 1 �: z ∈ Y ? g Ñ´k½Â�"e dimOz = 0 §
K z ´ Y �,�Ø��©|���: (I, 1.1.14)§l
á3 Y �z��??È��m
8�¥§AO�§§á3 g �½Â��¥"b� dimOz = 1 ¶K�âcJ^�§Oz ´
���K NoetherÛÜ�§l
 (7.1.6) ´lÑD��"� Z = Spec Oz ¶du U = Y −
Y ′ ´??È��§�� U ∩ Z Ø´�� (I, 2.4.2)¶� g′ ´d g ¤p��l Z � X �
knN� (I, 7.2.8)¶K�Iy² g′ ´���� (I, 7.2.9)",K§g′ �±�w�´ Z V
/ f−1(Z) = X ×Y Z ��� Z kn�¡¶́ � f ¤éA��� f−1(Z) → Z ´4�§
l
d (I, 5.5.1, (i)) �§§´©l�¶ddÒ�± (7.3.3) íÑ g′ ´??k½Â�¶d
u Z ´Q��§¿� X 3 Y þ´©l�§�� g′ ´���� (I, 7.2.2)"

íØ (7.3.6) — � S ´��ÛÜ Noether V/§X Ú Y ´ü� S V/¶b� Y ´
Q��§ ?
d¦� Y 3T?Ø�K�@
: y ∈ Y ¤|¤�8Ü N äk5�
codimY N > 2¶��b�(��� X → S ´;Ü�"� f ´ Y � X ��� S knN
�§¿� Y ′ ´d f 3T?vk½Â�@
: y ∈ Y ¤|¤�8Ü¶Kk codimY Y ′ >
2 "

·��� (I, 7.1.2) Y � X � S knN��±�Óu X ×S Y � Y kn�¡¶d
u(��� X ⊗S Y → Y ´4� (5.4.1)§l
�±¦^ (7.3.5)§��(Ø"

5) (7.3.7) — AO�§XJ Y ´�5� (0, 4.1.4)§K�ì (7.1.6)§3 (7.3.5) Ú
(7.3.6) ¥\3 Y þ�@
cJ^�o´¤á�"

·��±^ (7.3.3) ���_·K5�Ñ2�4£�A�§;Ü¤�����£
ãµ

½n (7.3.8) — � Y ´��V/£�A�§ÛÜ Noether V/¤§f : X → Y ´
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��[;©l��£�A�§k�.��¤"K±eÃ^�´�d�µ
a) f ´2�4£�A�§;Ü¤�"
b) é?¿/X Y ′ = Spec A � Y V/§Ù¥ A ´��D��£�A�§lÑD�

�¤§©ª�� K §;�¹\ A → K ¤éA�;�N�

HomY (Y ′, X) −→ HomY (Spec K,X)

Ñ´÷£�A�§��¤�"
c) é?¿/X Y ′ = Spec A � Y V/§Ù¥ A ´��D��£�A�§lÑD�

�¤§� Y ′ V/ X(Y ′) �éA�;�N� (7.3.2.2) Ñ´÷£�A�§��¤�"

b) Ú c) ��d5�d (I, 3.3.14) á�¶a) %º c)§Ï�d a) �§3?Û�«c
J^�e§f(Y ′) Ñ´©l (I, 5.5.1, (iv)) �4�§l
�IA^ (7.3.3)"��2y
² b) %º a)"·�Äk�Ä Y ´?¿V/� f ´[;©l����/"e^� b) é
u f ´¤á�§K§éu f(Y ′′) : X(Y ′′) → Y ′′ �´Xd§Ù¥ Y ′′ ´?¿�� Y V/§
ù´�âb) Ú c) ��d5±9e¡�¯¢µé?¿�� Y ′ → Y ′′ §þk X(Y ′′) ×′′

Y

Y ′ = X ×Y Y ′ (I, 3.3.9.1)¶?
§du f(Y ′) ´[;©l�§�� f ´Xd (I, 5.5.1,

(iv) Ú 6.6.4, (iii))§l
¯K8(�y² b) %º f ´4�"�d�I�y (7.2.1) �
^� b)"� x ∈ X §y′ ´ y = f(x) ���ØÓu y �AÏz¶�ì (7.1.4)§�3
��V/ Y ′ §§´,�D���Ì§¿��3��©l�� g : Y ′ → Y §¦�
e a ´ Y ′ �4:§b ´ Y ′ ���:§Kk g(a) = y′, g(b) = y §¿��3�� k(y) Ó
� k(x) → k(b) "�¡ù�Ó�;�éAX�� Y �� Spec k(b) → X (I, 2.4.6)§l

d b) �§�3�� Y �� h : Y ′ → X §§éAXþã��"d�·�k h(b) = x ¶
e- h(a) = x′ §K x′ ´ x ���AÏz§¿�·�k f(x′) = f(h(a)) = g(a) = y′ "

y3e Y ´ÛÜ Noether �§f ´k�.�§Kdué���� X → X×Y X ´
[;� (7.2.4)§�
�ì (7.2.3)§̂ � b) %º f ´©l�"?
§k�u (5.6.3)§�

�y f ´;Ü�§�Iy²é?¿k�. Y V/ Y ′′ §f(Y ′) : X(Y ′′) → Y ′′ Ñ´4
�"dud� Y ′′ �´ÛÜ Noether �§��æ^Ú1���/�Ó�y²�{§�
�� Y ′ ´��lÑD���Ì§¿�¦^ (7.1.9) 5�O (7.1.4)"

5) (7.3.9) — (i) e Y ´��?¿�V/§f ´��©l��§K�
¦ f ´
2�4�§�I^� b) ½^� c) éu@
äk�ê4��{a����D�� A Ñ
´¤á�¶̄ ¢þ§ù�d (7.1.4) �y²íÑ5"

(ii) d (7.3.8) ��O{ c) �±�Ñeã¯¢���#y²µ�K�� X → Y o
´4� (5.5.3)§ù�y²��;�{���C"¯¢þ§�±b� Y ´���§Ï

 X �±�Óu,��Km Pn

Y �4fV/ (5.3.3)¶u´�
y² X → Y ´4�§
�I�y(��� Pn

Y → Y ´Xd§r (7.3.8) ¥��O{ c) Ú (4.1.3.1)(Üå5q
L²§¯K�±8(�y²e¡�¯¢µe Y ´��D�� A �Ì§©ª�� K §
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K Pn
Y �?Û K �:Ñ5gu Pn

Y �,� A �:£��� Y ���:þ¤",K§?
Û�_ OY ��Ñ´²�� (I, 2.4.8)¶l
d (4.2.6) �§Pn

Y ��� K �:�±�Ó
u K ¥��|�� (ζc0, . . . , ζcn) ��da§ùp ζ 6= 0 §¿�Ã ci ´ K ¥��|�
�§�Ø�� 0 "y3� ci Ó�¦± A ¥���äk·�D����§K�±b�
¤k ci Ñáu A §¿���k��´�_�"d� (4.2.6) ù���| (c0, . . . , cn) �
�±½ÂÑ Pn

Y ��� A �:§ùÒy²
·���ó"

(iii) �O{ (7.2.3) Ú (7.3.8) AO·^ue¡��Ä�{§=·�r�� Y V
/ X �d/w�´��½Â3 Y V/ Y ′ þ�¼f

X(Y ′) = HomY (Y ′, X) "

'X`§·��±¦^ù
�O{5y²§3·��^�e/ Picard V/0´;Ü
�"

íØ (7.3.10) — � Y ´��©l�V/£�A�§ÛÜ Noether ©l�V/¤§
X ´��©l�V/§f : X → Y ´��<í"

(i) e f ´[;�2�4�§K?Û± X �kn¼ê� R(X) �©ª��D��
��U
«÷ Y �,�ÛÜ�§�Ò«÷X X ���ÛÜ�"

(ii) �L5§b� f ´k�.�§¿� (i) ¥�5�éu¤k± R(X) �©ª��
D��£�A�§lÑD��¤Ñ´¤á�§K f ´;Ü�"

Äk5¿�cJ^�%ºX3?Û�/e f Ñ´©l� (I, 5.5.9)"

(i) � X = R(Y ), L = R(X) §y ´ Y ��:§A ´��D��§± L �©ª
�§¿�«÷ Oy ¶l
¹\ Oy → A ½Â
��l Y ′ = Spec A � Y ��� h (I,

2.4.4)§�÷v h(a) = y §Ù¥ a ´ Y ′ �4:¶?
§e η ´ Y ���:§K§�
´ Spec Oy ���:§�·�k h(b) = η §Ù¥ b ´ Y ′ ���:£Ï��âcJ^
� K ⊂ L¤"e ξ ´ X ���:§K�âcJ^�§·�k k(ξ) = k(b) = L §�
��� Y �� g : Spec L → X §÷v g(b) = ξ ¶�ì (7.3.8)§g 5gu,� Y �
� g′ : Y ′ → X "e x = g′(a) §K´� A �±«÷ Ox "

(ii) ¯K3 Y þ´ÛÜ5�§Ï
o�±b� Y ´��£�A�§��� Noether¤
�"du f ´k�.�§�
3ùü«�/Ñ�±¦^ Chow Ún (5.6.1)"l
�3
���K�� p : P → Y !��E\�� j : X ′ → P !Ú���K�N÷�Vkn
�� g : X ′ → X£X ′ ´��¤§¦�ãL

P

p
²²

X ′j
oo

g
²²

Y X
f

oo
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´���"y3�Iy² j ´��4E\§Ï�d� f ◦ g = p ◦ j ò´���K�
�§l
´;Ü�§¿�du g ´N÷�§l
 f �ò´;Ü� (5.4.3)"� Z ´ P �
± j(X ′) �.�m�Q�4fV/ (I, 5.2.1)¶du X ′ ´��§�� j �±©)� i◦h §
Ù¥ i : Z → P ´;�¹\§h : X ′ → Z ´��<í5mE\ (I, 5.2.3)§¿� Z ´�
�¶?
 Z 3 Y þ´�K�§l
·��±�u�Ä P ´��¿� j ´Vkn�<
í5��ù��/§¿�¯K8(�y² j ´N÷�",K§� z ∈ P ¶K Oz ´��
�£�A�§Noether �¤ÛÜ�§¿�§�©ª�´

L = R(P ) = R(X ′) = R(X) "

�±�u�Ä z Ø´ P ���:��/"Ï
�±é� (7.1.2 Ú 7.1.7) ��D��
£�A�§lÑD��¤A §± L �©ª�§¿�«÷ Oz "�, A �«÷ Oy §Ù
¥ y = p(z) §l
�âcJ^�§�3�: x ∈ X §¦� A «÷ Ox "du g ´;
Ü�§�
y²�1�Ü©L²§A ��±«÷,� Ox′ §Ù¥ x′ ∈ X ′ ¶dd�
�§Oz Ú Oj(x′) = Ox ´�C� (I, 8.1.4)§�du P ´��©lV/§ùÒ`²
 z =

j(x′) (I, 8.2.2)§��¤
y²"

íØ (7.3.11) — � X,Y ´ü�©l�V/§ f : X → Y ´��[;�2�
4�<í5��"?
b� Y ´���§�� B£�¤"K Γ(X, OX) �±;�Ó�
u B 3 R(X) ¥��é�4����f�"

¯¢þ (I, 8.2.1.1)§ Γ(X, OX) �±�Óu¤k Ox (x ∈ X) ��8¶Ï
�
ì (7.3.10), (7.1.2) Ú (7.1.3)§Γ(X, OX) �¹3¤k�¹ B �± R(X) �©ª��D
����8�¥¶u´d (7.1.3)Ò�±íÑ(Ø"

5) (7.3.12) — 3 (7.3.11) �cJ^�e§XJb� R(X) ´ R(Y ) �k�.*
Ü§K3éõ�/eÑ�±íÑ Γ(X, OX) ´� B = Γ(Y, OY ) þ���k�.�"'
X`� B ´�þ�k�.�ê��ÿÒ´Xd§Ï�d�·��� B 3§�©ª�
�?Ûk�.*Ü¥��é�4�Ñ´k�. B � ([13], t. I, p. 267, ½n 9)¶u´
d (7.3.11) ±9 B ´ Noether ��¯¢Ò�±íÑ(Ø"

AO�§3� K þ;Ü����V/ X �½´k��"¯¢þ§�ì (1.6.4),

(5.4.6) Ú (I, 6.4.4, c))§�±�u�Ä X ´Q��ù��/"?
§�Iy² X �z
��±Ø��©|£k��¤�.�m�4fV/Ñ´3 K þk��§ù��5£k
�u (5.4.5)¤̄ K��8(� X ´��ù��/"d�dþ¡�5)Ò�±íÑ(
Ø"

31 III Ù¥§·�ò¦^,�«�{5y²þã·K§=r§w�´eã�
�¯¢���íØµe f : X → Y ´;Ü�§Y ´ÛÜ Noether �§Ké?¿v
àOX �� F §f∗F Ñ´và� (III, 4.4.2)"
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��5¿��O{ (7.3.10) 3�;�êAÛÆ¥Q�^�´;Ü���½Â"�
´Ï�ù���§�O{ (7.3.8) 3·�¤��A^¥Ñw�AOB|"

7.4 �ê­�Ú 1 �¼ê�

ù��!�8�´Ð«�eXÛ¦^V/��ó5?Ø�;��ê­�Ø£�
±éì C. Chevalley [23] ¥��ã¤"3���!¥§k ´����§¤k©lV/
Ñ´k�.�©l k V/§¤k��Ñ´ k ��"

·K (7.4.1) — � X ´��3 k þk�.�V/£l
´ Noether �¤¶� xi

(1 6 i 6 n) ´ X �ÃØ��©| Xi ���:§¿� Ki = k(xi) (1 6 i 6 n) "K±e
Ã^�´�d�µ

a) z� Ki Ñ´ k ���gê� 1 �*Ü"
b) éu X �?¿4: x§ÛÜ� Ox Ñ´ 1 �� (7.1.5) "
c) X �ØÓu Xi �Ø��4f8Ò´ X �@
4:"

du X ´[;�§�� X �?ÛØ��4f8 F Ñ�¹4: (0, 2.1.3)"�ì (I,

2.4.2)§3 Ox ��n�� X ��¹ x �Ø��4f8�mk����éA (I, 1.1.14)¶
ddá� b) Ú c) ��d5",��¡§e pα (1 6 r 6 α) ´ NoetherÛÜ� Ox �
Ã4��n�§KÛÜ� Ox/pα Ñ´��§¿�§��©ª�Ò´ Ki ¥�@
÷
v x ∈ Xi ��"?
§·��� ([1], p. 4-06, ½n 2) ��k�.��ÛÜ k �ê��
êÒ�u§�©ª�3 k þ���gê"��§Ox ��ê´Ã Ox/pα ��ê�þ(
.¶,K^� b) %ºXù
�êÑ�u 1 §l
 a) %º b)¶�L5§e Ox ´ 1 ��§
K?Û�� pα ÑØ�u Ox �4�n�§ÄK Ox ò´ 0 ��¶l
z�� Ox/pα Ñ
´ 1 ��§ùÒy²
 b) %º a)"

5¿�3 (7.4.1) �^�e§8Ü X �o´���o´Ã��§ù�d (I, 6.4.4)

á�"

½Â (7.4.2) — ¤¢ k þ��ê­�§´�ù��©l�ê k V/§§Ø´�
�§¿�÷v (7.4.1) ¥�^�"

¦^�ê��ó£òÑy31 IV Ù�¥¤§ù���u`µk þ��ê­�Ò
´ù����©l�ê k V/§§�¤k�Ø��©|Ñ´ 1 ��"

5¿�e X ´ k þ��^�ê­�§K X �@
±ÙØ��©|�.�m�Q
�4fV/ Xi (1 6 i 6 n) �Ñ´ k þ��ê­�"

íØ (7.4.3) — � X ´�^Ø���ê­�"K X �����Ø´4:�:Ò
´§���:"X �ØÓu X g��4f8Ò´@
dk��4:¤|¤�8Ü¶
§�TÐ�´ X �@
Ø??È��f8"
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e: x ∈ X Ø´4�§K§3 X ¥�4�´ X ���Ø��4f8§l
7
,Ò´�� X §ù´�â (7.4.1)§Ï
 x ´ X ���:" X ���4f8 F XJ
Ø�u X §K§ØU�¹ X ���:§l
§p¡�:Ñ´4:£3 X ¥§�,�
3 F ¥¤¶�Ä X �± F �.�m�Q�4fV/ (I, 5.2.1)§Kd (I, 6.2.2) �§F ´
k��lÑ�"l
 X ���Ã�f8�4�7,�u X "

e X ´�^?¿��ê­�§r (7.4.3) ^� X �ÃØ��©|þ§K·�w
�§X ¥�@
Ø´4:�:TÐÒ´Ø��©|���:"

íØ (7.4.4) — � X Ú Y ´ k þ�ü^Ø���ê­�§f : X → Y ´�� k �
�"K�
¦ f ´<í5�§7L��Ié?¿ y ∈ Y §f−1(y) Ñ´k��"

¯¢þ§e f Ø´��<í§K�ì (7.4.3)§f(X) 7,´ Y ���k�f8§l

Ø�Uéu¤k: y ∈ Y §f−1(y) Ñ´k��§Ï�ÄK X ò´k��§ù´�¸
� (7.4.1)"�L5§e f ´��<í§Kéu Y �?Û��ØÓu��: η �: y ∈
Y §f−1(y) 3 X ¥Ñ´4�§Ï� {y}3 Y ¥´4� (7.4.3)¶,��¡§�âcJ^
�§f−1(y) Ø�¹ X ���: ξ §l
´k�� (7.4.3)"��§�
y² f−1(η) ´
k��§5¿�n� f−1(η) ´ k(η) þ���k�.Ø��©lV/§¿���:
´ ξ (I, 6.3.9 Ú 6.4.11)"du k(ξ) Ú k(η) Ñ´ k �k�.*Ü§�äk�Ó���
gê 1 §�� k(ξ) 7,´ k(η) ���k�*Ü§l
 ξ 3 f−1(η) ¥´4� (I, 6.4.2)§
Ï
 f−1(η) ��¹�: ξ "

·�ò31 III Ùpw�§éu Noether V/�m���;Ü�� f : X → Y 5
`§XJé?¿ y ∈ Y §f−1(y) Ñ´k��§K§�½´k��¶l
d (7.4.4) ò�
±íÑ§Ø���ê­��m�;Ü<í5���½´k��"

íØ (7.4.5) — � X ´ k þ��^�ê­�"K�
¦ X ´�K�§7L��
I§´�5�§½ö§�¤k4:?�ÛÜ�Ñ´lÑD��"

ù�d (7.4.1) �^� b) ±9 (7.1.6) á�"

íØ (7.4.6) — � X ´�^Q��ê­�§A ´��Q��và R(X) �ê�¶
K X �éu A ��4� X ′ (6.3.4) ´�^�5�ê­�§¿�;��� X ′ → X ´
k��"

X ′ → X ´k��ù�¯¢�g (6.3.10)¶l
 X ′ ´��©l�ê k V/§?

§e xi (1 6 i 6 n) ´ X �ÃØ��©|���:§x′

j (1 6 j 6 m) ´ X ′ �ÃØ
��©|���:§Kz� k(x′

j) Ñ´,� k(xi) �k�*Ü (6.3.6)§l
3 k þä
k��gê 1 "u´ X ′ �´ k þ��ê­�§¿� X ′ ´k�����5�©lV/
�Ú (6.3.6 Ú 6.3.7)"

(7.4.7) ¤¢ k þ��^�ê­� X ´���§́ �§3 k þ´;Ü�"
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íØ (7.4.8) — �
¦ k þ��^Q��ê­� X ´���§7L��I§�
�5z X ′ ´Xd"

¯¢þ§d�;��� f : X ′ → X ´k�� (7.4.6)§l
´;Ü (6.1.11) �N
÷� (6.3.8)¶u´e g : X → Spec k ´(���§K g Ú g ◦ f Ñ´;Ü�§ù´�
g (5.4.2, (ii)) Ú (5.4.3, (ii))§Ï��âcJ^�§g ´©l�"

·K (7.4.9) — � X ´ k þ��^�5�ê­�§ Y ´��3 k þ;Ü��
ê k V/"K X � Y �?Û k knN�Ñ´??k½Â�§�é{`§́ ����"

¯¢þ§d (7.3.7) �§e��knN�3: x ∈ X ?vk½Â§K Ox ��ê7
L > 2 §l
ù
:�8Ü´��¶�����ó5g (I, 7.2.3)"

íØ (7.4.10) — k þ��5�ê­�3 k þÑ´[�K�"

du X ´k�����5��ê­��Ú (6.3.8)§���u�Ä X ´��ù
��/ (5.3.6)"du X ´[;�§��§�±�k����m8 Ui (1 6 i 6 n) ¤
CX§�duz� Ui 3 k þÑ´k�.�§��é����ê ni Ú�� kE\ fi :

Ui → Pni

k (5.3.3 Ú 5.3.4, (i))"du Ui 3 X ¥´È��§�d (7.4.9) �§z� fi Ñ
�±òÿ��� k �� gi : X → Pni

k §u´·�����l X � P ¥� k �� g =

(g1, . . . , gn)k §ùp P ´Ã Pni

k 3 k þ�n�È"?
§éz��I i §du gi 3 Ui þ
���´E\§�� g 3 Ui þ����´Xd (I, 5.3.14)"duÃ Ui CX
 X §¿
� g ´©l� (I, 5.5.1, (v))§�� g ´ X � P ���E\ (I, 8.2.8)"du Segre �
� (4.3.3) Jø
 P �,� PN

k ¥�E\§ùÒy²
 X ´[�K�"

íØ (7.4.11) — �5�ê­� X o´Ó�u,����5�ê­� X̂ �È�
mfV/§¿� X̂ �±(½�������Ó�"

e X1, X2 ´ü^���5­�§Kd (7.4.9) á�§?Û��l X1 �È�m8
U1 N� X2 �È�m8 U2 þ�Ó�Ñ�±��/òÿ���l X1 � X2 �Ó�¶�
���5"�
y² X̂ ��35§�I5¿� X �±�w�´,��Km Pn

k �f
V/ (7.4.10)"� X ´ X 3 Pn

k ¥�4� (I, 9.5.11)¶du X ´ X �È�mfV/ (I,

9.5.10)§�� X �ÃØ��©|���: xi TÐ�´ X �Ø��©|���:§¿
� k(xi) 3ùü�V/¥´���§l
 (7.4.1) X ´ k þ��^�ê­�§§´Q
�� (I 9.5.9)§¿�3 k þ�K� (5.5.1)§l
´��� (5.5.3)"y3� X̂ ´ X ��
5z§K§�´��� (7.4.8)¶?
§e h : X̂ → X ´;���§K h 3 h−1(X) þ�
��´��N� X þ�Ó�§Ï� X ´�5� (6.3.4)§�du h−1(X) �¹
 X̂ �
ÃØ��©|���: (6.3.8)§��§3 X̂ ¥´È��§ùÒ�¤
y²"

5) (7.4.12) — ·�ò31 III Ùpy²§(7.4.10) �(ØéuØ�5£$�
ØQ�¤�­�E,´¤á�¶·��òy²§�
¦�^�ê­�£Ø+Q��
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Ä¤́ ���§7L��I§�ÃØ��©|£Q�¤ÑØ´���"

íØ (7.4.13) — � X ´�^Ø���5­�§¼ê�´ R(X) = K §Y ´�^
���­�§¼ê�´ R(Y ) = L "K3<í5 k �� X → Y Ú k i\ L → K �m
k����éA"

�ì (7.4.9)§X � Y � k knN��±�Óu k �� u : X → Y "du�� u �
<í5�d u(x) = y 5L�£ùp x Ú y ©O´ X Ú Y ���:¤§l
ù�íØ
�gù
5)±9 (I, 7.1.13)"

(7.4.14) XJ Y ´�K�� P1
k = Proj k[T0, T ] §Ù¥ T0 Ú T ´�½�§K

(7.4.13) ¥�(J�±�¤�äN�/ª"d� Y ´��©l�V/ (2.4.4)§¿�§
�mfV/ D+(T0) Ó�u Spec k[T ] (2.3.6)§l
 Y ���:Ò´ k[T ] �n� (0) §
¿�§�kn¼ê�Ò´ k(T ) §ùÒL² Y ´ k þ��^���ê­�"?
§S =

k[T0, T ] �����Q�¹ T0 qØÓu S+ �©g�n�Ò´Ìn� (T0) § l

D+(T0) 3 Y = P1

k ¥�Ö8�¹k��4:§¡�/Ã¡�:0§·�P��∞£é
u����þmÚ�Km�'X§ëw 8.4¤"3ù
PÒeµ

íØ (7.4.15) — � X ´�^Ø���5­�§¼ê�´ R(X) = K "Kk��
l K �e¡ù�8Üþ�;���N�§T8Ü´d X � P1

k �¤kØ�u@��
��∞�~������ u ¤|¤�"�
¦ u ´<í5�§7L��I§3 K ¥
¤éA���3 k þ´���"

ù�d (7.4.9) Úe¡�Úná�µ

Ún (7.4.15.1) — � X ´ k þ����V/§¿� K = R(X) ´§�kn¼ê
�"Kk��l8Ü K �e¡ù�8Üþ�;���N�§T8Ü´d X � P1

k �
¤kØ�u@����∞�~����knN� u ¤|¤�"�
¦ù���kn
N�´<í5�§7L��I§3 K ¥¤éA���3 k þ´���"

Äk§X � P1
k �knN���éAX P1

k ���3 k �*Ü K ¥�: (I, 7.1.12)"
eù���: u (I, 3.4.5) P1

k ���:�þ§KéA�knN�w,´<í5�"
3����/§du P1

k ����:Ñ´4� (7.4.3)§�� u ù��da¥�@��
��½Â3 u �½Â� U þ��� U → P1

k r U ��N� P1
k ���4: y þ§l


T��£�73 X ??k½Â¤Ø´<í5�¶·�·^�eâ�§·�¡ù�kn
N� u /́~��0§¿�/��� y 0"y3��3 P1

k ���3 K ¥�Ø u∞?
�:� K ����mïáå��éA§,��yù��: u P1

k ���:?��
=�T:éAX k þ����"ù��y´éN´�£|^ (4.2.6, ~ 1◦)¤"

íØ (7.4.16) — � X,Y ´ k þ�ü^����5�Ø���ê­�¶� K =

R(X), L = R(Y ) ´§��¼ê�"K3 k Ó� X
∼−→ Y �8Ü� k Ó� L

∼−→ K �
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8Ü�mk��;����éA"

ù´ (7.4.13) ���w,íØ"

(7.4.17) íØ (7.4.16) L²§k þ��^����5�Ø���ê­��±�§
�kn¼ê� K (½��������Ó�¶�â½Â§K ´ k ���k�.*Ü§
��gê´ 1£DÚþ¡����ê¼ê�¤"?
µ

·K (7.4.18) — éu k �?¿��k�.���gê� 1 �*Ü K §þk�
^����5�Ø���ê­� X §¦� R(X) = K£(½��������Ó
�¤"X �ÛÜ��8Ü�±�Óu (I, 8.2.1) K �@
�¹ k ¿± K �©ª��D
��¤|¤�8Ü"

¯¢þ§K ´ k �,�X��*Ü k(T ) �k�*Ü§¿� k(T ) �±�Óu�
K�� Y = P1

k �kn¼ê�"� X ´ Y ��éu K ��4� (6.3.4)¶K X ´�^
± K �¼ê���5�ê­� (6.3.7)§¿�§´���§Ï��� X → Y ´k�
� (7.4.6)"X �ÛÜ� Ox �±£ãXeµXJ x ´��:§K Ox ´� K §e x Ø´
��:§K Ox ´���¹ k ¿± K �©ª��lÑD�� (7.4.5)"�L5§� A ´
ù����¶du�� X → Spec k ´;Ü�§¿� A �±«÷ k §��§�«÷ X �
,�ÛÜ� Ox (7.3.10)¶�ö´��± K �©ª��D��§l
7,�u A "

5) (7.4.19) — d (7.4.16) Ú (7.4.18) �§�Ñ k þ��^����5�Ø�
��ê­��du�Ñ k ���k�.���gê� 1 �*Ü K "5¿�e k′ ´Ä
� k ���*Ü§K X ⊗k k′ ´ k′ þ��^���ê­� (5.4.2, (iii))§�´��5`
§QØ´Q���Ø´Ø���",
e K ´ k ����©*Ü§¿� k 3 K ¥�
�é�ê4�Ò´ k£Uì�;�â�§ù��u` K ´ k ���/��*Ü0 1©¤§
K X ⊗k k′ ´Q��Ø���"�=¦3ù«�/e§X ⊗k k′ �´k�UØ´�5
�"Öö�±31 IV Ùé�'uT¯K��õ[!"

§8. V/��Þ§ÝKI§�K4�

8.1 V/��Þ 2©

(8.1.1) � Y ´��V/§é?¿�ê n > 0 §� In ´ OY ���[vàn�
�¶b�e¡�^���÷vµ

(8.1.1.1) I0 = OY § In ⊂ Im � m 6 n �
1©È5µ��*Ü =/extension régulière0§ùp·��¿Ø¦ /̂�K0�c§�Ïé²w"
2©È5µUìAÛ¹Â§ù�ö�r���½�4f8l'����ê/�Þ0�¦�Up��

ê§����ö�¡�/�á0"
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(8.1.1.2) ImIn ⊂ Im+n é¤k m,n "

5¿�ù
^�%ºX

(8.1.1.3) I n
1 ⊂ In "

-

(8.1.1.4) S =
⊕
n>0

In §

Kd (8.1.1.1) Ú (8.1.1.2) �§S ´��[và�©g OY �ê�§l
½Â
�� Y

V/ X = ProjS "e J ´ OY ����_n��§K In ⊗OY
J ⊗n �±;��

Óu InJ n "l
erÃ In Ñ�¤ InJ n §K S �C¤
��[vàOY �ê
� S(J ) §¿� X(J ) = Proj S(J ) ;�Ó�u X (3.1.8)"

(8.1.2) b� Y ´ÛÜ��§l
kn¼ê� R(Y ) ´��[vàOY �ê� (I,

7.3.7)"·�r R(Y ) ��� OY f�� I ¡� R(Y ) ���©ªn��§��§´
k�.� (0, 5.2.1)"b�éz� n > 0 Ñ�
 R(Y ) ���©ªn�� In §¿÷
v I0 = OY ±9^� (8.1.1.2)£� (8.1.1.1) �1��^�Ø7÷v¤¶KE,�±
^úª (8.1.1.4) ½ÂÑ��[và�©g OY �ê�§?
½ÂÑéA� Y V/ X =

ProjS ¶éu R(X) �?¿�_©ªn�� J §·��k��l X � X(J ) �;�
Ó�"

½Â (8.1.3) — � Y ´��V/£�A�§ÛÜ�V/¤§¿� I ´ OY ��
�[vàn��£�A�§R(Y ) ���[và�©ªn��¤"·�r Y V/ X =

Proj
( ⊕

n>0

I n
)

¡�n�� I ¤Úu��ÞV/§½ö Y �Au I ��ÞV/ (schéma

éclaté)"XJ I ´ OY ���[vàn��§¿� Y ′ ´ Y �@�d I ¤½Â�4f
V/§K·��¡ X ´ Y ′ �Þ�� Y V/"

�â½Â§S =
⊕
n>0

I n ´d S1 = I ¤)¤�¶l
e I ´��k�. OY �

�§K X 3 Y þ´�K� (5.5.2)"=¦�K I þ�^�§OX �� OX(1) �´�_
� (3.2.5)§¿��ì (4.4.3)§§�éu(��� X → Y �´4´��"

5¿�e f : X → Y ´(���§I ´ OY ���n��§¿� Y ′ ´d I ¤½
Â�4fV/§K f 3 f−1(Y − Y ′) þ���´��N� Y − Y ′ þ�Ó�µ̄ ¢þ§
¯K3 Y þ´ÛÜ5�§l
�±b� I = OY §d�·���ó�g (3.1.7)"

XJ·�r I �¤ I d (d > 0) §K�Þ�� Y V/ X ¬C¤��;�Ó�
u X � Y V/ (8.1.1)¶Ó��§é?¿�_n��£�A�§©ªn��¤J §n
�� I J ¤Úu��ÞV/ X(J ) Ñ�±;�Ó�u X (8.1.1)"
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AO�§XJ I ´���_n��£�A�§©ªn��¤§K I ¤Úu��
Þ Y V/Ó�u Y (3.1.7)"

·K (8.1.4) — � Y ´���V/"
(i) éu R(Y ) �?¿��÷v (8.1.1.2) ¿� I0 = OY �[và©ªn��S

� (In)§Y V/ X = Proj
( ⊕

n>0

In

)
Ñ´��§¿�(��� f : X → Y Ñ´<í

5�"
(ii) � I ´ R(Y ) ���[và©ªn��§¿� X ´ I 3 Y þ¤Úu��

Þ Y V/"e I 6= 0§K(��� f : X → Y ´Vkn�N÷�"

(i) �g S =
⊕
n>0

In ´� OY �ê��¯¢ (3.1.12 Ú 3.1.14)§Ï�é?¿ y ∈

Y §Oy Ñ´�� (I, 5.1.4)"

(ii) �â (i)§X ´��¶?
e x Ú y ´ X Ú Y ���:§Kk f(x) = y §·�
I�y² k(x) 3 k(y) þ´ 1 ��",K§x �´n� f−1(y) ���:¶e ψ ´;��
� Z → Y §Ù¥ Z = Spec k(y) §KV/ f−1(y) �±�Óu ProjS ′ §Ù¥ S ′ = ψ∗S

(3.5.3)",
´� S ′ =
⊕
n>0

(Iy)n §�du I ´ R(Y ) ����"�[và©ªn

��§�� Iy 6= 0 (I, 7.3.6)§�k Iy = k(y) ¶l
 ProjS ′ �±�Óu Spec k(y)

(3.1.7)§ùÒ�Ñ
(Ø"

·�ò3 (III, 2.3.7) ¥y² (8.1.4) ���_·K"

(8.1.5) �£ (8.1.1) ¥�PÒÚ^�"�â½Â§éz� k ∈ Z §Ã¹\Ó
� In+1 → In (8.1.1.1) Ñ½Â
©g S ���m��� 0 güÓ�

(8.1.5.1) uk : S+(k + 1) −→ S (k) "

du S+(k + 1) Ú S (k + 1) ´;� (TN) Ó��§�� uk ;�/éAX OX ���
��üÓ� (3.4.2)µ

(8.1.5.2) ũk : OX(k + 1) −→ OX(k) "

,��¡§�P� (3.2.6) ·�k;�Ó�

(8.1.5.3) λ : OX(h) ⊗OX
OX(k) −→ OX(h + k) §

¿�ãL
S (h) ⊗S S (k) ⊗S S (l) //

²²

S (h + k) ⊗S S (l)

²²

S (h) ⊗S S (k + l) // S (h + k + l)
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´���§�d λ �¼f5 (3.2.6) �§ÃÓ� (8.1.5.3) 3

(8.1.5.4) SX =
⊕
n∈Z

OX(n)

þ½Â
��[và©g OX �ê��(�"?
§ãL

S (h) ⊗S S+(k + 1) //

1⊗uk
²²

S+(h + k + 1)

uh+k

²²

S (h) ⊗S S (k) // S (h + k)

´���¶u´ λ �¼f5L²§·�k����ãL

(8.1.5.5)

OX(h) ⊗OX
OX(k + 1) λ //

1⊗euk
²²

OX(h + k + 1)

euh+k

²²

OX(h) ⊗OX
OX(k)

λ
// OX(h + k) §

Ù¥Y²�ÞÑ´;�Ó�"l
·��±`§Ã ũk ½Â
��©g SX �ê��
üÓ�£0 g¤

(8.1.5.6) ũ : SX(1) −→ SX "

(8.1.6) ÷^ (8.1.5) �PÒ§y35¿�éu n > 0 §Ü¤Ó� ṽn = ũn−1◦ũn−2◦
· · · ◦ ũ0 ´��üÓ� OX(n) → OX ¶·�r§��P� In,X §l
§´ OX ���
[vàn��§¿�Ó�u OX(n) "?
§é?¿ m > 0, n > 0 §ãL

OX(m) ⊗OX
OX(n) λ //

evm⊗evn

²²

OX(m + n)

evm+n

²²

OX
id

// OX

Ñ´���"ddíÑe¡��¹'X

(8.1.6.1) I0,X = OX § In,X ⊂ Im,X éu 0 6 m 6 n §

(8.1.6.2) Im,XIn,X ⊂ Im+n,X éu m > 0, n > 0 "

·K (8.1.7) — � Y ´��V/§ I ´ OY ���[vàn��§ X =

Proj
( ⊕

n>0

I n
)

´ I ¤Úu��Þ Y V/"Ké?¿ n > 0§·�Ñk��;�Ó

�

(8.1.7.1) OX(n) ∼−→ I nOX = In,X
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£ë� (0, 4.3.5) ¤§Ï
éu n > 0§I nOX Ñ´4´���_ OX ��"

�����ó´w,�§Ï��â½Â (4.4.3 Ú 4.4.9)§OX(1) ´�_� (3.2.5)§
¿�´ Y 4´��",��¡§�â½Â§vn ��� I nS ÃÉ§l
 (8.1.7.1) �g
¼f M̃ ��Ü5 (3.2.4) ±9úª (3.2.4.1)"

íØ (8.1.8) — 3 (8.1.7) �cJ^�e§e f : X → Y ´(���§Y ′ ´ Y �
d I ¤½Â�4fV/§K X �4fV/ X ′ = f−1(Y ′) ´d I OX£;�Ó�u
OX(1)¤¤½Â�§l
k��;���ÜS�

(8.1.8.1) 0 −→ OX(1) −→ OX −→ OX′ −→ 0 "

ù�g (8.1.7.1) Ú (I, 4.4.5)"

(8.1.9) 3 (8.1.7) �cJ^�e§�±� In,X �(��Ñ���äN�£ã"
¯¢þ§5¿�Ó�

ũ−1 : OX −→ OX(−1)

;�éAX OX(−1) ����N�¡§·�¡��;��¡£�éu I ¤(0, 5.1.1)"
,��¡§3ãL (8.1.5.5) ¥§Y²�ÞÑ´Ó� (3.2.7)¶rTãL¥� h �¤ k ¿
r k �¤−1 §K�±�� ũk = 1k ⊗ ũ−1£1k ´� OXh þ�ðÓ¤§�é{`§Ó
� ũk �¦^;��¡ s ?1Üþ¦{�$�ÃÉ£é?¿ k ∈ Z¤"l
Ó� ũ

(8.1.5.6) ��±kaq�)º"

Ï
é?¿ n > 0 §Ó� ṽn : OX(n) → OX Ñ�¦^ s⊗n?1Üþ¦{ÃÉ¶d
d�±�Ñµ

íØ (8.1.10) — 3 (8.1.8) �PÒe§X ′ �.�mÒ´d÷v s(x) = 0 �@

: x ∈ X ¤|¤�8Ü§ùp s ´� OX(−1) �;��¡"

¯¢þ§e cx ´: x ?�ª^ (OX(1))x ���)¤�§K sx ⊗ cx �±;��Ó
u I1,X 3: x ?�ª^���)¤�§l
§´�_���=� sx /∈ mx(OX(−1))x §
�é{` s(x) 6= 0 "

·K (8.1.11) — � Y ´���V/§I ´ R(Y ) ���[và�©ªn��§
X ´ I ¤Úu��Þ Y V/"K I OX ´ Y 4´���_ OX ��"

¯K3 Y þ´ÛÜ5�§���u�Ä Y = Spec A ��/§Ù¥ A ´���
�§©ª�� K §d� I = J̃ §Ù¥ J ´ K ���©ªn�¶Ï
�±é� A ¥
����� a 6= 0 §¦� aJ ⊂ A "- S =

⊕
n>0

Jn §KN� x 7→ ax ´ Jn+1 =

(S(1))n � aJn+1 = aJSn ⊂ Jn = Sn þ��� A Ó�§l
½Â
©g S ���
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� 0 g (TN) Ó� S+(1) → aJS "d	§x 7→ a−1x �´©g S ���� 0 gÓ� aJS
∼−→ JS "l
ÏLÜ¤ (3.2.4) �±���� OX ��Ó� OX(1) ∼−→ I OX §�d

u S ´d S1 = J ¤)¤�§�� OX(1) ´�_� (3.2.5)§¿�´4´�� (4.4.3 Ú
4.4.9)§���
·���ó"

8.2 'u©g��ÛÜz��
ý��£

(8.2.1) � S ´��©g�§·�y3Øb�§´�gê�"-

(8.2.1.1) S> =
⊕
n>0

Sn § S6 =
⊕
n60

Sn §

§�Ñ´ S �©gf�§Ùgê©O´��Ú�K�"e f ´ S ��� d g£�½
K¤àg�§K©ª� Sf = S′ �äk��©g��(�§��- S′

n (n ∈ Z)Ò´ù
��
 x/fk ¤|¤�8Ü§Ù¥ x ∈ Sn+kd (k > 0) ¶·�E,- S(f) = S′

0 §¿�
r S′> Ú S′6 ©OP� S>

f Ú S6
f "e d > 0 §Kk

(8.2.1.2) (S>)f = Sf §

Ï�e x ∈ Sn+kd §Ù¥ n+kd < 0 §Kk x/fk = xfh/fh+k §¿�é¿©�� h > 0 §
ok n + (h + k)d > 0 "u´d½Â�

(8.2.1.3) (S>)(f) = (S>
f )0 = S(f) "

e M ´��©g S �§K·�Ó�-

(8.2.1.4) M> =
⊕
n>0

Mn § M6 =
⊕
n60

Mn §

§�©O´©g S> �Ú©g S6 �§¿�§���8´ S0 � M0 "e f ∈ Sd §K
E,�±r Mf ½Â���©g Sf �§��r n g�5½�/X z/fk ���§Ù
¥ z ∈ Mn+kd (k > 0) ¶·�^ M(f) 5IP Mf ¥��N"g��8Ü§§´�
� S(f) �§·�2©O^ M>

f Ú M6
f 5IP (Mf )> Ú (Mf )6 "e d > 0 §K�þ¡

�Ó§·�k

(8.2.1.5) (M>)f = Mf §

Ú

(8.2.1.6) (M>)(f) = (M>
f )0 = M(f) "
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(8.2.2) � z ´���½�§·�r§¡�àgzC� (variable d’homogénisation)"
e S ´��©g�£äk�½K�gê¤§Kõ�ª�ê 1©

(8.2.2.1) Ŝ = S[z]

´��©g S �ê§Ù¥�©g´ù�½Â�µe f ´��àg�§K½Â fzn (n >
0) �gê´

(8.2.2.2) deg(fzn) = n + deg f "

Ún (8.2.3) — (i) ·�k£�©g¤��;�Ó�

(8.2.3.1) Ŝ(z)
∼−→ Ŝ/(z − 1)Ŝ ∼−→ S "

(ii) é?¿ f ∈ Sd (d > 0)§·�Ñk£�©g¤����;�Ó�

(8.2.3.2) Ŝ(f)
∼−→ S6

f "

(8.2.3.1) �1��Ó�´3 (2.2.5) ¥¤½Â�§1��Ó�´w,�¶l
ù�
Ó� Ŝ(z)

∼−→ S r xzn/zn+k£Ù¥ deg(x) = k (k > −n)¤N��� x "Ó� (8.2.3.2)

r xzn/fk £Ù¥ deg(x) = kd − n¤N��� x/fk §§´ S6
f ¥�−n g�§¿�´

�ù´��Ó�"

(8.2.4) � M ´��©g S �"́ � S �

(8.2.4.1) M̂ = M ⊗S Ŝ = M ⊗S S[z]

´Ã S � M ⊗ Szn ��Ú§l
´Ã Abel + Mk ⊗ Szn (k ∈ Z, n > 0) ��Ú¶·�
3 M̂ þ½Â��©g Ŝ ��(�Xeµéu M �?¿àg� x §-

(8.2.4.2) deg(x ⊗ zn) = n + deg x "

·�reã·K�y²3�Öö£aqu (8.2.3)¤

Ún (8.2.5) — (i) ·�k£�©g¤����;�V­Ó�

(8.2.5.1) M̂(z)
∼−→ M "

(ii) é?¿ f ∈ Sd (d > 0)§·�Ñk£�©g¤����;�V­Ó�

(8.2.5.2) M̂(f)
∼−→ M6

f "

1©ùp�PÒ bS Ø´��©l��z"
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(8.2.6) � S ´���©g�§�Ä S �©gn��4~S�

(8.2.6.1) S[n] =
⊕
m>n

Sm (n > 0)

£AO�§·�k S[0] = S, S[1] = S+¤"́ � S[m]S[n] ⊂ S[m+n] §l
�±½Â��
©g� S\ Xeµ

(8.2.6.2) S\ =
⊕
n>0

S\
n Ù¥ S\

n = S[n] "

l
 S\
0Ò´���©g�� S §¿� S\ ´�� S\

0 �ê"é?¿àg� f ∈ Sd (d >

0) §·�^ f \ 5IP�� S[d] = S\
d ¥��� f "3ù
PÒeµ

Ún (8.2.7) — � S ´���©g�§f ´ Sd (d > 0) ¥���àg�"K·�
k��;�Ó�

(8.2.7.1) Sf
∼−→

⊕
n∈Z

S(n)(f) §

(8.2.7.2) (S>
f )f/1

∼−→ Sf §

(8.2.7.3) S\
(f\)

∼−→ S>
f §

¿�cü�Ñ´©g��Ó�"

�â½Â§́ � (Sf )n = (S(n)f )0 §��Ó� (8.2.7.1)§�§�ðÓÃÉ",�
�¡§du f/1 3 Sf ¥´�_�§�k��;�Ó� Sf

∼−→ (S>
f )f/1 = (Sf )f/1 §ù

´�â (8.2.1.2)£A^� Sf þ¤¶�â½Â§§�_Ó�Ò´ (8.2.7.2)"��§e x =∑
m>n

ym ´ S[n] ¥�����§� n = kd §K·�r�� x/(f \)k éA� S>
f ���∑

m
ym §́ �ùÒ½Â
��Ó� (8.2.7.3)"

(8.2.8) e M ´��©g S �§Ké?¿ n ∈ Z §·�Ó�-

(8.2.8.1) M[n] =
⊕
m>n

Sm "

�du S[m]M[n] ⊂ M[m+n] (m > 0) §��½Â��©g S\ � M \ Xeµ

(8.2.8.2) M \ =
⊕
n∈Z

M \
n Ù¥ M \

n = M[n] "

·�reãÚn�y²3�Ööµ
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Ún (8.2.9) — 3 (8.2.6) Ú (8.2.7) �PÒe§·�k��;�V­Ó�

(8.2.9.1) Mf
∼−→

⊕
n∈Z

M(n)(f) §

(8.2.9.2) (M>
f )f/1

∼−→ Mf §

(8.2.9.3) M \
(f\)

∼−→ M>
f §

¿�cü�Ñ´©g��V­Ó�"

Ún (8.2.10) — � S ´���©g�"
(i) �
¦ S\ ´��k�.£�A�§Noether¤S\

0 �ê§7L��I S ´��
k�.£�A�§Noether¤S0 �ê"

(ii) �
¦ S\
n+1 = S\

1S
\
n � n > n0 �¤á§7L��I Sn+1 = S1Sn � n > n0 �

¤á"
(iii) �
¦ S\

n = S\n
1 � n > n0 �¤á§7L��I Sn = Sn

1 � n > n0 �¤á"
(iv) e (fα) ´d S+ ¥��|àg�¤|¤�8Ü§ �ù
 fα ¤)¤�n�

3 S+ ¥���u S+ §KdÃ f \
α ¤)¤�n�3 S\

+ ¥���u S\
+ "

(i)e S\ ´��k�. S\
0 �ê§K�â (2.1.6, (i))§S+ = S\

1 ´ S = S\
0 þ���

k�.�§l
 S ´��k�. S0 �ê (2.1.4)¶e S\ ´ Noether �§K S\
0 = S �´

Xd (2.1.5)"�L5§e S ´��k�. S0 �ê§K·��� (2.1.6, (ii))§�3 h >

0 Ú m0 > 0 §¦�� n > m0 �ok Sn+h = ShSn ¶w,�±b� m0 > h "?
§
Ã Sm Ñ´k�. S0 � (2.1.6, (i))"âd§e n > m0 + h §Kk S\

n = ShS\
n−h =

S\
hS\

n−h ¶�e m < m0 + h §¿�- E = Sm0 + · · · + Sm0+h−1 §Kk S\
m = Sm +

· · · + Sm0+h−1 + ShE + S2
hE + . . . "éu 1 6 m 6 m0 §� Gm ´Ã S0 � Si (m 6 i 6

m0 + h− 1) �k�)¤�|�¿8§¿r§w�´ S[m] �f8"éu m0 + 1 6 m 6
m0 +h− 1 §Ó�� Gm ´Ã S0 � Si (m 6 i 6 m0 +h− 1) Ú ShE �k�)¤�|�
¿8§�w�´ S[m] �f8"́ �éu 1 6 m 6 m0 + h − 1þk S\

m = S\
0Gm §l


Ã Gm (1 6 m 6 m0 + h − 1) �¿8 GÒ´ S\
0 �ê S\ ���)¤�|"dd��§

e S = S\
0 ´�� Noether �§K S\ �´Xd"

(ii) ´�eéu n > n0 k Sn+1 = S1Sn §Kéu n > n0 �k S\
n+1 = S1S

\
n §�,

Òk S\
n+1 = S\

1S
\
n "�L5§�¡ù�'Xª�±�¤

Sn+1 + Sn+2 + . . . = (S1 + S2 + . . . )(Sn + Sn+1 + . . . ) "

'��ªü>� n + 1 g�£3 S ¥¤§�±�Ñ Sn+1 = S1Sn "

(iii) e� n > n0 � Sn = Sn
1 §Kk S\

n = Sn
1 +Sn+1

1 + . . . ¶du S\
1 �¹ S1 +S2

1 +

. . . §�k S\
n ⊂ S\n

1 §Ï
� n > n0 � S\
n = S\n

1 "�L5§S\n
1 = (S1 + S2 + . . . )n ¥

� n g£3 S ¥¤��k Sn
1 ¶l
'Xª S\

n = S\n
1 %º Sn = Sn

1 "
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(iv) �Iy²er���� g ∈ Sk+h w�´ S\
k (k > 0, h > 0) ¥���§K�

3���ê n > 0 §¦�3 S\
kn ¥ gn ´Ã f \

α ��� S\ Xê�5|Ü"�âcJ^
�§�3���ê m0 §¦�� m > m0 �§3 S ¥ok gm =

∑
α

cαmfα §¿�3ù�

úª¥Ñy�@
�I α Ø�6u m ¶?
§w,�±b�Ã cαm Ñ´àg�§K
3 S ¥

deg(cαm) = m(k + h) − deg fα "

y3���¿©�� m0 §¦� km0 > deg fα éu gm0 �L�ª¥¤Ñy� fα Ñ¤
á¶é?¿ α §� c′αmÒ´�� cαm §��w�´ S\ ¥� km = deg(fα) g�¶K
3 S\ ¥·�k gm =

∑
α

c′αmf \
α §ùÒ�¤
y²"

(8.2.11) �Ä©g S0 �ê

(8.2.11.1) S\ ⊗S S0 = S\/S+S\ =
⊕
n>0

S[n]/S+S[n] "

du Sn ´ S[n]/S+S[n] ��� S0 û�§�·�k��©g S0 �ê�;�Ó�

(8.2.11.2) S\ ⊗S S0 −→ S "

§w,´÷�§Ï
éAX (2.9.2) ��;�4E\

(8.2.11.3) ProjS −→ Proj(S\ ⊗S S0) "

·K (8.2.12) — ;��� (8.2.11.3) ´���"�
¦Ó� (8.2.11.2) ´ (TN) �
��§7L��I�3 n0 ¦�� n > n0 �þk Sn+1 = S1Sn "e�¡ù�^���
÷v§K (8.2.11.3) ´��Ó�¶XJ S ´ Noether �§K_·K�¤á"

�
y²1���ó§�I (2.8.3) y²Ó� (8.2.11.2) �Ø J ´d�"�¤|¤
�",K§e s ∈ S[n] §¿�§�mod S+S[n] Ó{aá3ù�Ø�¥§Kk f ∈
S[n+1] ¶u´er�� fn+1 w�´ S[n(n+1)] ¥���§K§áu S+S[n(n+1)] §Ï�§
�±�¤ f.fn ¶l
 fn+1 mod S+S[n(n+1)] �Ó{a´ 0 §ùÒy²
·���ó"
du� n > n0 � Sn+1 = S1Sn �cJ^��du� n > n0 � S\

n+1 = S\
1S

\
n (8.2.10,

(ii))§�
�â½Â§ù�^��du (8.2.11.2) ´ (TN) ü�§l
´ (TN) ���§d
��ì (2.9.1)§(8.2.11.3) ´��Ó�"�L5§e (8.2.11.3) ´��Ó�§K Proj(§\⊗S

S0) þ�� J̃ ´ 0 (2.9.1, (i))¶du §\ ⊗S S0 �� S\ �û (8.1.10, (i)) ´ Noether �§�
d (2.7.3) �§J ÷v^� (TN)§l
� n > n0 � S\

n+1 = S\
1S

\
n §�ì (8.2.10, (ii)) §

ùÒ�¤
y²"

(8.2.13) y3�Ä;�¹\ (S+)n → S[n] §§½Â
©g���� 0 güÓ�

(8.2.13.1)
⊕
n>0

(S+)n −→ S\ "
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·K (8.2.14) — �
¦Ó� (8.2.13.1) ´�� (TN) Ó�§7L��I�3 n0 ¦
�� n > n0 �ok Sn = Sn

1 "XJT^���÷v§K� (8.2.13.1) �éA���´
??k½Â�§¿�´��Ó�

ProjS\ −→ Proj
( ⊕

n>0

(S+)n
)

"

XJ S ´ Noether �§K_·K�¤á"

�â (8.2.10, (iii)) Ú (2.9.1)§cü��ó´²w�"1n��ó�g (8.2.10, (i)

Ú (iii)) ±9e¡�Únµ

Ún (8.2.14.1) — � T ´���©g�§¿�´��k�. T0 �ê"eüÓ
�

⊕
n>0

Tn
1 → T ¤éA���´??k½Â�§¿�´��Ó� ProjT → Proj

( ⊕
n>0

Tn
1

)
§

K�3 n0 ¦�� n > n0 �ok Tn = Tn
1 "

¯¢þ§� gi (1 6 i 6 r) ´ T0 � T1 �)¤�"KcJ^�L²§Ã D+(gi) �
±CX ProjT (2.8.1)"� (hj)16j6s ´ T+ ¥��|àg�§Ù¥ deg(hj) = nj §¿
�§�Ú@
 gi �å�¤n� T+ ���)¤�|§½£�d� (2.1.3)¤T0 �ê T �
��)¤�|¶e- T ′ =

⊕
n>0

Tn
1 §K�âcJ^�§� T(gi) ¥��� hj/g

nj

i AT

�áuf� T ′
(gi)

§l
�3���ê k §¦�é¤k j Ñk T k
1 hj ⊂ T

k+nj

1 "ddÏ
Lé r?18B�±��§é?¿ r > 1þk T k

1 hr
j ⊂ T ′ §l
�âhj �½Â§·�

k T k
1 T ⊂ T ′ ",��¡§é?¿ j §þ�é����ê mj §¦� h

mj

j á3 T �d
Ã gi ¤)¤�n��¥ (2.3.14)§l
 h

mj

j ∈ T1T §� hmjk ∈ T k
1 T ⊂ T ′ "Ï
�3

���ê m0 > k §¦�� m > m0 �ok hm
j ∈ T

mnj

1 "âd§e q ´Ã�ê nj ¥�
��ö§K�ê n0 = qsm0 + kÒ´÷v·���¦"̄ ¢þ§éu n > n0 §Sn ¥�
��o´ Tα

1 u ¥��
ü�ª�Ú§Ù¥ u ´Ã hj ����È¶e α > k §Kdþ
¡¤ã� Tα

1 u ⊂ Tn
1 ¶e α < k §K��k�� hj ��ê > m0 §l
 u ∈ T β

1 v §Ù
¥ β > k ¿� v E,´Ã hj ����È¶u´¯K8(�c�«�/§l
·�w
�3?Û�¹eþk Tα

1 u ⊂ Tn
1 "

5) (8.2.15) — ^�� n > n0 � Sn = Sn
1 w,�±íÑ� n > n0 � Sn+1 =

S1Sn §�´_·K´Øé�§=¦b� S ´ Noether �"Þ~5`§� K ´��
�§A = K[x], B = K[y]/y2K[y] §Ù¥ x Ú y ´ü��½�§x ´ 1 g�§y ´ 2 g
�§¿� S = A⊗K B §u´ S ´ K þ���©g�ê§¿��� 1, xn (n > 1), xny

(n > 0) �¤§���Ä."´�� n > 2 � Sn+1 = S1Sn §,
� n > 2 � Sn
1 =

Kxn, Sn = Kxn + Kxn−2y "
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8.3 ÝKI

(8.3.1) � Y ´��V/¶3ù��!¥§·���Ä Y V/Ú Y ��"� S ´
��[và�©g OY �ê�¶·�?
b� S0 = OY "� (8.2.2) ¥�PÒ�·A§
·�-

(8.3.1.1) Ŝ = S [z] = S ⊗OY
OY [z] §

¿�r§w�´���©g OY �ê�§Ùgêdúª (8.2.2.2) ½Â§u´éu Y �
?¿��m8 U §þk

Γ(U, Ŝ ) = (Γ(U,S )[z]) "

3e¡�SN¥§·�-

(6.3.1.2) X = ProjS § C = Spec S § Ĉ = Proj Ŝ

£3 C �½Â¥§S �w�´��Ø©g� OY �ê�¤§·�r C£�A�§Ĉ¤¡
�d S ¤½Â���I£�A�§�KI¤¶Ï~�r/��I0{¡�/I0(cône)"
·�·^�eâ�§·��r C£�A�§Ĉ¤¡� X ���ÝKI£�A�§X �
�KÝKI¤§ùp®b½
 Xäk ProjS �/G¶��§·�r Ĉ ¡� C ��K
4�£3 C �(�¥®²¯k�½
 S ¤"

·K (8.3.2) — ·�k;� Y ��

(8.3.2.1) Y
ε−→ C

i−→ Ĉ §

(8.3.2.2) X
j−→ Ĉ §

Ù¥ ε Ú j Ñ´4E\§i ´������§¿�´��<í5mE\§§�÷v

(8.3.2.3) i(C) = Ĉ − j(X) §

?
 Ĉ ´U
ñ- i(C) ���4fV/"

�
½Â i §�Ä Ĉ �m8

(8.2.3.4) Ĉz = Spec
(
Ŝ

/
(z − 1)Ŝ

)
(3.1.4)§Ù¥ z �±;��Óu Ŝ 3 Y þ����¡"u´Ó� i : C

∼−→ Ĉz éAX
;�Ó� (8.2.3.1)

Ŝ
/

(z − 1)Ŝ ∼−→ S "
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�� ε éAXO�Ó� S → S0 = OY §§�Ø´ S+ (1.2.7)§�duTÓ�´÷�§
�� ε ´��4E\ (1.4.10)"��§j Ó�éAX (3.5.1) 0 g÷Ó� Ŝ → S §§
3 S þ���´ðÓ§�3 zĈS þ���´ 0 §�öÒ´§�Ø¶�ì (3.6.2)§j ´
??k½Â�§¿�´��4E\"

�
y² (8.3.2) �Ù{�ó§w,�±�u�Ä Y = Spec A ´���ù��/§
d� S = S̃ §Ù¥ S ´��©g A �ê§�k ĈS = (Ŝ) ˜ ¶u´ S+ ¥�àg� f �
±�Óu Ŝ 3 Y þ��¡§¿� Ĉ �m8 D+(f) (2.3.3) ��±�¤ Ĉf (3.1.4)¶Ó
��§C �m8 D(f) (I, 1.1.1) ��±�¤ Cf (0, 5.5.2)"âd§d (2.3.14) ±9 Ŝ �
½Â�§3þã�/e§m8 Ĉz = i(C) ÚÃ Ĉf£f ´ S+ ¥�àg�¤�¤ Ĉ ��
�CX"?
§3ù
PÒe§·�k

(8.3.2.5) i−1(Ĉf ) = Cf "

¯¢þ§Ĉf ∩ i(C) = Ĉf ∩ Ĉz = Ĉfz = Spec Ŝfz ",K§e d = deg(f) §K Ŝfz �±
;�Ó�u (Ŝ(z))f/zd (2.2.2)§¿�dÓ� (8.2.3.1) �½Â�§(Ŝ(z))f/zd 3éA�©
ª�Ó�e��TÐÒ´ Sf "du Cf = Spec Sf §ùÒy²
 (8.3.2.5)§Ó��y
²
�� i ´���¶?
§XJr i 3 Cf þ���w�´N� Ĉf ���§K§é
AX (I, 1.7.3) ;�Ó� Ŝ(f) → Ŝ(fz) §¿��ìþ¡¤ãÚ (8.2.3.2)§·��±�Ñ
e¡�(Jµ

(8.3.2.6) e Y = Spec A ´���§¿� S = Ŝ §Kéu S+ ¥�?¿àg
� f § Ĉf Ñ�±;��Óu Spec S6

f §¿� i ����� Cf → Ĉf éAX;�¹
\ S6

f → Sf "

y35¿��â½Â£éu��� Y ¤Ĉz 3 Ĉ = Proj Ŝ ¥�Ö8Ò´ Ŝ �¤k
�¹ z �©g�n��8Ü§�Ò´` j(X)£�â j �½Â¤§ùÒy²
 (8.3.2.3)"

��§�
y² (8.3.2) ������ó§E,�±b� Y ´���"3þãP
Òe§5¿� z 3� Ŝ ¥Ø´"Ïf¶du i(C) = Ĉ §��Iy²

Ún (8.3.2.7) — � T ´���©g�§Z = Proj T §g ´ T ¥���gê d >

0 �àg�"e g 3 T ¥Ø´"Ïf§K Z ´ñ- Zg = D+(g) ���4fV/"

�ì (I, 4.1.9)§̄ K3 Z þ´ÛÜ5�¶l
�Iy²é?¿àg� h ∈ Te (e >

0) §Zh Ñ´ Zh �ñ- Zgh ���4fV/¶d½ÂÚ (I, 4.3.2) �§ù�^��du
;�Ó� T(h) → T(gh) ´ü�",K§TÓ��±�Óu;�Ó� T(h) → (T(h))ge/hd

(2.2.3)"
du ge Ø´ T ¥�"Ïf§�� ge/hd Ø´ Th ¥�"Ïf£�,�Ø´
T(h) ¥�"Ïf¤§Ï�3 Th ¥§d'Xª (ge/hd)(t/hm) = 0 (t ∈ T,m > 0) �±
íÑ�3�� n > 0 ¦� hnget = 0 §�k hnt = 0 §Ï
 t/hm = 0 ¶ùÒ�¤
y
² (0, 1.2.2)"
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(8.3.3) ·�o £́,dmE\ i¤r��I C �Óu�KI Ĉ 3§�m8 i(C)

þp��fV/"C �N�u4E\ ε �4fV/K�¡� C �º:V/ (sommet)¶
Ó� ε£�� C ��� Y �¡¤��¡� C �º:�¡½"�¡¶u´�±,d ε r
Y �Óu C �º:V/"d	 i◦ε ´ Ĉ ��� Y �¡§l
�´��4E\ (I, 5.4.6)§
§éAX 0 g;�÷Ó� Ŝ = S [z] → OY [z]£ë� (3.1.7)¤§Ø´ S+[z] = S+Ŝ ¶
Ĉ �N�uù�4E\�fV/��¡� Ĉ �º:V/§¿� i ◦ ε �¡� Ĉ �º
:�¡¶º:V/�±,d i ◦ ε �Óu Y "��§Ĉ �N�u j �4fV/ò�¡
� Ĉ �Ã¡�� (lieu à l’infini)§§�±,d j �Óu X "

(8.3.4) C£�A�§Ĉ¤3§�m8

(8.3.4.1) E = C = ε(Y ) ( �A�§Ê = Ĉ − i(ε(Y )) )

þp��fV/£·�·^�eâ�¤ò�¡�d S ¤½Â��º��I (cône affine

épointé)£�A�§�º�KI¤¶5¿�¦+¦^ù��¶¡§� E 3 Y þ�7´�
��§Ó��§Ê 3 Y þ��7´�K�£ë� (8.4.3)¤"l
XJr C �Óu i(C) §
K3.�mþk

(8.4.3.2) C ∪ Ê = Ĉ § C ∩ Ê = E §

l
�±r Ĉ w�´dmfV/ C Ú Ê ÅÜ
¤�¶?
�ì (8.3.2.3)§

(8.3.4.3) E = Ê − j(X) "

XJ Y = Spec A ´���§K3 (8.3.2) �PÒe§·�k

(8.3.4.4) E =
⋃

Cf § Ê =
⋃

Ĉf § Cf = C
⋂

Ĉf §

Ù¥ f �H S+ ¥�àg��8Ü£½öT8Ü���f8 M §��§¤)¤�n
�3 S+ ¥��Ò´ S+ gC§�é{`§Ã Xf (f ∈ M) �±CX X (2.3.14)¤"d
� C Ú Ĉf ÷X Cf �ÅÜ´d¹\�� Cf → C, Cf → Ĉf ¤(½�§�â (8.3.2.6) §
ù
¹\��q©OéAX;�Ó� S → Sf , S6

f → Sf "

·K (8.3.5) — 3 (8.3.1) Ú (8.3.4) �PÒe§;�¹\ ϕ : S → Ŝ = S [z] ¤
N� (3.5.1) ���´��N÷�����£¡�;�Â  (rétraction)¤

(8.3.5.1) p : Ê −→ X §

�÷v

(8.3.5.2) p ◦ j = 1X "
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�
y²ù�·K§�±�u�Ä Y ´���ù��/"k�u Ê �L�ª
(8.3.4.4)§p �½Â� G(ϕ) �u Ê �¯¢�ge¡�1���óµ

(8.3.5.3) e Y = Spec A ´���§¿� S = S̃ §Ké?¿àg� f ∈ S+ §þ
k

(8.3.5.4) p−1(Xf ) = Ĉf §

¿�er p 3 Ĉf = Spec S6
f þ���w�´ Ĉf � Xf ���§K§éAX;�¹

\ S(f) → S6
f "?
e f ∈ S1 §K Ĉf Ó�u Xf ⊗Z Z[T ]£T ´�½�¤"

¯¢þ§úª (8.3.5.4) ´ (2.8.1.1) ���AÏ�/§¿�1���ó� Y ´�
�V/�� Proj(ϕ) �½ÂÃÉ (2.8.1)"u´úª (8.3.5.2) ±9 p ´N÷�ù�¯Ñ
´�ge¡�¯¢µ;�Ó��Ü¤ S → Ŝ → S Ò´ S þ�ðÓ"��§é
u f ∈ S1 §(8.3.5.3) ������ó5g S6

f Ó�u S(f)[T ] ù�¯¢ (2.2.1)"

íØ (8.3.6) — p 3 E þ���

(8.3.6.1) π : E −→ X

´��N÷�����"e Y ´���§� f 3 S+ ¥´àg�§Kk

(8.3.6.2) π−1(Xf ) = Cf §

¿� π 3 Cf þ���éAX;�¹\ S(f) → Sf "?
e f ∈ S1 §K Cf Ó�u Xf⊗Z

Z[T, T−1]£T ´�½�¤"

úª (8.3.6.2) �d (8.3.5.3) Ú (8.3.2.5) á�§¿��y²
 π ´N÷�¶d	§
·�w�E\ i 3 Cf þ���éAX¹\ S6

f → Sf (8.3.2)"��§éu f ∈ S1 §�
����ó�g Sf Ó�u S(f)[T, T−1] ù�¯¢ (2.2.1)"

5) (8.3.7) — XJ Y ´���§K�ìE\ ε �½Â (8.3.2) �§E �.�m¥
���Ò´ S �@
Ø�¹ S+ ��n� p£ØI�´©g�¤§éù���n� p §
Ã p ∩ Sn w,÷v (2.1.9) ¥�^�§l
k S �����©g�n� q §¦�é?
¿ n Ñk q ∩ Sn = p ∩ Sn ¶d�.�mþ�N� π : E → X �de¡�'Xª5£
ã

(8.3.7.1) π(p) = q "

¯¢þ§�
�yù�'Xª§�I�Ä S+ ¥���÷v p ∈ D(f) �àg� f §
¿5¿� q(f)Ò´ pf 3¹\ S(f) → S e�_�"

íØ (8.3.8) — e S ´d S1 ¤)¤�§K�� p Ú π Ñ´k�.�¶é?¿ x ∈
X §n� p−1(x) ÑÓ�u Spec k(x)[T ]§¿�n� π−1(x) ÑÓ�u Spec k(x)[T, T−1] "
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ù�d (8.3.5), (8.3.6) ±9e¡�¯¢á�µXJ Y ´���§¿� S �d S1 ¤
)¤§KÃ Xf (f ∈ S1) �¤ X ���CX (2.3.14)"

5) (8.3.9) — ©g OY �ê� OY [T ]£T ´�½�¤¤éA��º��I�±
�Óu Gm = Spec OY [T, T−1] §Ï�·�3 (8.3.2) ®²w�§§� CT ÃÉ£(8.4.4)

¥k������(J¤"ù�V/þ;�/�k��/ Y ��+V/0�(�"ù
�Vg·�±�2c[?Ø§y3=�Ñ��{Ñ�£ã"�� Y +V/´�ù�
�� Y V/ G£3 Y þ´©l�¤§§þ¡�Xü� Y �� p : G ×T G → G Ú s :

G → G §÷vaqu+�(ÜÆ9��Æ�^�µãL

G × G × G
p×1

//

1×p
²²

G × G

p
²²

G × G p
// G

AT´���£/(Ü50¤§¿�·���k��éAu+p¡�eã¯¢�^�µ
N�

(x, y) 7−→ (x, x−1, y) 7−→ (x, x−1y) 7−→ x(x−1y)

Ú
(x, y) 7−→ (x, x−1, y) 7−→ (x, yx−1) 7−→ (yx−1)x

Ñ�uN� (x, y) 7→ y ¶'X`éAu1��Ü¤N�����´

G × G
(1,s)×1−−−−→ G × G × G

1×p−→ G × G
p−→ G "

Öö�±Ó�/�Ñ1��S�"

´� (I, 3.4.3) 3�� Y V/ G£3 Y þ´©l�¤þ�Ñ�� Y +V/�(�
�dué?¿ Y V/ Z §Ñ�Ñ8Ü HomY (Z,G) þ���+(�§¿¦�é?¿ Y

�� Z → Z ′ §éA�N� HomY (Z ′, G) → HomY (Z,G) Ñ´��+Ó�"3·
�¤�Ä�AÏ�/ Gm ¥§HomY (Z,G) �±�Óu Z ×Y Gm � Z�¡�8Ü (I,

3.3.14)§l
�Óu Spec OZ [T, T−1] � Z�¡�8Ü¶��§¦^ (I, 3.3.15) ¥��
{��±y²§þã8Üq�±�Óu� Γ(Z, OZ) ¥��_��8Ü§¿�ù�8
Üþ�+(�Ò´d� Γ(Z, OZ) þ�¦{¤�Ñ�"Öö�±�y§þ¡¤`��
� p Ú s ´d±e�{���µ�â (1.2.7) Ú (1.4.6)§§�¤éA OY �ê��Ó�

π : OY [T, T−1] −→ OX [T, T−1, T ′, T ′−1]

σ : OY [T, T−1] −→ OY [T, T−1]

´deª¤½Â�µπ(T ) = TT ′, σT = T−1 "
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Od§Gm �±�w�´?Û��I C = Spec S£Ù¥ S ´��[và��©
g OY �ê�¤þ���/Ï^�f�0(domaine d’opérateurs universel)"ù¿�X
·��±;�/½Â�� Y �� Gm×Y C → C §§����k+� £̂	Ü$�{
K¤�8Üäk���q�5�¶½ö§�+V/��/aq§é?¿ Y V/ Z §Ñ�
±3 HomY (Z,C) þ�Ñ��±+ HomY (Z,Gm) ��f8�	Ü$�{K§÷v�
Ï~�+38Üþ��^�aq�^�§¿��÷v� Y �� Z → Z ′ �m��N^
�"3·�ù��/§�� Gm×Y C → C ´dù��� OY �ê�Ó� S → S ⊗OY

OY [T, T−1] = S [T, T−1] ¤½Â�§TÓ�r?Û�¡ sn ∈ Γ(U,Sn)£U ´ X �m
8¤N��¡ snTn ∈ Γ(U,S ⊗OY

OY [T, T−1]) "

�L5§b��
��Ø©g�[vàOY �ê� S §¿�3 C = Spec S þ�

��/�k�f+� Y 8ÜV/0�(�§± Y +V/ Gm ��f�¶K3 OY �ê
� S þ�±;�/�Ñ��©g(�"̄ ¢þ§�Ñ�� Y �� Gm×Y C → C �d
u�Ñ�� OY �ê��Ó� ψ : S → S [T, T−1] §l
�±�¤ ψ =

∑
n∈Z

ψnTn �

/ª§Ù¥ ψn : S → S ´ OY ���Ó�£éu Y �?¿m8 U §Ú?¿�¡ s ∈
Γ(U,S ) §3 ψn(s) ¥Ñ�kk��´�"�¤"u´d+38Üþ��^�5��
±íÑµÃ ψn(S ) = Sn 3 S þ½Â
�� OY �ê��©g(�£äk�½K�
gê¤§¿�Ã ψnÒ´éA�ÝK�f"u´�±é?Û3 Y þ���V/¦^

/AÛ0�ª5½Â/��I0�(�§
ØI�¯k�½©g(�"·�òØ3ù
pÐmù�*:§�'�½ÂÚ(Jí�Ñ3�Öö5�¤"

8.4 �þm��K4�

(8.4.1) � Y ´��V/§E ´��[vàOY ��"e� S ´©g OY �ê
� SOY

(E ) §K½Â (8.3.1.1) L²§Ŝ �±�Óu SOY
(E⊕OY ) "d��â½Â§S ¤

½Â���I Spec S Ò´ V(E ) §¿� ProjS Ò´ P(E ) §l
·�w�µ

·K (8.4.2) — Y þ��þm V(E ) ��K4��±;�Ó�u P(E ⊕OY )§¿
��ö�Ã¡���±;�Ó�u P(E ) "

5) (8.4.3) — 'X� E = Or
Y � r > 2 ¶u´e Y 6= ∅ §Kd S ¤½Â�

�ºI E, Ê 3 Y þQØ´����Ø´�K�"1���ó´w,�§Ï� Ĉ =

P(Or+1
Y ) 3 Y þ´�K�§¿� E Ú Ê �.�mÑ´ Ĉ ¥�m8§�Ø´48§l


;�E\ E → Ĉ Ú Ê → Ĉ ÑØ´�K� (5.5.3)§u´d (5.5.5, (v))Ò�±í
Ñ(Ø",��¡§b� Y = Spec A ´���§¿�'X� r = 2 §Kk C =

Spec A[T1, T2] §d� E ´ C �mfV/ D(T1) ∪ D(T2) ¶·�®²���öØ´�
�� (I, 5.5.11)¶�, Ê �Ø�U´���§Ï� E ´d Ê �¦�¡ z Ø8"�@

:¤|¤�m8 (8.3.2)"
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¦+Xdµ

·K (8.4.4) — e L ´���_ OY ��§Kéu C = V(L ) ¤éA��º
I E Ú Ê §·�k;�Ó�

(8.4.4.1) Spec
( ⊕

n∈Z

L ⊗n
)

∼−→ E §

(8.4.4.2) V(L −1) ∼−→ Ê "

?
§�3��l V(L ) ��K4�� V(L −1) ��K4�þ�;�Ó�§§
rcö�"�¡£�A�§Ã¡��¤N��ö�Ã¡��£�A�§"�¡¤"

y3·�k S =
⊕
n>0

L ⊗n ¶u´;�¹\

S −→
⊕
n∈Z

L ⊗n

½Â
��;��<í

(8.4.4.3) Spec
( ⊕

n∈Z

L ⊗n
)

−→ V(L ) = Spec
( ⊕

n>0

L ⊗n
)

"

�Iy²ù���´V/ Spec(
⊕
n∈Z

L ⊗n) � E þ���Ó�"̄ K3 Y þ´ÛÜ5

�§��b� Y = Spec A ´���§¿� L = OY §l
 S = (A[T ]) ˜ ¿�
⊕
n∈Z

L ⊗n

= (A[T, T−1]) ˜ ",K A[T, T−1]Ò´ A[T ] �©ª� A[T ]T §l
 (8.4.4.3) r�>�
Óu C = V(L ) �mfV/ D(T ) ¶ù�m83 C ¥�Ö8 V (T ) ´ C �@�dn
� TA[T ] ¤½Â�4fV/�.�m§�Ò´`§́ C �"�¡§l
 E = D(T ) "

,��¡§Ó� (8.4.4.2) �d�����óíÑ§Ï� V(L −1) ´§��K4
�¥�Ã¡���Ö8§¿� Ê ´ C = V(L ) ��K4�¥�"�¡�Ö8",
Kùü��K4�©OÒ´ P(L −1 ⊕ OY ) Ú P(L ⊕ OY ) ¶du·�k L ⊕ OY =

L ⊗ (L −1 ⊕OY ) §�
;�Ó���35�g (4.1.4)§¿�¯K8(�y²TÓ�
r"�¡ÚÃ¡��p�"�d§·��±�u�Ä Y = Spec A, L = Ac, L−1 =

Ac′ §¿�;�Ó� L ⊗ L−1 → A r c ⊗ c′ N� A ¥��� 1 ��/"d� S(L ⊕
A)Ò´ A[z] Ú

⊕
n>0

Ac⊗n �ÜþÈ§S(L−1 ⊕ A)Ò´ A[z] Ú
⊕
n>0

Ac′
⊗n �ÜþÈ§¿

� (4.1.4) ¥¤½Â�Ó�r zh ⊗ c′
⊗(n−h) N��� zn−h ⊗ c⊗h ",K3 P(L −1 ⊕

OY ) ¥§Ã¡��´d¦�¡ z 8"�@
:¤|¤�8Ü§"�¡´d¦�¡ c′ 8
"�@
:¤|¤�8Ü¶éu P(L ⊕OY ) kaq�½Â§u´·��(Ø�dþ
ãäN£ãá�"
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8.5 ¼f1�

(8.5.1) � Y, Y ′ ´ü�V/§q : Y ′ → Y ´����§S£�A�§S ′¤́
���gê�[và©g OY �ê�£�A�§OY ′ �ê�¤"�Ä©g�ê���
� q ��

(8.5.1.1) ϕ : S −→ S ′ "

·��� (1.5.6) §;�/éAX����

Φ = Spec(ϕ) : Spec S ′ −→ Spec S §

¿�ãL

(8.5.1.2)

C ′ Φ //

²²

C

²²

Y ′
q

// Y

´���§Ù¥ C = Spec S , C ′ = Spec S ′ "?
b� S0 = OY , S ′
0 = OY ′ ¶

� ε : Y → C Ú ε′ : Y ′ → C ′ ´;�E\ (8.3.2)¶K·�k����ãL

(8.5.1.3)

Y ′ q
//

ε′

²²

Y

ε
²²

C ′
Φ

// C §

§éAXãL
S

ϕ
//

²²

S ′

²²

OY
// OY ′ §

Ù¥ç��ÞÑ´O�Ó�§¿�§���5�g ϕ ´��©g�ê�Ó��cJ
^�"

·K (8.5.2) — e E£�A�§E′¤́ d S£�A�§S ′¤¤½Â��º��
I§Kk Φ−1(E) ⊂ E′ ¶?
e Proj(ϕ) : G(ϕ) → ProjS ´??k½Â�£�é{
` G(ϕ) = Proj S ′¤§K·�k Φ−1(E) = E′ §��½,"

1���ó�g (8.5.1.3) ���5"�
y²1��§�±�u�Ä Y = Spec A

Ú Y ′ = Spec A′ Ñ´���ù��/§d� S = S̃, S ′ = S̃′ "éu S+ ¥�?¿à
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g� f §e- f ′ = ϕ(f) §Kk Φ−1(Cf ) = C ′
f ′ (I, 2.2.4.1)¶̀ G(ϕ) = ProjS′ =¿�

X3 S′
+ ¥dÃ f ′ = ϕ(f) ¤)¤�n���Ò´ S+ g� ((2.8.1) Ú (2.3.14))§
ù

q�duÃ C ′
f ′ �±CX E′ (8.3.4.4)"

(8.5.3) q �� ϕ �±;�/òÿ���©g�ê�� q ��

(8.5.3.1) ϕ̂ : Ŝ −→ Ŝ ′ §

�I- ϕ̂(z) = z"dd·��±�Ñ����

Φ̂ = Proj(ϕ̂) : G(ϕ̂) −→ Ĉ = Proj Ŝ §

¿�ãL

G(ϕ̂)
bΦ //

²²

Ĉ

²²

Y ′
q

// Y

´��� (3.5.6)"d½Âá�§e± i : X → Ĉ Ú i′ : C ′ → Ĉ ′ 5IP;�mE
\ (8.3.2)§Kk i′(C ′) ⊂ G(ϕ̂) §¿�ãL

(8.5.3.2)

C ′ Φ //

i′
²²

C

i
²²

G(ϕ̂)
bΦ

// Ĉ

´���"��§e- X = ProjS , X ′ = ProjS ′ §¿� j : X → Ĉ, j′ : X ′ → Ĉ ′ ´
;�4E\ (8.3.2)§Kdù
E\�½Â� j′(G(ϕ)) ⊂ G(ϕ̂) §¿�ãL

(8.5.3.3)

G(ϕ)
Proj(ϕ)

//

j′

²²

X

j
²²

G(ϕ̂)
bΦ

// Ĉ

´���"

·K (8.5.4) — e Ê£�A�§ Ê′¤́ d S£�A�§ S ′¤¤½Â��º�
KI§Kk Φ̂−1(Ê) ⊂ Ê′ ¶?
§e p : Ê → X Ú p′ : Ê′ → X ′ ´;�Â §K
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k p′(Φ̂−1(Ê)) ⊂ G(ϕ̂)§¿�ãL

(8.5.4.1)

Φ̂−1(Ê)
bΦ //

p′

²²

Ê

p

²²

G(ϕ)
Proj(ϕ)

// X

´���"e Proj(ϕ) ´??k½Â�§K Φ̂ �´Xd§¿�·�k Φ̂−1(Ê) = Ê′ "

1���ó�gãL (8.5.1.3) Ú (8.5.3.2) ���5§�¡ü��g;�Â �
½Â (8.3.5) ±9 ϕ̂ �½Â",��¡§�
y²� Proj(ϕ) ??k½Â� Φ̂ �´?
?k½Â�§�±�u�Ä Y = Spec A Ú Y ′ = Spec A′ Ñ´���ù��/§d
� S = S̃, S ′ = S̃′ ¶cJ^�`§� f �H S+ �àg�8Ü�§dÃ ϕ(f) ¤)¤
�n�3 S′

+ ¥��Ò´ S′
+ g�¶ddá�§d z ÚÃ ϕ(f) ¤)¤�n�3 S[z]′+ ¥

��Ò´ S[z]′+ g�§��·���ó¶Ó�ù�y²
 Ê′Ò´Ã Ĉ ′
ϕ(f) �¿8§l


�u Φ̂−1(Ê) "

íØ (8.5.5) — XJ Proj(ϕ) ´??k½Â�§K Ĉ ′ �Ã¡��£�A�§º:
V/¤�.�m3 Φ̂ e�_�Ò´ Ĉ �Ã¡��£�A�§º:V/¤�.�m"

ù�d (8.5.4) Ú (8.5.2) á�§k�u'Xª (8.3.4.1) Ú (8.3.4.2)"

8.6 �ºI���;�Ó�

(8.6.1) � Y ´��V/§S ´��[và��©g OY �ê�§�÷v S0 =

OY §
X ´ Y V/ ProjS "·�y3r (8.5) ¥�(JA^� Y ′ = X þ§Ù¥ q : X →
Y ´(���¶�

(8.6.1.1) SX =
⊕
n∈Z

OX(n) §

§´��[và�©g OX �ê�"Ù¥�¦{´d;�Ó� (3.2.6.1)

OX(m) ⊗OX
OX(n) −→ OX(m + n)

¤½Â�§¿�¦{�(Ü5�d��ãL (2.35.11.4) íÑ"·�� S ′ ´ SX �[
và�©g OX f�ê� S >

X =
⊕
n>0

OX(n) "

��§(3.3.2.3) ¥¤½Â�Ó� S → q∗SX w,r S N� q∗S
>
X �¥§l
½

Â
��;� q ��

(8.6.1.2) α : S −→ S >
X "
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·�-

(8.6.1.3) CX = Spec S >
X § ĈX = ProjS >

X [z] § X ′ = ProjS >
X §

¿�^ EX Ú ÊX ©O5IP�º��IÚ�º�KI¶± εX : X → CX , iX : C →
ĈX , jX : X ′ → ĈX , pX : ÊX → X, πX : EX → X ′ 5IP (8.3) ¥¤½Â�Ã;��
�"

·K (8.6.2) — (��� u : X ′ → X ´��Ó�§�� Projα ´??k½Â�§
¿��u u "�� Proj(α̂) : ĈX → Ĉ ´??k½Â�§¿�§3 ÊX Ú EX þ���
©O´N� Ê Ú E þ�Ó�"��§XJ^ u r X ′ �Óu X §K�� pX Ú πX ©O
�Óu X V/ ÊX Ú EX �(���"

´��±�u�Ä Y = Spec A ´���ù��/§d� S = S̃ ¶u´ X ´Ã
��m8 Xf �¿8§Ù¥ f �H S+ �àg��8Ü§¿� Xf ��Ò´ S(f) "?

d (8.2.7.1) �§·�k

(8.6.2.1) Γ(Xf ,S >
X ) = S>

f "

l
 u−1(Xf ) = Proj S>
f ",
e f ∈ Sd (d > 0) §K ProjS>

f ;�Ó�u ProjS>
f

(2.4.7)§,��¡§3N� T 7→ f/1 e§(S>
f )(d) = (S(d))>

f �±�Óu S(f)[T ] (2.2.1)¶
dd�� (3.1.7)§(��� u−1(Xf ) → Xf ´��Ó�§��1���ó"�
y
²1��§5¿� Projα ��� u−1(Xf ) ∩ G(α) → X = Proj S éAX S � S>

f �;
�N� x 7→ x/1 (2.6.2)¶ddÄk�±�Ñ G(α) = X ′ §Ùg§k�u u−1(Xf ) =

(u−1(Xf ))f/1 §�d (2.8.1.1) �§u−1(Xf ) 3 Projα e���¹3 Xf ¥§¿�er
Projα 3 u−1(Xf ) þ���w�´��N� Xf = Spec S(f) ¥���§K§� u ��
��Ó"��§rúª (8.3.5.4) A^� pX þ§�±L² p−1

x (u−1(Xf )) = Spec (S>
f )6

f/1 §
¿��â (8.5.4.1)§ù�m8Ò´ p−1(Xf ) = Spec S6

f 3 Proj(α̂) e�_�"k�
u (8.2.3.2)§Proj(α̂) 3 p−1

X (u−1(Xf )) þ���éAX (8.2.7.2) �_Ó�§��� S6
f

þÒ��1n��ó§�����ó�d½Âá�"

��±5¿�§d��ãL (8.5.3.2) �§Proj(α̂) 3 CX þ������ Spec(α)

ÃÉ"

íØ (8.6.3) — �� X V/§ ÊX ;�Ó�u Spec S 6
X §¿� EX ;�Ó�u

Spec SX "

·����� pX Ú πX Ñ´��� (8.3.5 Ú 8.3.6)§��I£�â (1.3.1)¤éu
Y = Spec A ´���¿� S = S̃ ��/?1y²=�"d�1���ó�g;�
Ó� (8.2.7.2) (S>

f )6
f/1

∼−→ S6
f ��35±9ù
Ó�� f � fg£f Ú g Ñ´ S+ ¥

�àg�¤���$�´�N�ù�¯¢"Ó��§rúª (8.3.6.2) A^� πX þ�
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±L²"éu S+ ¥�?¿àg� f §þk π−1
X (u−1(Xf )) = Spec (S>

f )f/1 §l
1�
��ó�g;�Ó� (8.2.7.2) (S>

f )f/q
∼−→ Sf ��35"

u´ ĈX �� X V/�±dü�3 X þ���V/ CX = Spec S >
X Ú ÊX =

Spec S 6
X ÅÜ
¤§¿�§���8´m8 EX = Spec S "

íØ (8.6.4) — b� OX(1) ´���_ OX ��§¿� SX Ó�u
⊕
n∈Z

(OX(1))⊗n

£~X� S �d S1 ¤)¤��ÿ (3.2.5 Ú 3.2.7) Ò´Xd¤"K�º�KI Ê �±
�Óu X þ� 1 ��þm V(OX(−1))§¿��º��I E �±�ÓuT�þm3
"�¡�Ö8þp��fV/"3ù��Óe§;�Â  Ê → X �±�Óu X V
/ V(OX(−1)) �(���" ��§ �3��;� Y �� V(OX(1)) → C § §3
V(OX(1)) �"�¡�Ö8þ���´��lTÖ8N��º��I E þ�Ó�"

¯¢þ§e- L = OX(1) §K S >
X � SOX

(L ) ´�Ó�§l
k�u (8.6.3)§ÊX

�±;��Óu V(L −1) §¿� CX �±;��Óu V(L ) "�� V(L ) → C ´
Proj(α̂) ���§l
íØ¥��óÑ´ (8.6.2) �AÏ�/"

5¿� C �º:V/�.�m3�� V(OX(1)) → C e�_�Ò´ V(OX(1))

�"�¡�.�m (8.5.5)¶,
��5` C Ú V(OX(1)) �ùü�fV/¿Ø´Ó
��"e¡·�Ò5ïÄù�¯K"

8.7 ÝKI��Þ

(8.7.1) 3 (8.6.1) �^�e§- r = Proj(α̂) §K�ì (8.5.1.3) Ú (8.5.3.2)§·�
k����ãL

(8.7.1.1)

X
iX◦εX //

q

²²

ĈX

r
²²

Y
i◦ε

// Ĉ "

?
�ì (8.6.2)§ r 3"�¡�Ö8 ĈX − iX(εX(X)) þ���´��N�"�¡
�Ö8 Ĉ − i(ε(Y )) þ�Ó�"�{üå�§b� Y ´���§S ´k�.�§¿
�´d S1 ¤)¤�§K X 3 Y þ´�K�§¿� ĈX 3 X þ´�K� (5.5.1)§l

 ĈX 3 Y þ´�K� (5.5.5, (ii))§�,3 Ĉ þ�´�K� (5.5.5, (v))"u´·��
����K Y �� r : ĈX → Ĉ£§3 CX þ���´���K Y �� CX → C¤§
§r X Â � Y ¥§¿�3 X �Ö8þ���´��N� Y �Ö8þ�Ó�"l

·��� CX Ú C �m���'X§ù�'Xaqu�ÞV/Ú§�
V/�m�
'X (8.1.3)"·�y3�äN/Ð«Ñ§CX �±�Óu��©g OC �ê��àg
Ì"
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(8.7.2) ÷^ (8.6.1) �PÒ§éuz� n > 0 §�Ä©g OY �ê� S �[và
n��

(8.7.2.1) S[n] =
⊕
m>n

Sm §

K´�

(8.7.2.2) S[0] = S § S[n] ⊂ S[m] éu m 6 n §

(8.7.2.3) S[n]S[m] ⊂ S[m+n] "

�Ä S[n] �N� OC ��§§´ OC = S̃ ���[vàn�� (1.4.4)

(8.7.2.4) In = (S[n]) ˜ "

¦^ (1.4.4) Ú (1.4.8.1)Ò�±d (8.7.2.2) Ú (8.7.2.3) �Ñe¡�úª

(8.7.2.5) I0 = OC § In ⊂ Im éu m 6 n §

(8.7.2.6) InIm ⊂ In+m "

l
 (8.1.1) �^���÷v§��Ú\[vàOC �ê�

(8.7.2.7) S \ =
⊕
n>0

In =
( ⊕

n>0

S[n]

) ˜ "

·K (8.7.3) — �3��;� C Ó�

(8.7.3.1) h : CX
∼−→ ProjS \ "

Äkb� Y = Spec A ´���§�k S = S̃ §Ù¥ S ´���©g A �ê§¿
� C = Spec S "d�½Â (8.2.7.4) L²§3 (8.2.6) �PÒe§·�k S \ = (S\) ˜ "
�
½Â (8.7.3.1)§�Ä��àg� f ∈ Sd (d > 0) ÚéA��� f \ ∈ S\ (8.2.6)¶l

 S Ó� (8.2.7.3) ½Â
�� C Ó�

(8.7.3.2) Spec S>
f

∼−→ Spec S\
(f\)

"
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,
3 (8.6.2) �PÒe§e v : CX → X ´(���§Kd (8.6.2.1) �§v−1(Xf )

= Spec S>
f ",��¡§·�k Spec S\

(f\)
= D+(f \) §Ï
 (8.7.3.2) ½Â
��Ó

� v−1(Xf ) → D+(f \) "?
§e g ∈ Se (e > 0) §KãL

v−1(Xfg)
∼ //

²²

D+(f \g\)

²²

v−1(Xf ) ∼ // D+(f \)

´���§ù�dÓ� (8.2.7.3) �½Âá�"��§�â½Â S+ ´d@
àg� f ¤
)¤�§l
d (8.2.10, (iv)) Ú (2.3.14) �§Ã D+(f \) �¤ ProjS\ ���CX§¿
�Ã v−1(Xf ) �¤ CX ���CX§Ï�Ã Xf �¤ X ���CX¶l
3ù«�/
e§·�Ò½Â
Ó� (8.7.3.1)"

�
3���/ey² (8.7.3)§�Iy²e U, U ′ ´ Y �ü���m8§÷v
U ′ ⊂ U §§���©O´ A Ú A′ §¿� S |U = S̃, S |U ′ = S̃′ §KãL

(8.7.3.3)

CU ′ //

²²

ProjS′\

²²

CU
// ProjS\

´���",
 S′ �±;��Óu S ⊗A A′ §l
 S′\ �±�Óu

S\ ⊗S S′ = S\ ⊗A A′ "

l
·�k ProjS′\ = Proj S\ ×U U ′ (2.8.10)¶Ó��§e X = Proj S, X ′ = Proj S′ §
Kk X ′ = X×U U ′ Ú SX′ = SX ⊗OU

OU ′ (3.5.4)§�é{` SX′ = j∗SX §Ù¥ j ´
ÝK X ′ → X "Ï
 (1.5.2) ·�k CU ′ = CU ×X X ′ = CU ×U U ′ §d� (8.7.3.3) ��
�5´w,�"

5) (8.7.4) — (i) (8.7.3) ���Ü©�í��±á=í2�e¡��/"� g :

Y ′ → Y ´����§S ′ = g∗S , X ′ = Proj S ′ ¶K·�k����ãL

(8.7.4.1)

CX′ //

²²

ProjS ′\

²²

CX
// ProjS \ "

,��¡§� ϕ : S ′′ → S ´©g OY �ê����Ó�§¿b�e X ′′ =

ProjS ′′ §K u = Proj(ϕ) : X → X ′′ ´??k½Â�¶K·��k�� Y �� v :
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C → C ′′£Ù¥ C ′′ = Spec S ′′¤§÷v A (v) = ϕ §�du ϕ ´��©g�ê�Ó�§
�d ϕ �±�Ñ��©g�ê�� v �� ψ : S ′′\ → S \ (1.4.1)"?
§d (8.2.10,

(iv)) ±9 ϕ þ�cJ^�´�§Projψ ´??k½Â�"��§k�u (3.5.6.1)§·
�k��;� u �� SX′′ → SX §�� (1.5.6) ���� w : CX′′ → CX "âd§ã
L

(8.7.4.2)

CX′′
∼ //

w
²²

ProjS \

Proj ψ
²²

CX
∼ // ProjS \

´���§Ï��±8(� Y ´��V/��/§¿�á=�y"

(ii) 5¿��ì (8.7.2.5) Ú (8.7.2.6) §é?¿ m > 0 §þk I m
1 ⊂ Im ⊂ I1 ",K

�â½Â§I1 = (S+) ˜ §l
 I1 3 C ¥½Â
4fV/ ε(Y ) ((1.4.10) Ú (8.3.2))¶
dd��§é?¿ m > 0 §OC/Im �|8Ñ�¹3º:V/ ε(Y ) �.�m�¥¶
l
3�º��I E �_�þ§(��� ProjS \ → C ¤���Ó�£ù�´�
g (8.7.3) Ú (8.7.1)¤"?
§er C ;��Óu Ĉ ���m8 (8.3.3)§Kw,�±
r OC �n�� Im òÿ� O

bC �n�� Jm §�I-§�3 Ĉ �m8 Ê þ� O
bC ­

Ü=�"u´e- T =
⊕
n>0

Jm §§´��[và�©g O
bC �ê�§K�±rÓ

� (8.7.3.1) òÿ��� Ĉ Ó�

(8.7.4.3) ĈX
∼−→ ProjT "

¯¢þ§dþ¡¤ã�§3 Ê þ ProjT �±;��Óu Ê §l
·��±½Â
Ó� (8.7.4.3)§¦§3 E þ­Üu;�Ó� ÊX → Ê (8.6.2)¶´�ù�Ó�3 Ê þ
� (8.7.3.1) ´­Ü�"

íØ (8.7.5) — b��3 n0 > 0§¦�

(8.7.5.1) Sn+1 = S1Sn � n > n0 �"

K CX �º:fV/£Ó�u X¤Ò´ C �º:fV/£Ó�u Y ¤3;��� r :

CX → C e�_�"�L5§eù�5�¤á§¿?
b� Y ´ Noether �§� S ´
k�.�§K�3 n0 > 0 ¦� (8.7.5.1) ´¤á�"

1���ó3 Y þ´ÛÜ5�§��b� Y = Spec A ´���§d� S = S̃ §
Ù¥ S ´���©g A �ê"u´d (8.2.12)Ò�±íÑ(Ø§Ï�·�k Proj(S\⊗S

S1) = CX ×C ε(Y )£�â (8.7.3.1) ¥��Ó¤§�Ò´`§ù�V/´ ε(Y ) 3 CX ¥
�_� (I, 4.4.1)"XJ Y ´ Noether ���§¿� S ´k�.�§K_·K�´�
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g (8.2.12)"e Y ´ Noether �£�7´���¤§¿� S ´k�.�§K Y k��
d Noether ��m8 Ui |¤�k�CX§d�dþ¡¤ã�§é?¿ i §þ�é��
��ê ni §¦�� n > ni �þk Sn+1|Ui = (S1|Ui)(Sn|Ui) ¶l
Ã ni ¥���ö
Ò÷v (8.7.5.1)"

(8.7.6) y3�Ä3��I C þº:fV/ ε(Y ) �Þ�� C V/ Z ¶K�â½
Â (8.1.3)§ùÒ´V/ Proj

( ⊕
n>0

S n
+

)
¶;�¹\

(8.7.6.1) ι :
⊕
n>0

S n
+ −→ S \

½Â
£/Ï (8.7.3) ¥��Ó¤��;��<í5 C ��

(8.7.6.2) G(ι) −→ Z §

Ù¥ G(ι) ´ CX ���m8 (3.5.1)¶5¿� G(ι) 6= CX ��U5´�3�§~X
� Y = Spec K §Ù¥ K ´���§2� S = S̃ §Ù¥ S = K[y] §¿� y ´��
gê� 2 ��½�¶u´e± Rn 5IP8Ü (S+)n §¿r§w�´ S[n] = S\

n ���
f8§K S\

+ ¿Ø�udÃ Rn �¿8¤)¤�n�3 S\
+ ¥��£ë� (2.3.14)¤"

íØ (8.7.7) — b��3 n0 > 0 ¦�

(8.7.7.1) Sn = S n
1 � n > n0 �"

K;��� (8.7.6.2) ´??k½Â�§¿�´��Ó� CX
∼−→ Z "�L5§eù�

5�¤á§¿?
b� Y ´ Noether �§S ´k�.�§K�3 n0 ¦� (8.7.7.1) ¤
á"

¯¢þ§1���ó3 Y þ´ÛÜ5�§l
�d (8.2.14) íÑ¶_·K��±
dd�Ñ§�{� (8.7.5) ¥��Ó"

5) (8.7.8) — du^� (8.7.7.1) %ºX (8.7.5.1)§�·�w�§XJcö¤á§
KØ=CX �±�Óu3��I C þº:£Ó�u Y ¤�Þ��V/§
� CX �º
:£Ó�u X¤�±�Óu C �º: Y �_�4fV/"?
§d^� (8.7.7.1) �
±íÑµ3 X = Proj S þ§Ã OX �� OX(n) Ñ´�_� (3.2.5 Ú 3.2.9)§¿�·�
k OX(n) = L ⊗n §Ù¥ L = OX(1) (3.2.7 Ú 3.2.9)¶l
�â½Â (8.6.1.1)§CXÒ
´ X þ��þm V(L ) §¿�§�º:Ò´T�þm�"�¡"

8.8 ´��ÚÂ 

(8.8.1) � Y ´��V/§f : X → Y ´��[;©l��§L ´�� f ´�
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��_ OX ��"�Ä�©g OY �ê�

(8.8.1.1) S = OY ⊕
⊕
n>1

f∗(L ⊗n) "

§´[và� (I, 9.2.2, a))"·�k��©g OX �ê��;�Ó�

(8.8.1.2) τ : f∗S −→
⊕
n>0

L ⊗n §

§3gê > 1 ?�;�Ó� σ : f∗f∗(L ⊗n) → L ⊗n ´­Ü�§�3gê� 0 ?´ð
Ó"u´ L ´ f ´��ù�^�L² (4.6.3 Ú 3.6.1)§éA� Y ��

(8.8.1.3) r = rL ,τ : X −→ P = Proj S

´??k½Â�§¿�´��<í5mE\§Ó�é?¿ n ∈ Z §þk

(8.8.1.4) r∗(OP (n)) = L ⊗n "

·K (8.8.2) — � C = Spec S ´d S ¤½Â���I¶e L ´ f ´��§K
k��;� Y ��

(8.8.2.1) g : V = V(L ) −→ C

¦�ãL

(8.8.2.2)

X
j

//

f
²²

V(L ) π //

g

²²

X

f
²²

Y ε
// C

ψ
// Y

´���§Ù¥ ψ Ú π Ñ´(���§j Ú ε ´;�E\§©Or X Ú Y N� V(L )

�"�¡Ú C �º:V/þ"?
§g 3 V(L )− j(X) þ���´��N� S ¤é
A��º��I E ¥�mE\

(8.8.2.3) V(L ) − j(X) −→ E = C − ε(Y ) "

3 (8.8.1) �PÒe§� S >
P =

⊕
n>0

OP (n) §¿� CP = Spec S >
P "·��� (8.6.2)§

�3��;��� h = Spec(α) : CP → C §¦�ãL

(8.8.2.4)

CP
//

h
²²

P

p
²²

C
ψ

// Y



· 182 · 1�Ù Aa����N5�

´���¶?
§e εP : P → CP ´;�E\§KãL

(8.8.2.5)

P
εP //

p
²²

CP

h
²²

Y ε
// C

´��� (8.7.1.1)§��§h 3�º��I EP þ���´��Ó� EP
∼−→ E (8.6.2)"

,��¡§d (8.8.1.4) �§·�k

r∗(S >
P ) = SOX

(L )

Ï
�3��;� P �� q : V(L ) → CP §d���ãL

(8.8.2.6)

V(L ) π //

q
²²

X

r
²²

CP
// P

r V(L ) �Óun�È CP ×P X (1.5.2)¶du r ´mE\§l
 q �´Xd (I, 4.3.2)"
?
�â (8.5.2)§q 3 V(L ) − j(X) þ���rTV/N� EP ¥§¿�ãL

(8.8.2.7)

X
j

//

r
²²

V(L )

q
²²

P εP

// CP

´���£(8.5.1.3) �AÏ�/¤"u´e� g ´Ü¤�� h ◦ q §K (8.8.2) ¥��ó
�dù
¯¢á�"

5) (8.8.3) —?
b� Y ´�� Noether V/§f ´��;Ü��"Kdu r �
´;Ü� (5.4.4)§l
´4�§¿�§´��<í5mE\§l
7,´��Ó
� X

∼−→ P "·�ò31 III Ù (III, 2.3.5.1) w�§d� S 7,´��k�. OY �
ê�"dd��§ S \ ´��k�. S \

0 �ê� (8.2.10, (i) Ú 8.7.2.7)¶du CP �
± C Ó�u ProjS \ (8.7.3)§�·�w��� h : CP → C ´�K�¶du�� r ´
��Ó�§�
 q : V(L ) → CP �´Xd§dd��§�� g : V(L ) → C ´�K�"
?
§du h 3 EP þ���´��N� E þ�Ó�§¿� q ´��Ó�§l
 g �
�� (8.8.2.3) ´��Ó� V(L ) − j(X) ∼−→ E "

e?
b� L ´ f 4´��§K·�ò31 III Ù (III, 2.3.5.1) w�§�3��
�ê n0 > 0 §¦�é¤k n > n0 Ñk Sn = S n

1 "u´d (8.7.7) �§V(L ) �±�Ó
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u3��I C þº:fV/£�Óu Y ¤�Þ��V/ Z §¿� V(L ) �"�¡£�
Óu Y ¤Ò´ C �º:fV/ Y �_�"

þ¡�,
(J3�K Noether ^��E,´¤á�µ

íØ (8.8.4) — � y ´��V/£�A�§[;©lV/¤§f : X → Y ´�
�;Ü��§L ´�� f ´���_ OX ��"K�� (8.8.2.1) ´;Ü£�A�§�
K¤�§¿�§��� (8.8.2.3) ´��Ó�"

�
y² g ´;Ü�§�±�u�Ä Y ´���ù��/§l
�I�Ä Y ´
[;©lV/��/"¦^ (8.8.3) ��{�±y² r ´��Ó� X

∼−→ P ¶l
 q �
´��Ó�§�du h 3 EP þ���´��Ó� EP → P §�·�w� (8.8.2.3) ´
��Ó�"��2y² g ´�K�"

du�âcJ^� f ´k�.�§�
�±r (3.8.5) A^� (8.8.1.2) �Ó� τ þµ
u´�3���ê d > 0 Ú Sd ���k�.[vàOY f�� E §¦�e S ′ ´ E

3 S ¥¤)¤� OY f�ê�§¿� τ ′ = τ ◦ q∗(ϕ)£ϕ ´;�¹\ S ′ → S ¤§
K r′ = rL ,τ ′ ´��E\

X −→ P ′ = Proj S ′ "

?
§du ϕ ´ü�§�� r �´��<í5E\ (3.7.6)¶Ón�y r′ ´��N÷
�4E\¶du r′ �±©)� X

r−→ ProjS Φ−→ ProjS ′ §Ù¥ Φ = Proj(ϕ) §�
� Φ �´��N÷�4E\",
ùÒ¿�X Φ ´��Ó�¶¯¢þ§�±�u�
Ä Y = Spec A ´���ù��/§d� S = S̃, S ′ = S̃′ §Ù¥ S ´��©g A �
ê§S′ ´ S ���©gf�ê"u´é?¿àg� t ∈ S′ §S′

(t) Ñ´ S(t) ���f
�¶�Ñ Proj(ϕ) �½Â (2.8.1)§·�w�¯K8(�y²µe B′ ´� B ���f
�§¿�éAu;�¹\ B′ → B ��� Spec B → Spec B′ ´��4E\§Kù��
�7,´��Ó�¶,
ù´�g (I, 4.2.3)"?
·�k Φ∗(OP ′(n)) = OP (n) (3.5.2,

(ii) Ú 3.5.4)§l
 r∗(OP ′(n)) Ó�u L ⊗n (4.6.3)"- S ′′ = S ′(d) §u´ (3.1.8,(i))

X �±;��Óu P ′′ = Proj S ′′ §¿� L ′′ = L ⊗d �±;��Óu OP ′′(1) (3.2.9,

(ii))"

âd§e C ′′ = Spec S ′′ §K S >
P ′′ =

⊕
n>0

OP ′′(n) �±�Óu
⊕
n>0

L ′′⊗n §l


 CP ′′ = Spec S >
P ′′ �±�Óu V(L ′′) ¶,��¡§·��� (8.7.3) CP ′′ �± C ′′ Ó

�u ProjS ′′\ ¶�âS ′′ �½Â§S ′′\ ´d S ′′
1

\ ¤)¤�§¿� S ′′
1

\ 3 S ′′
0

\ = S ′′ þ
´k�.� (8.2.10, (i) Ú (iii))§l
 ProjS ′′\ 3 C ′′ þ´�K� (5.5.1)"y3�Äã
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L

(8.8.4.1)

V(L )
g

//

u
²²

Spec S

v
²²

= C

V(L ′′)
g′′

// Spec S ′′ = C ′′ §

Ù¥ g Ú g′ ©OéAX (1.5.6) ;� j ��

S −→
⊕
n>0

L ⊗n Ú S ′′ −→
⊕
n>0

L ′′⊗n

(3.3.2.3)£ëw (8.8.5)¤§ v éAX¹\�� S ′′ → S § ¿� u éAX¹\��⊕
n>0

L ⊗md →
⊕
n>0

L ⊗n ¶´� (3.3.2) ù�ãL´���"·�fâw� g′′ ´��

�K��¶,��¡§u ´��k���"¯¢þ§¯K3 X þ´ÛÜ5�§�
�b� X ´���§�� A §¿� L = OX ¶d��I5¿�� A[T ]Ò´§�f
� A[T ] þ���k�.�£T ´�½�¤"du Y ´��[;©lV/§¿� C ′′ 3
Y þ´���§�� C ′′ �´��[;©lV/§Ï
 g′′ ◦ u ´���K�� (5.5.5,

(ii))¶�â (8.8.4.1) ���5§v ◦ g �´�K�§�du v ´���§l
´©l�§
�� g �´�K� (5.5.5, (v))"

(8.8.5) £� (8.8.1) ��/"·�ò�w�§�±�Ñ�� g : V(L ) → C �
,��½Â§§é?¿�_ OX ��£Ø7´´��¤Ñ´k��"�d�Ä�� τ

(8.8.1.2) ¤éA� f ��

(8.8.5.1) τ [ : S −→
⊕
n>0

L ⊗n §

dd�±�Ñ (1.5.6) ���� g′ : V → C §¦�e π : V → X Ú ψ : C → Y Ñ´(
���§KãL

(8.8.5.2)

X

f
²²

V
πoo

g′

²²

Y C
ψ

oo

Ú

X
j

//

f
²²

V

g′

²²

Y ε
// C

Ñ´��� (8.5.1.2 Ú 8.5.1.3)"·�y3�y²£b� L ´ f ´��¤§�� g Ú g′

´�Ó�"

¯¢þ§¯K3 Y þ´ÛÜ5�§l
�±b� Y = Spec A ´���§¿
�£du (8.8.1.3) ¥�nd¤�±r X �Óu P = ProjS ���m8§ùp S =
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A ⊕
⊕
n>0

Γ(X, L ⊗n) ¶u´d (8.8.1.4) �±�Ñ§é?¿ n ∈ Zþk Γ(X, OP (n)) =

Γ(X, L ⊗n) "k�u h = Spec(α) �½Â§Ù¥ α ´;� p �� S̃ → S >
P (8.6.1.2)§·

��I��y α] : p∗S̃ → S >
P 3 X þ���� τ ´�Ó�"k�u (0, 4.4.3)§̄ K8

(�y²;�Ó� αn : Sn → Γ(P, OP (n)) ���Ó� Γ(P, OP (n)) → Γ(X, OP (n)) =

Γ(X, L ⊗n) �Ü¤é?¿ n > 0 Ñ´ðÓ¶,K§ù�d�ê S 9Ã αn �½Â (2.6.2)

á�"

·K (8.8.6) — b�£3 (8.8.5) �PÒe¤e- f = (f0, λ)§KÓ� λ : OY →
f∗OX ´���¶u´µ

(i) e- g = (g0, µ)§K µ : OC → g∗OV ´��Ó�"
(ii) e X ´�£�A�§ÛÜ���5¤�§K C ´�£�A�§�5¤�"

¯¢þ§d� f �� τ [

τ [ : S = ψ∗OC −→ f∗π∗OV = ψ∗g∗OV

´��Ó�§¿� Y �� gÒ´@�¦�Ó� A (g) (1.1.2) TÐ�u τ [ ���"u
´�
y² µ ´�� OC ���Ó�§�I (1.4.2) y² A (µ) : ψ∗OC → ψ∗g∗OV ´�
�Ó�",
�â½Â (1.1.2)§·�k A (µ) = A (g) §�� (i) �(Ø"

�
y² (ii)§�±�u�Ä Y ´���ù��/§l
 S = S̃ §Ù¥ S =⊕
n>0

Γ(X, L ⊗n) ¶X ´��ù�^�L²§� S ´�� (I, 7.4.4)§l
 C �´Xd (I,

5.1.4)"�
y² C ´�5�§·�¦^e¡�Únµ

Ún (8.8.6.1) — � Z ´���5�V/"K� Γ(Z, OZ) ´���4�"

¯¢þ§d (I, 8.2.1.1) �§Γ(Z, OZ) ´kn¼ê� R(Z) ¥��
�4�� Oz

(z ∈ Z) ��8"

Od§y3Äky² V ´ÛÜ���5�¶�d�±�u�Ä X = Spec A ´
���§� A ´�4�� (6.3.8)§¿� L = OX ��/"d� V = Spec A[T ] ¿
� A[T ] ´���4� ([24], p. 99)§ùÒy²
·���ó",��¡§éu C �?
¿��m8 U §g−1(U) Ñ´[;�§Ï��� g ´[;�¶du V ´ÛÜ��§�
� g−1(U) �ÃëÏ©|Ñ´ g−1(U) ¥�mfV/§¿�´��§l
�ê´k��§
�du V ´�5�§��ù
V/Ñ´�5� (6.3.8)"u´ Γ(U,OC)£�ì (i)§§�
u Γ(g−1(U),OV )¤́ k���4����Ü (8.8.6.1)§ùÒL² C ´�5� (6.3.4)"

8.9 Grauert ´�5�O{µ�ã

e¡·���y²§(8.8.2) ¥¤y²�@
5�Ò´ f ´� OX �����5
�§äN5`§·��y²e¡��O{µ
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½n (8.9.1)£Grauert �O{¤— � Y ´��V/§p : X → Y ´��[;©
l��§L ´���_ OX ��"K�
¦ L ´ p ´��§7L��I�3�� Y V
/ C Ú C ��� Y �¡ ε : Y → C ±9�� Y �� q : V(L ) → C §äke¡�5
�µ

(i) ãL

(8.9.1.1)

X
j

//

p

²²

V(L )

q

²²

Y ε
// C

´���§Ù¥ j ´�þm V(L ) �"�¡"
(ii) q 3 V(L ) − j(X) þ���´[;mE\

V(L ) − j(X) −→ C §

¿�§��� ε(Y ) Ø��"

5¿�e C 3 Y þ´©l�§K3^� (ii) ¥�±�ÑK'umE\�[;5
b�¶̄ ¢þ§�
wÑù�b�´Ù¦5��íØ§�±�u�Ä Y ´���ù
��/§d��±|^ (I, 5.5.1, (i) Ú 5.5.10)"XJb� X ´ Noether �§KÓ��
±�Kù�[;5^�§Ï�d� V �´ Noether �§l
�±|^ (I, 6.3.5)"

íØ (8.9.2) — e�� p : X → Y ´;Ü�§K3 (8.9.1) �(Ø¥§�±b
� q ´;Ü�§¿�r/mE\0�¤/Ó�0"

�*þ5`§£XJ p : X → Y ´;Ü�¤L ´ p ´����=��þm V(L )

�"�¡�±/Â 0¤ÄV/ Y "��AO­���/´ Y ´��Ì��/§d
�/Â 0�^r V(L ) �"�¡Â ¤��:"

(8.9.3) ^� (8.9.1) �7�5±9íØ (8.9.2) �d (8.8.2) Ú (8.8.4) á�"

�
y² (8.9.1) �¿©5§·��Ä�������/"£3 (8.8.2) �PÒe¤
-

S ′ =
⊕
n>0

L ⊗n

Ú
V = V(L ) = Spec S ′ "

4fV/ j(X) §�Ò´ V(L ) �"�¡§́ d OV �[vàn�� J = (S ′
+) ˜

¤½Â� (1.4.10)"ù� OV ��´�_�§Ï�¯K3 X þ´ÛÜ5�§¿��I
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5¿�õ�ª� A[T ] ¥�n� TA[T ] ´��ü�gd A[T ] ��¯¢"?
´�£E
,´Ï�¯K3 X þ�ÛÜ5¤

L = j∗J

Ú
j∗L = J /J 2 "

,��¡§e
π : V(L ) −→ X

´(���§Kk π∗J = S ′
+ Ú π∗(J /J 2) = L ¶l
·�kü�;�Ó� L →

π∗J → L §1��´;�¹\ L → S ′
+ §1��´ S ′

+ � S ′
1 = L þ�;�Ý

K§¿�§��Ü¤´ðÓ"d	§�±r π∗J = S ′
+ =

⊕
n>1

L ⊗n ;�i\¦

È
∏

n>1

L ⊗n = lim←−
n

π∗(J /J n+1) ¥£Ï� π∗(J /J n+1) = L ⊕L ⊗2 ⊕ . . .⊕L ⊗n¤§

l
�kü�;�Ó�

(8.9.3.1) L −→ lim←−π∗(J /J n+1) −→ L §

�§��Ü¤´ðÓ"

Od§·��±y² (8.9.1) �e¡��í2µ

·K (8.9.4) — � Y ´��V/§V ´�� Y V/§X ´ V ���4fV/§¿
�½Â X �n�� J ´���_ OV ��¶� j : X → V ´;�¹\§¿�- L =

j∗J = J ⊗OV
OX §l
 j∗L = J /J 2 "b�(��� p : X → Y ´[;©l�§

¿�e¡�
^���÷vµ
(i) �3��k�. Y �� π : V → X §÷v π◦j = 1X §Ï
 π∗(J /J 2) = L "
(ii) �3�� OX ��Ó� ϕ : L → lim←−π∗(J /J n+1)§¦�e¡�Ü¤´ðÓ

L
ϕ−→ lim←−π∗(J /J n+1) α−→ π∗(J /J 2) −→ L

Ù¥ α ´;�Ó�"
(iii) �3�� Y V/ C Ú C ��� Y �¡ ε ±9�� Y �� q : V → C §¦�

ãL

(8.9.4.1)

X
j

//

p
²²

V

q
²²

Y ε
// C



· 188 · 1�Ù Aa����N5�

´���"
(iv) q 3 W = V − j(X) þ���´��N� C ¥�[;mE\§¿�§��

� ε(Y ) Ø��"
K3ù
^�e§L ´ p ´��"

8.10 Grauert ´�5�O{µy²

Ún (8.10.1) — � π : V → X ´����§j : X → V ´ V ��� X �¡§¿
�´��4E\§J ´ OV �ù���[vàn��§§½Â
 j �N�4fV/"

(i) é?¿ n > 0§π∗(OV /J n+1) Ú lim←−π∗(J /J n+1) Ñ´[và OX ��§�
·�k π∗(OV /J ) = OX , π∗(J /J 2) = j∗J "

(ii) e X = {ξ} = Spec k§Ù¥ k ´���§K lim←−π∗(OV /J n+1) �±Ó�u
� Oj(ξ) 3 mj(ξ) ?ÿÀe�©l��z"

(iii) b� J ´���_ OV ��£ù%ºX

L = j∗J = π∗(J /J 2)

´���_ OX ��¤§¿��3��Ó� ϕ : L → lim←−π∗(J /J n+1)§¦�Ü¤Ó
� L

ϕ−→ lim←−π∗(J /J n+1) α−→ π∗(J /J 2)£Ù¥ α ´;�Ó�¤́ ðÓ"u´e
- S =

⊕
n>0

L ⊗n §K�±d ϕ ;�/�Ñ��l S 'uÙ;�È)���z£Ó

�u¦È
∏

n>0

L ⊗n¤� lim←−π∗(OV /J n+1) þ� OX �ê�Ó�"

Äk5¿� OV �� OV /J n+1 �|8´ j(X) §¿� J /J n+1 �|8�¹3
j(X) ¥"3 (ii) ��/e§j(X) ´ V ���4: j(ξ) §��â½Â§π∗(OV /J n+1)Ò
´ OV /J n+1 3: j(ξ) ?�ª^§�Ò´`§e- C = Oj(ξ) §¿�^ m 5IP C �
4�n�§K§Ò´ C � C/mn+1 §d��ó (ii) ´w,�"

�
y² (i)§5¿�¯K3 X þ´ÛÜ5�§l
�±�u�Ä X ´���
ù��/"� U ´ V �����m8¶K j(X) ∩ U ´ j(X) �����m8§l

 U0 = π(j(X)∩U)£� j(X)∩U Ó�¤́ X �����m8¶éu X �?¿��m
8 W0 ⊂ U0 §W = π−1(W0)∩U Ñ´ V �����m8§Ï� X ´©l� (I, 5.5.10)¶
AO�§U ′ = U ∩ π−1(U0) ´ V �����m8§¿�w,k π(U ′) = U0 Ú j(U0) =

j(X) ∩ U "âd§�â½Â γ(W0, π∗(OV /J n+1)) = Γ(π−1(W0),OV /J n+1) ¶,

 π−1(W0) �?Û��Øá3 j(W0) ¥�:Ñäk���¹3 π−1(W0) ¥��
j(W0) Ø���m��§ l
 OV /J n+1 3Ùþ�u"§ �
´� OV /J n+1 3
π−1(W0) þ��¡�§3 j(W0) þ��¡´��éA�"�é{`§e π′ ´ π 3 U ′ þ
���§K (OX |U0) �� π∗(OV /J n+1)|U0 � π′

∗((OV /J n+1)|U ′) ´�Ó�"du U ′

Ú U0 Ñ´���§¿�Ã U0 CX
 X §�� (I, 1.6.3) π∗(OV /J n+1) ´[và�§
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éu π∗(J /J n+1) �y²�´���"

��§�
y² (iii)§5¿� S � SOX
(L ) ÃÉ¶l
d ϕ �±;�/�Ñ�

� OX �ê�Ó� ψ : S → lim←−π∗(OV /J n+1) (1.7.4)¶?
§ù�Ó�r L ⊗n N
� lim←−

m

π∗(J n/J n+1) ¥§l
éu�A�ÿÀ´ëY�§Ï
�±òÿ���Ó

� ψ̂ : Ŝ → lim←−π∗(OV /J n+1) "�
y²§´��Ó�§�±§� (i) ¥�y²�{
��§r¯K8(� X = Spec A, V = Spec B Ñ´���ù��/§d� J = J̃ §Ù
¥ J ´ B ���n�¶π éAX��¹\ A → B §§r A �Óu J 3 B ¥�ÖÏf§
¿� L£�A�§π∗(OV /J n+1)¤Ò´N�u A � L = J/J2£�A�§B/Jn+1¤�
[vàOX ��"du J ´���_ OV ��§��?
b� J = Bt §Ù¥ t 3 B ¥
Ø´"Ïf"d�d'Xª B = A ⊕ Bt �±�Ñ§é?¿ n > 0þk

B = A ⊕ At ⊕ At2 ⊕ . . . ⊕ Atn ⊕ Btn+1 §

l
·�k��l/ª�?ê� A[[T ]] � C = lim←−B/Jn+1 þ�;� A Ó�§§r t N
� T ",��¡§·�k L = At̄ §Ù¥ t̄ ´ t mod Bt2 �Ó{a§¿��âcJ^�§
Ó� ϕ r t̄ N���� t mod Ct2 Ó{��� t′ ∈ C "dd�±ÏLé n?18B

�Ñ

A ⊕ At′ ⊕ . . . ⊕ At′
n ⊕ Ctn+1 = A ⊕ At ⊕ . . . ⊕ Atn ⊕ Ctn+1 §

ùÒy²
Ó� ψ̂ éAX��l
∏

n>0

L⊗n � C þ�Ó�"

Ún (8.10.2) — 3 (8.10.1) �cJ^�e§� g : X ′ → X ´����§V ′ =

V ×X X ′ §¿� π′ : V ′ → X ′, g′ : V ′ → V Ñ´;�ÝK§l
k��ãL

V

π
²²

V ′g′
oo

π′

²²

X X ′
g

oo §

u´ j′ = j×1X′ ´ V ′ ��� X ′ �¡§§´��4E\§¿� J ′ = (g′∗J )OV ′ ´ù
���[và OV ′ n��§§½Â
 j′ �N�4fV/"?
§·�k π′

∗(OV /J n+1)

= g∗π∗(OV /J n+1) "��§J ′ ´��;�Ó�u g′
∗J � OV ′ ��§l
e J ´

�_ OV ��§K J ′ �´�_�"

j′ ´4E\�¯¢�d (I, 4.3.1) �Ñ§§´ V ′ ��� X ′�¡�¯¢�dÄ*
Ü�¼f5íÑ"?
§e Z£�A�§Z ′¤́ V£�A�§V ′¤�N�u j£�A
�§j′¤�4fV/§Kk Z ′ = g′

−1(Z) (I, 4.3.1)§u´1���ó�g (I, 4.4.5)"�

y²Ù{��ó§�±Uì (8.10.1) ��{§r¯K8(� X, V Ú X ′ Ñ´���
ù��/§d� V ′ �´���¶÷^ (8.10.1) �y²¥�PÒ§¿� X ′ = Spec A′ "
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K·�k V ′ = Spec B′ §Ù¥ B′ = B ⊗A A′ §¿� J ′ = J̃′ §Ù¥ J′ = Im(J⊗A A′) "
l
k B′/J′n+1 = (B/Jn+1) ⊗A A′ ¶?
§du J ´ B£�� A �¤����ÚÏ
f§�� J ⊗A A′ ´ B′£�� A′ �¤����ÚÏf§l
�±;��Óu J′ "

íØ (8.10.3) — b� (8.10.1) �cJ^���÷v§¿?
b� π ´k�.�§
� J ´���_ OV ��"Ké?¿ x ∈ X §n� π−1(x) 3: j(x) ?�ÛÜ�Ñ´
�� 1 ��K�£l
´��¤§¿�§���z�±Ó�u/ª�?ê� k(x)[[T ]]

£T ´�½�¤¶?
§π−1(x) ¥�k��Ø��©|�¹ j(x) "

du π−1(x) = V ×X Spec k(x) §��|^ (8.10.2) r¯K8(� X ´� K �Ì
��/"du π ´k�.� (I, 6.3.4, (iv))§�� Oj(x) ´�� NoetherÛÜ�"l

3 mj(x)?ÿÀe´©l� (0, 7.3.5)¶u´d (8.10.1, (ii) Ú (iii)) �§ù�����
z�±Ó�u K[[T ]] §Ï
 Oj(ξ) ´�K�§¿�´ 1 �� ([1], p. 17-01, ½n 1)¶�
�§Ï� Oj(ξ) ´��§l
 j(x) �Uá3 V �£k��¤Ø��©|¥�����
�¥ (I, 5.1.4)"

íØ (8.10.4) — b� (8.10.1) �cJ^���÷v§¿?
b� J ´���
_ OV ��"� W = V −j(X)¶éu OX �?¿[vàn�� K §- KV = (π∗K )OV

Ú KW = KV |W "K KV ´ OV �äke¡ù�5����[vàn��µ§3 W þ
����u OW "

¯¢þ§Uì (8.10.1) ¤«§¯K3 X Ú V þÑ´ÛÜ5�¶l
�±÷^
(8.10.1) �y²¥�PÒ§¿� J = Bt §Ù¥ t 3 B ¥Ø´"Ïf"?
·�k W =

Spec Bt §¿� K = K̃ §Ù¥ K ´ A ���n�"�� (π∗K )OV = (K.B) ˜ (I,

1.6.9)§KW = (K.Bt) ˜ §¿� B �@�3 Bt ¥�;���u K.Bt ���n�Ò
´ K.Bt �_�§�Ò´`§§´dù�� s ∈ B ¤|¤�8Ü§=�±é��ê n >

0 ¦� tns ∈ K.B "y3·�I�y²ù�'XªÒ%ºX s ∈ K.B §½�d�§t 3
B/K.B = (A/K) ⊗A B ¥�;��Ø´"Ïf§
ù´�g (8.19.2)§A^� X ′ =

Spec(A/K) þ"

íØ (8.10.5) — b� (8.10.2) �cJ^���÷v§� W = V −j(X)§x ´ X �
�:§K ´ OX ���[vàn��§z ´ π−1(x) �@��¹ j(x) �Ø��©|�
��: (8.10.3) "

(i) � g ´ OV 3 V þ����¡§�¦� g|W ¤� KW 3 W þ����¡£P
Ò�g (8.10.4)¤"K g ´ KV ����¡¶?
e g(z) 6= 0§¿�é?¿�ê m > 0§
·�^ gx

m 5IP g 3 Γ(X,π∗(OV /J m+1)) ¥�;�� gm �3: x ?�Þ§K�±
é����ê m > 0§¦� gx

m 3

(π∗(OV /J m+1))x ⊗Ox k(x)

¥��Ø�u""
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(ii) ?
b� (8.10.1, (iii)) ¥�^���÷v"u´e KV 3 V þk���¡ g

÷v g(z) 6= 0§K�±é����ê n > 0 Ú K .L ⊗n = K ⊗ L ⊗n ⊂ L ⊗n ���
�¡ f §¦� f(x) 6= 0 "e g ´ J ����¡§K�±� n > 0 "

(i) �âcJ^�§g|W 3 OW ¥¤)¤�n���¹3 KW ¥§�d (8.10.4) �§
g 3 OV ¥¤)¤�n���¹3 KV ¥§�é{`§g ´ KV ����¡"�
y
²1���ó§E,�±b� X Ú V Ñ´���§¿÷^ (8.10.4) �PÒ¶d�n
� π−1(x) ´���§�� B′ = B ⊗A k(x) §¿�3 B′ ¥k��Ø´"Ïf��
� t′ §¦� B′ = B ⊕ B′t′ "du j(x) ´ z ���AÏz§¿� g(z) 6= 0 §l
7
,k gj(x) 6= 0 ",
 Oj(x) ´��©lÛÜ� (8.10.3)§l
�±i\§���z�
¥§u´ g 3ù���z¥�Ø´ 0 ",K§T��z�±Ó�u lim←−

n

(B′/B′t′
n+1)

(8.10.3)¶l
e g′ = g ⊗ 1 ∈ B′ §K�±é����ê m §¦� g′ ∈ B′t′
m+1 §½ö

`§g′ 3 B′/B′t′
m+1 ¥�� g′m Ø´ 0 "
du g′mÒ´ gx

m ��§l
·���ó�
y"

(ii) �ì (8.10.1, (iii))§π∗(OV /J m+1) �±Ó�uÃ L ⊗k (0 6 k 6 m) ��

Ú¶·�± fk 5IP gm 3TÓ�e¤éA�
m⊕

k=0

Γ(X, L ⊗k) ¥���1 k �©þ§

§´ L ⊗k ����N�¡"Uì (i) ��{ÀÑ m §Kd (i) �§�3���I k ¦
� fk(x) 6= 0 "�
y² fk ´ K L ⊗k ����¡§�I�Ä X Ú V Ñ´���ù�
�/§d�d g ∈ K.B£PÒ�g (8.10.4)¤á�(Ø"�����ó�ge¡�¯
¢µ̂ � g ∈ Γ(V, J ) %ºX f0 = 0 "

(8.10.6) (8.9.4) �y² — ¯K3 Y þ´ÛÜ5� (4.6.4)¶du ε ´�� Y �
¡§l
�±r C �¤ ε(Y ) �,�:���m�� U §�¦� ε(Y ) ∩ U 3 U ¥´
4�"�é{`§�±b� C ´���§Y ´ C ���4fV/£l
´���¤§
d OC ���[vàn�� I ¤½Â"d�du p ´[;©l�§�� X ´��[
;©lV/§l
8(�y² L ´´�� (4.6.4)"2�ì (4.5.2, a)) ��O{§�I
y²e¡ù�¯µéu OX �?¿[vàn�� K Ú?¿��vká3 OX/K �
|8¥�: x ∈ X §þ�é����ê n > 0 Ú K ⊗ L ⊗n ����N�¡ f §¦
� f(x) 6= 0 "

�d§-

KV = (π∗K )OV

Ú

KW = KV |W § Ù¥ W = V − j(X) ¶

du q 3 W þ���´��N� C ¥�[;E\§�d (I, 9.4.2) �§KW Ò´ OV �
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,�[vàn�� K ′
V 3 W þ���§¿�ù� K ′

V äke¡�/G

K ′
V = (q∗KC)OV §

Ù¥ KC ´ OC ���[vàn��"?
§�âcJ^�§q−1(Y ) ⊂ j(X) §¿
� Y ´dn�� I ¤½Â�§�� (q∗I )OV 3 W þ���� OV 3 W þ���´
�Ó�§l
 KW �´ q∗(I KC)OV 3 W þ���§��b� KC ⊂ I §u´k�
u (I, 4.4.6) ±9 (8.9.4.1) ���5§·���

(8.10.6.1) K ′
V ⊂ (q∗I )OV ⊂ J "

?
§d (8.10.4) �±íÑ

(8.10.6.2) K ′
V ⊂ KV "

âd§d (8.10.3) �§j(x) �á3 π−1(x) �����Ø��©|¥¶� z ´T©
|���:§¿�- z′ = q(z) "�ì (8.10.5)§̄ K8(�y²£k�u (8.10.6.1) Ú
(8.10.6.2)¤µ�±é� K ′

V 3 V þ����¡ g §¦� g(z) 6= 0 ",K§�âcJ
^�§ K 3 x �,�m��þ����u OX ���¶,��¡§d (8.10.3) �§
·�k z 6= j(x) §l
 z ∈ W §Ï
 (KW )z = OV,z §�d½Â�§ (KC)z′ =

OC,z "Ï� C ´���§l
�±é� KC 3 C þ����¡ g′ §¦� g′(z′) 6= 0 §
� g ´ K ′

V �@�;�éAX g′ ��¡§Kk g(z) 6= 0 §ùÒ�¤
y²"

5) (8.10.7) — ·�Ø��3 (8.9.4) ��ã¥^� (ii) ´Ä�±�Ñ"�Ã
ØXÛ§eØb��3��÷v π ◦ j = 1X � Y �� π : V → X §K(Ø´ØU
¤á�"·�{�`²�eXÛ����~Ñ5§[!3�±�2?Ø"� Y =

Spec k §Ù¥ k ´���§C = Spec A §Ù¥ A = k[T1, T2] "Y �¡ ε éAuO�Ó
� A → k "·�± C ′ 5IP3 C þ4: a = ε(Y ) �Þ��V/¶� D ´ a 3 C ′ ¥
�_�§�Ä D ¥���4: b §¿± V 5IP3 C ′ þ b �Þ��V/¶X ´ a 3
(��� q : V → C e�_�§§´ V ���4fV/"�±y²§X ´ü�Ø�
�©| X1, X2 �¿8§Ù¥ X1 ´ b 3 V ¥�_�"́ � OV �½Â
 X �@�n�
� J E,´�_�§�´�±y² j∗J = L£j ´;�¹\ X → V ¤Ø´´��§
�I�Ä L 3 X1 þ�_��/gê0§bX L ´´��§KTgê7L > 0 §,

·��±y²£ÏL��Ð����êO�¤Tgê�u 0 "

8.11 Â ���5

Ún (8.11.1) — � U, V ´ü�V/§h = (h0, λ) : U → V ´��N÷��"b
�µ

1◦ λ : OV → h∗OU ) = (h0)∗(OU ) ´��Ó�"
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2◦ V �.�m�±�Óu U �.�m3'X h0(x) = h0(y) e�û�m£XJ
�� h ´m�§½4�£~X;Ü�¤§KT^�o´¤á�¤"

Ké?¿V/ W §N�

(8.11.1.1) Hom(V,W ) −→ Hom(U,W )

§r V � W ����� v = (v0, ν) N��� u = v◦h = (u0, µ)§Ñ´��l Hom(V,

W ) �ù��
 u �8Üþ���N�§ù� u ¦� u0 3z�n� h−1
0 (x) þÑ´~

��"

´�e u = v ◦ h£l
 u0 = v0 ◦ h0¤§K u0 3z�8Ü h−1
0 (x) þÑ´~�

�"�L5§e uäkT5�§·�y²�3���� v ∈ Hom(V,W ) §¦� u =

v ◦ h "÷v u0 = v0 ◦ h0 �ëYN� u0 : V → W ��35Ú��5´�gcJ^
�§Ï� h0 �±�Óu U � U/R þ�;�N�",��¡§7��r V �¤��
Ó��V/§�±b� λ ´ðÓ¶d��âcJ^�§µ ´ù���Ó� µ : OW →
(u0)∗(OU ) = (v0)∗(h0)∗(OU ) §§¤éA�Ó� µ] : u∗

0OW → OU 3z�ª^þÑ´
ÛÜÓ�"du (v0)∗(h0)∗(OU ) = (v0)∗(OV ) §l
7k ν = µ §¯K8(�y²é
A�Ó� ν] : v∗0OW → OV 3z�ª^þÑ´ÛÜÓ�",K§é?¿ y ∈ Y §þ�
é��� x ∈ U ¦� y = h0(x) ¶- z = v0(y) = u0(x) "K (0, 3.5.5) Ó� µ]

x �±©
)�

µ]
x : Ox

ν]
y−→ Oy

λ]
x−→ Ox "

�âcJ^�§λ]
x Ú µ]

x Ñ´ÛÜÓ�¶l
 λ]
x r Oy ¥��_�ÑN¤ Ox �

�_�¶e ν]
y r Ox �,�Ø�_�N¤ Oy ��_�§K µ]

x òr Ox ¥�ù���
N¤ Ox ����_�§ù�cJ^�gñ§��Ún"

íØ (8.11.2) — � U ´���V/§V ´���5V/¶K?Û2�4�Vk
n�;b�� h : U → V Ñ´��Ó�"

e h = (h0, λ) §K�âcJ^�§h0 ´ü�Ú4�§¿� h0(U) 3 V ¥´È�
�§l
 h0 ´ U � V þ���Ó�"u´�
y²ù�íØ§�Iy² λ : OV →
(h0)∗(OU ) ´��Ó�µÏ�ù�Ò�±A^ (8.11.1) 5y²N� (8.11.1.1) ´��
�§£z�n� h−1

0 (x) Ñ�¹�:¤¶l
 h ´��Ó�"¯K3 V þw,´ÛÜ
5�§��b� V = Spec A ´���§¿�§�� A ´�4�� (8.8.6.1)¶d� h é
AX (I, 2.2.4) ��Ó� ϕ : A → Γ(U,OU ) §�¯K8(�y² ϕ ´��Ó�",K§
e K ´ A �©ª�§K�âcJ^�§Γ(U,OU ) ± K �©ª�§¿� A ´ Γ(U,OU )

���f�§Ï� ϕ ´;�¹\ (I, 8.2.7)"du�� h ÷v (7.3.11) �^�§��
Γ(U,OU ) ´ A 3 K ¥��é�4����f�§l
�âcJ^�§§Ú A ´�Ó
�"
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5) (8.11.3) — ·�ò31 III Ù (III, 4.4.11) w�§XJ V ´��ÛÜ Noether

V/§K?Û;Ü�[k���� h : U → V£AO�§÷v (8.11.2) ¥^��?Û
��¤Ñ7,´k��"l
3ù«�/e§(8.11.2) �d (6.1.15) íÑ"

(8.11.4) e¡·��y²§3 Grauert �O{ (8.9.1) ¥§V/ C Ú/Â 0q �
�þ´��(½�"

Ún (8.11.5) — � Y ´��V/§p : X → Y ´��;Ü��§L ´�� p ´
���_ OX ��§C ´�� Y V/§ε : Y → C ´�� Y �¡§q : V = V(L ) →
C ´�� Y ��§�¦�ãL (8.9.1.1) ´���"?
b�3 p = (p0, θ) ¥§ θ :

OY → p∗OX ´��Ó�"y3� S ′ =
⊕
n>0

p∗(L ⊗n), C ′ = Spec S ′ §¿� q′ :

V(L ) → C ′ ´;� Y �� (8.8.5)§Kk���� Y �� u : C ′ → C §¦� q = u◦q′ "

θ þ�cJ^�L²§p ´N÷�¶�ì (8.8.4)§q′ 3 V(L ) = j(X) þ���
´��N� C ′−ε′(Y ) þ�Ó�£ε′ ´ C ′ �º:�¡¤§�d (8.8.4) �§q′ ´;Ü�
N÷�¶?
�ì (8.8.6)§e- q′ = (q′0, τ) §K τ : OC′ → q′∗(OV ) ´��Ó�"l

Ún (8.11.1) ¥�cJ^���÷v§Ï
·��Iy² q 3z�n� q′

−1(z′) (z′ ∈
C ′) þÑ´~��",Kéu z′ /∈ ε′(Y ) §ù�^�éN´�y",��¡§e z′ ∈
ε′(Y ) §Kk���� y ∈ Y ÷v z′ = ε′(y) §¿��ì (8.8.5.2) ���5±9 q′ r
V(L ) − j(X) N� C ′ − ε′(Y ) ¥�¯¢§·�k q′

−1(z′) = j(p−1(y)) ¶l
ãL
(8.9.1.1) ���5Ò�Ñ
·���ó"

íØ (8.11.6) — 3 (8.11.5) �cJ^�e§ ?
b� q ´;Ü�§ ¿� q 3
V(L ) − j(X) þ���´��N� C − ε(Y ) þ�Ó�"K�� u ´2�4�!N
÷�!Ú;b�§¿�§3 C ′ − ε′(Y ) þ���´��N� C − ε(Y ) þ�Ó�"

du q′ ´��l V(L ) − j(X) � C ′ − ε′(Y ) þ�Ó� (8.8.4)§l
�����
ó�d q = u ◦ q′ á�"?
§ãL (8.8.5.2) Ú (8.9.1.1) ���5L²§u 3 C ′ �
4fV/ ε′(Y ) þ���´��N� C �4fV/ ε(Y ) þ�Ó�§ddá�§é?
¿ z′ ∈ ε′(Y ) §e- z = u(z′) §K u ½Â
��l k(z) � k(z′) þ�Ó�"ù
5
)`²
 u ´���Ú;b�¶?
§e ψ Ú ψ′ ´(��� C → Y, C ′ → Y §K
k ψ′ = ψ ◦ u §�du ψ′ ´©l� (1.2.4)§�� u �´Xd (I, 5.5.1, (v))",��¡§
·�3Ún (8.11.5) �y²¥®²w�§q′ ´N÷�¶du q = u ◦ q′ ´;Ü�§�
d (5.4.3) Ú (5.4.9) ��§u ´2�4�"

·K (8.11.7) — � Y ´��V/§X ´���V/§p : X → Y ´��;Ü�
�§L ´�� p ´���_ OX ��§C ´���5 Y V/§ε : Y → C ´�� Y �
¡§q : V = V(L ) → C ´�� Y ��§�¦ãL (8.9.1.1) ¤����"?
b�
3 p = (p0, θ) ¥§ θ : OY → p∗OX ´��Ó�"y3� S =

⊕
n>0

p∗(L ⊗n), C ′ =



§8. V/��Þ§ÝKI§�K4� · 195 ·

Spec S ′ §¿� q′ : V(L ) → C ′ ´;� Y �� (8.8.5) "K÷v q = u ◦ q′ �@���
� Y �� u : C ′ → C ´��Ó�"

d (8.8.6) �§ C ′ ´��¶du u ´.�mþ���Ó� C ′ → C£Ï��â
(8.11.6)§u ´���§¿�´4�¤§�� C ´Ø���§l
´��§qÏ� u 3 C ′

�����m8þ���´��N� C �,�m8þ�Ó�§�� u ´Vkn�"Ï
�·�b� C ´�5�§��IA^ (8.11.2) =���(Ø"

5) (8.11.8) — (i) 5¿� C ´�5�ù�^�%ºX X �´Xd"¯¢þ§
d� C ′ = Spec S ′ ´�5�£Ï�§Ó�u C¤§¿�´��£�â (8.8.6)¤¶d
dÒ�±`² ProjS ′ ´�5�"¯¢þ§¯K3 Y þ´ÛÜ5�¶e Y ´��
�§S ′ = S̃′ §K� S′ = Γ(C ′,S ′) ´���4� (8.8.6.1)§l
é?¿àg� f ∈
S′

+ §©g� S′
f Ñ´���4� ([13], t. I, p. 257 Ú 261)§Ï
§� 0 g�� S′

(f) �
´Xd§Ï� S′

f Ú S′
(f) �©ª���8Ò�u S′

(f) ¶ùy²
·���ó (6.3.4)"
��§du X Ó�u ProjS ′ ���mfV/ (8.8.1)§�� X �´�5�"l
·
K (8.11.7) ��±�¤e¡�/ªµe X ´���5�§p = (p0, θ) : X → Y ´��
;Ü��§¿¦� θ : OY → p∗OX ´��Ó�§Ké?¿ p ´�� OX �� L §Ñ�
k���«Â  V = V(L ) �"�¡��ª§¦�Â ��V/ C ´���5 Y V
/§¿�Â �� q : V → C ´��;Ü Y ��"

(ii) XJ p ´;Ü�§K^� p∗OX = OY �´��9Ïb�§¿Øé(J�ÊH
5�¤ý����"̄ ¢þ§e§Ø÷v§K�Ir Y �¤ Y V/ Y ′ = Spec p∗OX ¿
�r X w�´ Y ′ V/=�"·�ò31 III Ù, § 4 ¥?Øù����{"

8.12 ÝKIþ�[và�

(8.12.1) £� (8.3.1) ¥�PÒÚcJ^�"� M ´��[và�©g S ��¶
�
;�Ø)§�r M w�´Ø©g� S ����ÿ§·�^ M̃ 5IP M �N�
[vàOC �� (1.4.3)§
�r M w�´©g S ����ÿ§·�^ Proj0(M ) 5
IP M �N�[vàOX ��£�é{`§§Ò´·�3 (3.2.2) ¥^ M̃ 5L«�
@� OX ��¤"·�2-

(8.12.1.1) MX = Proj M =
⊕
n∈Z

Proj0(M (n)) ¶

[và©g OX �ê� SXÒ´ (8.6.1.1) ¤½Â�@�§¿� MXäk��£[v
à¤©g SX ���(�§§´de¡�;�Ó�¤½Â� (3.2.6.1)

(8.11.1.2)

OX(m)⊗OX
Proj0(M (n)) −→ Proj0(S (m)⊗S M (n)) −→ Proj0(M (m+n)) §

/Ï��ãL (2.5.11.4)Ò�±�yù´����(�"
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e Y = Spec A ´���§K S = S̃ � M = M̃ §Ù¥ S ´��©g A �ê§M

´��©g A �§d��ì½ÂÚ (8.2.9.1)§é?¿àg� f ∈ S+ §þk

(8.12.1.3) Γ(Xf ,Proj M̃) = Mf "

y3�Ä[và©g Ŝ ��

(8.12.1.4) M̂ = M ⊗S Ŝ

£Ŝ ´d (8.3.1.1) ¤½Â�¤¶dd�±�Ñ��[và�©g O
bC �� Proj0(M̂ ) §

·�r§P�

(8.12.1.5) M ¤ = Proj0(M̂ ) "

´� (3.2.4) M ¤ ´ M ���\5�Ü¼f§¿���Ú98B4��±��"

·K (8.12.2) — 3 (8.3.2) �PÒe§·�k¼f5�;�Ó�

(8.12.2.1) i∗(M ¤) ∼−→ M̃ § j∗(M ¤) ∼−→ Proj0(M ) "

¯¢þ§�ì (3.2.3)§i∗(M ¤) �±;��Óu Spec(Ŝ /(z−1)Ŝ ) þ� (M̂ /(z−
1)M̂ ) ˜ ¶l
 (8.12.2.1) ¥�1��;�Ó��d;�Ó� M̂ /(z− 1)M̂ ∼−→ M á
� (1.4.1)",��¡§;�E\ j : X → Ĉ éAX;�Ó� Ŝ → S §§�Ø´ zŜ

(8.3.2)¶u´8.12.2.1) ¥�1��Ó�´;�Ó� (3.5.2, (ii)) ���AÏ�/§Ï�
d�·�k M̂ ⊗

cS
S = M ¶�
�y§´��Ó�§�±�u�Ä Y = Spec A ´

���ù��/§d� S = S̃, M = M̃ ¶ëì (2.8.8)§̄ K8(�y²é S+ ¥�
?¿àg� f §þãÓ���� Xf þÑ�Ñ��Ó�§,
ù´w,�"

du (8.12.2.1) �1��Ó����§·�·^�e¶c§·��r M ¤ ¡�
OC �� M̃ ��K4�£b½ OC �� M̃ �½Â¥®²�²
 S �� M þ�©g
(�¤"

(8.12.3) 3 (8.3.5) �PÒe§·�k��¼f5�;�Ó�

(8.12.3.1) p∗(Proj0(M )) −→ M ¤|
bE "

¯¢þ§ù´ (3.5.6) ¥�Ó� υ] ���AÏ�/"e Y = Spec A ´���§S =

S̃, M = M̃ §Këì (2.8.8) ·�w�§(8.12.3.1) 3 p−1(Xf ) = Ĉf þ���£f ´ S+

¥���àg�¤éAX;�Ó�

(8.12.3.2) M(f) ⊗S(f) S6
f −→ M6

f
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ù´k�u (8.2.3.2) Ú (8.2.5.2)"

(8.12.4) y3·�£� (8.5.1) ¥�cJ^�ÚPÒ"u´d (1.5.6) �§é?¿
[và©g S �� M §��¡·�k�� OC′ ���;�Ó�

(8.12.4.1) Φ∗M̃
∼−→

(
q∗M ⊗q∗S S ′) ˜ "

,��¡ (3.5.6) L²·�k��;� Proj(ϕ) ��

(8.12.4.2) Proj0M −→
(
Proj0

(
q∗M ⊗q∗S S ′))∣∣∣

G(ϕ)

Ú��;� Φ̂ ��

(8.12.4.3) Proj0M̂ −→
(
Proj0

(
q∗(M̂ ) ⊗

q∗
cS

Ŝ ′))∣∣∣
G(bϕ)

"

(8.12.5) y3·��Ä (8.6.1) ��/§¿÷^@p�PÒ¶ù��u3þã�
/¥� Y ′ = X §q : X → Y ´(���§¿� ϕ ´;� q �� (8.6.1.2)"u´·�k
��;�Ó�

(8.12.5.1) q∗M ⊗q∗S S >
X

∼−→ M >
X §

ùp M >
X =

⊕
n>0

Proj0(M (n)) "¯¢þ§�±�u�Ä Y = Spec A ´���ù�

�/§K S = S̃ � M = M̃ §3z���m8 Xf£f ´ S+ ¥�àg�¤þÑ½
ÂÑÓ� (8.12.5.1)§2�y§��d f � f �àg�����$�´�N�"y3
�â (8.6.2.1)§(8.12.5.1) ��>����� Xf þÒ´ M̃ ′ = ((M ⊗A S(f)) ⊗S⊗AS(f)

S>
f ) ˜ ¶du·�k��l M ⊗A S(f) � M ⊗S (S ⊗A S(f) þ�;�Ó�§��d

d�Ñ��l M̃ ′ � (M ⊗S S>
f ) ˜ þ�Ó�§��â (8.2.9.1)§�ö�±;�Ó�

u (8.12.5.1) �m>��3 Xf þ���§¿�÷v¤I���N^�"

3þ¡�í�L§¥r M �¤ M̂ §S �¤ Ŝ §¿r SX �¤ (S >
X )̂ §KÓ�

�±����;�Ó�

(8.12.5.2) q∗(M̂ ) ⊗
q∗

cS
(S >

X )̂ ∼−→ (M >
X )̂ "

e·�P� (8.6.2)(��� u : Proj S >
X → X ´��Ó�§Kdþ¡¤ã�±

�Ñ��;� u Ó�

(8.12.5.3) Proj0M
∼−→ Proj0(M

>
X ) §

§´ (8.12.4.2) ���AÏ�/"̄ ¢þ§3 (8.6.2) �y²¥�PÒe§̄ K8(�
y²é?¿ f ∈ Sd §;�Ó� M(f) ⊗S(f) (S>

f )(d) → (M>
f )(d) Ñ´��Ó�§
ù´

w,�"
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,��¡§r (8.12.4.3) A^�;��� r = Proj(α̂) þ§KdÓ� (8.12.5.2) q
�±����;� r ��

(8.12.5.4) M ¤ −→ (M >
X )¤ "

�P� (8.6.2) d� r 3�ºI ÊX Ú EX þ���©O´N� Ê Ú E þ�Ó�"
?
µ

·K (8.12.6) — ;� r �� (8.12.5.4) 3 ÊX Ú EX þ���Ñ´Ó�

(8.12.6.1) M ¤|
bE

∼−→ (M >
X )¤|

bEX
§

(8.12.6.2) M ¤|E
∼−→ (M >

X )¤|EX
"

¦^ (8.6.2) �y²¥��{ÚPÒ§�±8(� Y ´��V/��/§2ëì
½Â (2.8.8) §̄ K8(�y²;�Ó�

M̂(f) ⊗bS(f)
(S>

f )(̂f/1) −→ (M ⊗S S>
f )(̂f/1)

´��Ó�¶,
�ì (8.2.3.2) Ú (8.2.5.2)§�>���±;��Óu M6
f ⊗

S
6
f

(S>
f )6

f/1 §

l
�ì (8.2.7.2)§q�±�Óu M6
f §m>���±�Óu (M>

f )6
f/1 §l
�ì

(8.2.9.2)§��±�Óu M6
f §�� (8.12.6.1)§?
úª (8.12.6.2) �g (8.12.6.1) Ú

(6.12.2.1)"

íØ (8.12.7) — 3 (8.6.3) ��Óe§(M >
X )¤ 3 ÊX þ����±�Óu (M 6

X ) ˜ §
¿� (M >

X )¤ 3 EX þ����±�Óu M̃X "

¯¢þ§̄ K�±8(�����/§l
§´�g (M>
f )6

f/1 � M6
f ��Ó±

9 (M>
f )f/1 � Mf ��Ó (8.2.9.2)"

·K (8.12.8) — 3 (8.6.4) �cJ^�e§;�Ó� (8.12.3.1) ´��Ó�"

k�u ProjS >
X → X ´��Ó��¯¢ (8.6.2) ±9Ó� (8.12.5.4) Ú (8.12.6.1)§

¯K8(�y²;�Ó� p∗X(Proj0(M
>
X )) → (M >

X )¤|EX
´��Ó�§�é{`§�

±8(� S1 ´���_ OY ��¿� S �d S1 )¤��/"d�3 (8.12.3) �P
Òe§éu f ∈ S1 §·�k S6

f = S(f)[1/f ] §¿�;�Ó� M(f) ⊗S(f) S6
f → M6

f ´
��Ó�§ù´�âM6

f �½Â"

(8.12.9) y3·��Ä[vàS ��

M[n] =
⊕
m>n

Mm
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Ú£3 (8.7.2) �PÒe¤[và©g S \ ��

(8.12.9.1) M \ =
( ⊕

n>0

M[n]

) ˜ §

·�3 (8.7.3) ¥®²w�§�3��;� C Ó� h : CX
∼−→ ProjS \ "?
µ

·K (8.12.10) — �3��;� h Ó�

(8.12.10.1) Proj0(M
\) ∼−→ M̃X "

� (8.7.3) �y²�{�Ó§¿¦^V­Ó� (8.2.9.3) 5�O (8.2.7.3)"[!3�
Öö"

8.13 f�Ú4fV/��K4�

(8.13.1) cJ^�ÚPÒ� (8.12.1) �Ó§�Ä M ���[vàS f�� N §
Ø7´©g�"u´ N �N�[vàOC �� Ñ ´ M̃ ��� OC f��",��
¡§·�3 (8.12.2.1) w�§M̃ �±�Óu M ¤ 3 C þ���"du;�¹\ i : C →
Ĉ ´������ (8.3.2)§�,�´[;�§��;�òÿ (Ñ )−£Ò´ M ¤ ¥�@
�3 C þp�
 Ñ ��� O

bC f��¤́ ��[và O
bC �� (I, 9.4.2)"·�y3

�/Ï,�©g Ŝ ��5�Ñ§���äN£ã"

(8.13.2) �d§é?¿�ê n > 0 §�ÄÓ�
⊕
i6n

Mi → M §=3 Y �?¿m

8 U þ§§r�x��
(si) ∈

⊕
i6n

Γ(U,Mi)

N��¡
∑
i

si ∈ Γ(U,M ) "·�± N ′
n 5IP N 3ù�Ó�e�_�§§´

⊕
i6n

Mi

���[vàS f��"y3�ÄÓ�
⊕
i6n

Mi → M̂ = M [z] §§r (si) N��

¡
∑
i6n

sizn−i ∈ Γ(U, M̂n) §¿� Nn ´ N ′
n 3TÓ�e��¶éN´�y N =

⊕
n>0

Nn

´ M̂ ���£[và¤©g Ŝ f��¶·� N ¡�d N ÏLàgz
�Ñ��
£/Ï/àgzC�0z¤"5¿�e N ®,´ M ���©g S f��§K N �
±�Óu N̂ = N [z] ¥�¤kgê n > 0 �àg©þ N̂n ��Ú"

·K (8.13.3) — O
bC �� Proj0(N ) Ò´ Ñ 3 Ĉ þ�;�òÿ (Ñ )− "

�ì;�òÿ�½Â (I, 9.4.1)§¯K3 Y Ú Ĉ þÑ´ÛÜ5�§l
�±b
� Y = Spec A ´���§d� S = S̃, M = M̃ � N = Ñ §Ù¥ N ´ M ����7
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©g� S f�"?
 (8.3.2.6)§Ĉ ´��m8 Ĉz = C ÚÃ Ĉf = Spec S6
f £f ´ S+ ¥

�àg�¤�¿8"l
�Iy²µ 1◦ Proj0(N ) 3 C þ���Ò´ Ñ ¶ 2◦

Proj0(N ) 3z� Ĉf þ���Ñ´ N 3 C ∩ Ĉf = Spec Sf þ����;�òÿ
(8.3.2.6)"�
y²1�:§5¿� Proj0(N )|C �±�Óu (N (z)) ˜ (8.3.2.4)¶,
K N (z) �±;��Ó (2.2.5) u N 3 M̂

/
(z− 1)M̂ ¥��§¿�ÏL M̂

/
(z− 1)M̂ �

M þ�;�Ó� (8,2,5)§ù���±�Óu N §ù´�â (8.13.2) ¥¤�Ñ� N �
½Â"

�
y²1�:§5¿�¹\ i : C∩Ĉf → Ĉ éAX;�¹\ S6
f → Sf (8.3.2.6)¶

,��¡§·�k Γ(Ĉf ,M ¤) = M6
f , Γ(Ĉf , i∗Ñ) = Nf Ú Γ(Ĉf , i∗i

∗(M ¤)) = Mf

£�â (8.12.2.1)¤"l
k�u (I, 9.4.2)§¯K8(�y² N (f) ⊂ M̂(f) = M6
f �

±;��Óu Nf 3;�¹\ M6
f → M e�_�"¯¢þ§� d = deg(f) > 0 §¿

b� Mf �����
( ∑

h6md

xk

)
/fm£Ù¥ xk ∈ Mk¤äk y/fm �/G§Ù¥ y ∈

N "� y ÚÃ xk Ñ¦±·�� fh §K�±b�
∑

k6md

xk = y ",
3 (8.2.5.2) �

�Óe§
( ∑

h6md

xk

)
/fm éAX

∑
k6md

xkzmd−k/fm §ù���(¢á3 N (f) ¥§Ï

�
∑

k6md

xk ∈ N ¶_·K´w,�"

5) (8.13.4) — (i) (8.13.3) ����­��A^´3 M = S ��/§l

Ñ ´ OC ���?¿�[vàn�� J (1.4.3)§��éAX C ���4fV/ Z "
d� J �;�òÿ J Ò´ O

bC �ù���[vàn��§§3 Ĉ ¥½Â
 Z �V
4� Z (I, 9.5.10)¶¿�·K (8.13.3) �Ñ
��/Ï Ŝ = S [z] �n��5½Â Z �
;��{"

(ii) �
{üå�§b� Y ´���§¿�÷^ (8.13.3) �y²¥�PÒ"é?
¿�"� x ∈ N §� d(x) ´ x 3 M ¥�Ãàg©þ xi �gê����¶K�â½
Â§NÒ´ M̂ ¥�d 0 Ú/X h(x, k) = zk

∑
i6d(x)

xizd(x)−i (k > 0) ���¤|¤�

f�¶l
§�� Ŝ = S[z] þ���d/X

h(x, 0) =
∑

i6d(x)

xizd(x)−i

���¤)¤"·�r h(x, 0) ¡�d x ÏLàgz¤�Ñ���£/Ï/àgzC
�0z¤"�´ h(x, 0) éu x Ø´\5�£�,�Ø´ S �5�¤"l
7L�%£=
¦ M = S¤� x �H S � N ���)¤�|�§Ã h(x, 0) �7�¤©g Ŝ � N ��
�)¤�|",
XJ N ´��ü��gd S �£Ð��êAÛ¤�Ä��/¤§K
�¹¬éÐ§Ï�e t ´ N ���Ä.§K h(t, 0) �±)¤ Ŝ � N "
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8.14 'u©g S ���N���Ö¿

(8.14.1) � Y ´��V/§S ´��[và�©g OY �ê�§X = Proj S §q :

X → Y ´(���£�ì (3.1.3)§§´©l�¤"÷^ (8.12.1) ¥�PÒ§K·�½Â

��l[và©g S ���Æ�[và©g SX ���Æ�¼f MX = Proj M

£'u M ¤¶?
´� (3.2.4) ù�¼f´\5��Ü�§¿��8B4����"

5¿�d½Â (8.12.1.1) á�§é?¿ n ∈ Z §þk

(8.14.1.1) Proj M (n) = (Proj M )(n) "

(8.14.2) ·�Äkr (3.2.6) ¥¤½Â�;�Ó� λ Ú µ *Ð�/X Proj M �
SX ��þ"�d§5¿��ì (2.1.2.1)§é?¿ m ∈ Z, n ∈ Z Ú?¿[và©
g S �� M ,N §·�Ñk��;� OX ��Ó�
(8.14.2.1)

λmn : Proj0(M (m)) ⊗OX
Proj0(N (n)) −→ Proj0((M ⊗S N )(m + n)) §

Ó��§�ì (2.1.2.2)§�k��;� OX ��Ó�
(8.14.2.2)

µmn : Proj0((HomS (M ,N ))(n−m)) −→ HomOX
(Proj0(M (m)),Proj0(N (n))) "

dd�±�Ñ��Ó�

µk : Proj0((HomS (M ,N ))(k)) −→ (HomSX
(Proj M ,Proj N ))k §

½ÂXeµéu u ∈ Γ(U,Proj0((HomS (M ,N ))(k)))£U ´ X ¥�m8¤§Ó�
µk(u) ´ù���©g Z �� k gÓ� Γ(U,Proj M ) → Γ(U,Proj N ) §§3z�
Γ(U,Proj0(M (m))) þÑ­Üu µm,m+k(u) ¶?
§d µmn �½Â (2.5.12.1) á�§
µk(u) ¢Sþ´©g Γ(U,SX) ���� k gÓ�§¿�Ã µk �½Â
��©g SX

���Ó�

(8.14.2.3) Proj HomS (M ,N ) −→ HomSX
(Proj M ,Proj N ) "

Ó��§k�u(Ü5�ãL (2.5.11.4)§ÃÓ� (8.14.2.1) �Ñ��©g SX �
��Ó�

(8.14.2.4) λ : Proj M ⊗SX
Proj N −→ Proj(M ⊗S N ) "

·K (8.14.3) — Ó� (8.14.2.4) ´���¶XJ©g S �� M ´k�¥«�
(3.1.1)§KÓ� (8.14.2.3) �´���"
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¯K3 X Ú Y þw,Ñ´ÛÜ5�¶l
�±b� Y = Spec A ´���§d
� S = S̃, M = M̃, N = Ñ §Ù¥ S ´���©g A �ê§ M Ú N ´ü�
©g S �"e f ´ S+ ¥���àg�§KÃÓ� (8.14.2.1) Ú (8.14.2.2) 3��m8
D+(f) þ���éAX;�Ó� (2.5.11.1) Ú (2.5.12.1)µ

M(m)(f) ⊗S(f) N(f) −→ (M ⊗S N)(m + n)(f) §

(HomS(M,N))(n − m)(f) −→ HomS(f)(M(m)(f), N(n)(f)) "

ëìù
Ó��½Â£�k�u (8.2.9.1)¤§�±wÑ (8.14.2.4) 3 D+(f) þ��
�ÒéAX (0, 1.3.4) ¥¤½Â�;�Ó�

Mf ⊗Sf
Nf −→ (M ⊗S N)f §

¿�·����ö´��Ó�"Ó��§(8.14.2.3) 3 D+(f) þ���éAX;�Ó
� (0, 1.3.5)

(HomS(M,N))f −→ HomSf
(Mf , Nf ) §

5¿�du M ´k�.�§��� HomS(M,N) §=àg S Ó��f+��Ú (2.1.2)§
­Üu�N S �Ó��8Ü"u´ M ´k�¥«�ù�^�¿�X (0, 1.3.5) þã
;�Ó�´��Ó�"

·K (8.14.4) — e U ´ X ���[;m8§K�3���ê d§¦�éu d �
?¿�ê n§OX(n)|U Ñ´�_�§¿�§�_´ OX(−n)|U "

du U ´[;�§���k����m8 Vi ¤CX§l
z� x ∈ U Ñ�¹3
,�/X D+(f) ���m8¥§ùp f ´,�� Γ(Vi,S ) ¥���gê > 0 �àg
�"du U ´[;�§���k��ù��m8 D+(fj) ¤CX¶� d ´Ã fj �gê
���ú�ê"K�ì (2.5.17)§dÒ´÷v·���¦"

(8.14.5) 3 (8.14.1) �PÒÚcJ^�e§·�3 (3.3.2) ¥½Â
e¡�;�
OY ��Ó�

(8.14.5.1) αn : Mn −→ q∗(Proj0(M (n))) (n ∈ Z) "

í2 (3.3.1) ¥�PÒ§é?¿©g SX �� F §·�-

(8.14.5.2) Γ∗(F ) =
⊕
n∈Z

q∗Fn "

AO�§Γ∗(SX) =
⊕

n∈Z q∗(OX(n))Ò´ (3.3.1.2) ¥¤½Â�©g OY �ê�
Γ∗(OX) ¶́ � Γ∗(F ) ´��©g Γ∗(SX) �ê� (0, 4.2.2)"XJ3Ó� (8.14.5.1) ¥
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� M = S §K�±��®²3 (3.3.2) ¥½ÂL�©g OY �ê��Ó�

(8.14.5.3) α : S −→ Γ∗(SX) §

§¦ Γ∗(F ) ¤���©g S ��¶u´ÃÓ� (8.14.5.1) ½Â
©g S ����
�£0 g¤Ó�

(8.14.5.4) α : M −→ Γ∗(Proj M ) "

(8.14.6) ���§éu��[và©g SX �� F §·�¿Ø�Ù©g S ��
´Ø´[và�"�Ä X ���m8 X ′ §¿b� q 3 X ′ þ��� q′ : X ′ → Y ´�
�[;��"du q′ �´©l�§��é?¿[vàOX′ �� F ′ §q′

∗F ′ Ñ´[v
àOY �� (I, 9.2.2, b))"·�-

(8.14.6.1) SX′ = SX |X′ =
⊕
n∈Z

OX(n)|X′ "

¿�é?¿©g SX′ �� F ′ §-

(8.14.6.2) Γ′
∗(F

′) =
⊕
n∈Z

q′
∗
F ′

n "

u´þã5)L²§e F ′ ´��[vàSX′ ��§K Γ′
∗(F

′) ´��[và©
g S �� (I, 9.6.1)"

d	§5¿�;�¹\ j : X ′ → X ´[;�§Ï� q′ = q ◦ j ´Xd§¿� q ´
©l� (I, 6.6.4, (v))"Ï
é?¿[và©g SX′ �� F ′ §F = j∗F ′ Ñ´[và
©g SX ��§¿�dþã½Â��§

(8.14.6.3) Γ′
∗(F

′) = Γ∗(F ) "

3Ó��cJ^�e£'u X ′¤§é?¿[và©g S �� M §·�-

(8.14.6.4) Proj′M = (Proj M )|X′ §

§´��[và©g SX′ ��"l
;�Ó�

Proj M −→ j∗(Proj′M )

(0, 4.4.3) �Ñ©g S �����;�Ó� Γ∗(Proj M ) → Γ′
∗(Proj′M ) §Ï
�

(8.14.5.4) Ü¤�Ò��[và©g S �����£0 g¤¼f5;�Ó�

(8.14.6.5) α′ : M −→ Γ′
∗(Proj′M ) "
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(8.14.7) ÷^ (8.14.6) ¥'u X ′ �cJ^�§¿� F ′ ´��[và©g SX′ �
�§l
 Proj′Γ′

∗(F
′) �´[và©g SX′ ��"·�y3�½Â©g SX′ ���

��£0 g¤¼f5;�Ó�

(8.14.7.1) β′ : Proj′Γ′
∗(F

′) −→ F ′ "

Äkb� Y = Spec A ´���§ S − S̃ §Ù¥ S ´���©g A �ê¶d
� Γ′

∗(F
′) = M̃ §Ù¥ M =

⊕
n∈Z

Γ(X ′,F ′
n) ´��©g S �"� f ∈ Sd ÷v D+(f) ⊂

X ′ ¶�â½Â (2.6.2)§αd(f) 3 D+(f) þ���´ OX(d) 3 D+(f) þ�ù����
¡§§éAX (S(d))(f) ��� f/1 §Ï
´�_�¶l
é?¿ n > 0 §αd(fn) �´X
d"ddá�§�±½Â©g����£0 g¤Sf Ó� βf : Mf → Γ(D+(f),F ′) §=
r�� z/fn ∈ Mf£Ù¥ z ∈ M¤éA� F ′ 3 D+(f) þ��¡ (z|D+(f))(αd(fn)|D+(f))−1 "
?
§·�k��éAX (2.6.4.1) ���ãL§��ù«�/e β′ �½Â"�
*
Ð����/§�I�Ä�� A �ê A′ Ú©g A′ �ê S′ = S ⊗A A′ §¿¦^aq
u (2.8.13.2) ���ãL=�¶[!3�Öö"

·K (8.14.8) — e X ′ ´ X = Proj S ���m8§¿¦� q′ : X ′ → Y ´[;
�§K (8.14.7) ¥¤½Â�Ó� β′ ´���"

w,�±�u�Ä Y ´���ù��/§¿�¯K8(�£3 (8.14.7) �PÒ
e¤y²Ó� βf : Mf → Γ(D+(f),F ′) ´��Ó�",K§XJr f �¤§����
�§K D+(f) Ú βf ÑØ¬UC¶du�âcJ^� X ′ ´[;�§l
�ì (8.14.4)§
·�o�±b�� OX(d) ´�_�"dud� X ′ ´��©lV/£Ï� q′ ´©l
�¤§�
ù�·K� (I, 9.3.1) ÃÉ"

íØ (8.14.9) — 3 (8.14.8) �cJ^�e§?Û[và©g SX′ �� F ′ ÑÓ
�u��/X Proj′M �©g SX′ ��"Ù¥ M ´��[và©g S ��"?

e F ′ ´k�.�§¿b� Y ´��[;©lV/½öäk Noether .�m�V/§
K�±b� M ´k�.�"

�d (8.14.8) íÑù�(J§�{�d (3.4.4) íÑ (3.4.5) ��²1§[!3�Ö
ö"

·K (8.14.10) — 3 (8.14.7) �cJ^�e§� M ´��[và©g S ��§
F ′ ´��[và©g SX′ ��¶KÜ¤Ó�

(8.14.10.1) Proj′M
Proj′α′

−−−−−→ Proj′Γ′
∗(Proj′M )

β′

−→ Proj′M §

(8.14.10.2) Γ′
∗(F

′) α′

−→ Γ′
∗(Proj′Γ′

∗(F
′))

Γ′
∗(β′)−−−−→ Γ′

∗(F
′)

Ñ´ðÓÓ�"
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¯K3 Y þ´ÛÜ5�§¿�y²�{� (2.6.5) ¥��Ó¶[!3�Öö"

5) (8.14.11) — ·�ò31 III Ù (III, 2.3.1) w�§XJ Y ´ÛÜ Noether �§
¿� S ´��k�.�[và©g OY �ê�£d��±� X ′ = X¤§Ké?¿÷
v (TF) ^��[và©g S �� M §Ó� α (8.14.5.4) Ñ´ (TN) ���"

5) (8.14.12) — (8.14.4) ¥��¹´eã(J�AÏ�/"� X ´���È
�m§S ´��£�½Kgê�¤©g OX �ê�¶b��3���ê d > 0 §¦
� Sd Ú S−d Ñ´�_�§¿�;�Ó�

(8.14.12.1) Sd ⊗OX
S−d −→ OX

´��Ó�£l
 S−d �±�Óu S −1
d ¤"d�·�¡©g OX �ê� S ´±Ï�§

¿�±Ï� d "ù�¶¡5gue¡�5�µ3þãcJ^�e§é?¿©g S �
� F Ú?¿�ê n ∈ Z§;�Ó�

(8.14.12.2) Sd ⊗ Fn −→ Fn+d

Ñ´Ó�"¯¢þ§¯K3 X þ´ÛÜ5�§l
�±b� Sdäk���_�N
�¡ s §§�_ s′ ´ S−d ����¡"d�·�k��Ó� Fn+d → Sd ⊗ Fn §
§r�¡ z ∈ Γ(U,Fn+d) N� Sd ⊗ Fn 3 U þ��¡ (s|U ) ⊗ (s′|U )z §TÓ�Ò
´ (8.14.12.2) �_§��·���ó"u´é?¿ k ∈ Z §·�Ñk��;�Ó�

(Sd)⊗k ⊗ Fn
∼−→ Fn+kd §

Ï
§����
 S0 �� Fi (0 6 i 6 d − 1) Ú;�Ó�

Si ⊗ Fj −→ Fi+j (0 6 i, j 6 d − 1) §

©g S �� F Ò��(½
"£� i + j > d �§� Fi+j = Sd ⊗S0 Fi+j−d¤"g
,§�
¦ù
Ó�U
3Ã (Sd)⊗k ⊗Fi (k ∈ Z, 0 6 i 6 d− 1) ��Úþ½ÂÑ�
� S ���(�§�I�§�÷v(Ü5^�§·�ÒØ²�
"

3 d = 1 ��/£ùÒ´ (3.3) ¥¤�Ä��/¤§K·��±`§©g S ��
��Æ£�A�§[và©g S ����Æ§d? X ´V/¿� S ´[và�¤�
±�du?¿£�A�§[và¤S0 ����Æ¶�´3ù�¿Âe§·��±r
ù��!�SNw�´ § 3 �í2"?
·�w�§3·��k�5^�e§ù�
�!�(J£ëÓ (8.14.11)¤3,«§ÝþréuV/þ�[và©g�ê�9Ù

/� (TN) 0©g���ïÄ8��é�aAÏ��ê�§=±Ï�ê��ïÄ£l

 M ÷v (TN) ^� (3.4.2) ¿�X M = 0¤"

5) (8.14.13) — 3 (8.14.1) �cJ^�e§� d ´�� > 0 ��ê¶Kk�
�l X � X(d) = ProjS (d) þ�;� Y Ó� h (3.1.10)"é?¿[và©g S �
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� M Ú?¿÷v 0 6 k 6 d − 1 ��ê k §·��k��;� h Ó�£3 (3.1.1) �
PÒe¤

(8.14.13.1) (Proj M )(d,k) ∼←− Proj M (d,k) "

Äkb� Y = Spec A ´���§S = S̃, M = M̃ §Ù¥ S ´���©g A �
ê§M ´��©g S �"·���é?¿ f ∈ Se (e > 0) §h Ñr D+(f) N� D+(fd)

þ§¿�§éAX;�Ó� S(fd) → S(f) (2.2.2)"u´ (8.14.13.1) 3 D+(fd) þ��
�éAX;�V­Ó� Mfd

∼−→ Mf §��� Mfd �gê� k Ó{ (mod d) ���
þ"Öö�±g1�y§ù
Ó��l f � f �àg�� fg �C�´�N�§aq
�§§���l S �©g A′ �ê S′ = S ⊗A A′£Ù¥ A′ ´�� A �ê¤�C�´�
N�"AO�§·����� h Ó�

(8.14.13.2) (S (d))X(d)
∼−→ (SX)(d) §

§�±¦{(�§¿�¦ (8.14.13.1) ¤���l©g (S (d))X(d) ���©g (SX)(d)

��� h V­Ó�"Ó��§·�k�� h Ó�

(8.14.13.3) Proj0(S
(d,k)(n)) ∼−→ OX(nd + k) "

§¦ (3.2.9, (ii)) ¥�(J����"

dÓ� (8.14.13.1) w,�±�Ñ��©g S (d) ���Ó�

(8.14.13.4) Γ(d)
∗ (Proj M (d,k)) ∼−→ Γ∗((Proj M )(d,k)) §

Ù¥ Γ(d)
∗ éAX(��� q(d) : X(d) → Y ¶N´�y§;�Ó� α (8.14.5.4) Ú X(d)

þ��AÓ� α(d) �¤����ãL

(8.14.13.5)

M (d,k)

α(d)

yyrrrrrrr
α

&&NNNNNNNN

Γ(d)
∗ (Proj M (d,k))

∼ // Γ∗((Proj M )(d,k)) §

y²�{´k8(� Y ����/§2O� M (d,k) �Ó����3 α(d) Ú α e��
�m8 D+(fd) Ú D+(f) þ���£ùp�PÒ�þ¡�Ó¤"

·K (8.14.14) — � Y ´��[;V/§S ´��k�.[và©g OY �ê
�§M ´��÷v (TF) ^��[và©g S ��¶2� X = Proj S "K SX ´�
�±Ï©g OX �ê� (8.14.12) §¿�é� SX ���±Ï d§¦�Ã (Proj M )(d,k)

(0 6 k 6 d − 1) Ñ´k�. (SX)(d) ��"
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¯¢þ§(3.1.10) L²§�3�� d ¦� S (d) �d Sd = (S (d))1 ¤)¤§¿�
�ö´��k�. S0 ��"l
�
y²1���ó§�ì (8.14.13.2)§�±�u
�Ä d = 1 ��/§d�·K�g (3.2.7)"?
§�ì (8.14.13.1)§1���ó�
d (2.1.6, (iii)) Ú (3.4.3) íÑ"


